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INTRODUCTION 

 The following functions are needed mainly in our work:  

The hypergeometric function is defined and represented in the following form:    

     2 1

0

( ) ( )
( , ; ; )

(1) ( )

nn n

n n

a b
F a b c z z

c



=              (1.1) 

            Where c is neither zero nor a negative integer, where in (1.1), the pochhammer’s symbol 

employed is defined as  

( ) ( 1)( 2).......( 1), 1n n n    = + + + −  , 0( ) 1 =   

            In the year 1908, Branes defined the hyper geometric function in terms of a Mellin-type integral 

deviating from the conventional method of defining a special function in terms of an infinite series, in the 

integral form: 

    
2 1

( ) 1 ( ) ( ) ( )
( , , ; )

( ) ( ) 2 ( )

i

s

i

c s a s b s
F a b c z z ds

a b i c s

+ 

− 

  −  +  +
− =

   +                   (1.2)                                                                                                                                                        

Where i 1=  − .  

            Where the pole of ( )s − , at the point s=0,1,2,3,……………, are separated from those of   

( )a s + , at the points 1 1( 0,1,2,......)s a v v= − − = and ( )b s + at the points          

2 2( 0,1,2,......)s b v v= − − =  And  

       One of the importance of this definition lies in the fact that the Millen transform of 2 1F (.) is the 

coefficient of sz−  in the integrand of (1.2.), that is 

                 1

2 1

0

( ) ( ) ( ) ( )
( , , ; ) ,

( ) ( ) ( )

s c s a s b s
z F a b c z dz

a b c s



−    −  −
− =

   −                        (1.3) 

  Where      ( ) ( ) ( )Re s    0, Re a s    0, Re b s    0. −  −            

Swaroop (1964) introduced and studied the hypergeometric function transform; that kernel is the 

Gauss’s hyper geometric function. Saxena,(1967b) and Kalla and Saxena (1969) used the hypergeometric 

function in defining certain fractional integration operators. Mathai and saxena (1966) introduced the 

probability function associated with a 2 1F (a,b;c; .). 

                Generalized hypergeometric function is defined in the form:    

       
1 1

01

1

( )
,..., ; ( )

; ;
,..., ; ( ) !

( )

p

j n n
p p j

p q q
nq q

j n

j

z
F z F z

n


  

  



=

=

=

   
= =   

   





                                (1.4) 
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In which no denominator parameter is allowed to take zero or a negative integer value. If any of 

the parameter p  is zero or a negative integer, the series terminates. The function defined by (1.4) will be 

denoted briefly by ( )p qF z  .  

 The Mellin-Branes integral for ( )p qF z  is            

1

1

1 1

1 1

,..., ;

,..., ;

( ) ( ) ( )
1

( )
2

( ) ( )

p

p q

q

p p

j ji
j j s

q q

i
j j

j j

F z

s s

z ds
i

s

 

 

 


 

+ 
= =

− 

= =

 
= 

 

  +  −

−

  +

 


 
                        (1.5)

        

Where i  1=  − and for convergence, p  q or ( ) ( )p q  1  and   z   1 ,  arg z = +  −   

When p q 1 + the series in (1.4) diverges. The path of integration is indented, if necessary, in 

such a manner that the poles of  ( )s −   at the points 0,1, 2,  . . .s = ; are separated from those of 

( )j s + , at the points   j js v = − −    ;  0,1,2,  . . .jv =  ; j 1,  . . . . , p=  . An empty product is interpreted 

as unity.  

It is a matter of common knowledge that the Gaussian hypergeometric function 

( )2 1
a,  b;  c;  1F can be summed up as   

( ) ( )

( ) ( )

c c a b

c a c b

  − −

 −  −
 , when ( )Re c a b 0− −   and that this formula is 

one of the simplest case of an assumable hypergeometric series which has found much use in the 

simplification of many problems. 

In order to give a meaning to the symbol (.)p qF When p  q 1 + , MacRobert (1937-1941) defined 

and studied his E-function in the form 

1 1 2 2

( 1)
( ; ; ; : )

( ) ( )... ( )

q

r B

q q

a
E p a q x

a a a


  

 +
=

 −  −  −
 

                                 
1

1 0

. (1 )u u u

q
a

u u u

u

d
   



− − −

=

+
 

1
1

2 0 0

. q v q v p

p q
a

q v q v

v

e d e
 

 + +

 − −
− − −

+ +

=

    

                            

1

1 2 3

1 2

...
. 1

(1 )(1 )...(1 )

q

p

a

a q q p

p p

q

d
x

  
 

  

+−

− + +
 

+ 
+ + +  

                  (1.6)      

A detailed account of this function can be found in Erdelyi et al. (1953). 

Meijer (1946) introduced a generalization of the E - function in the form:         

                          
1, ,

, ,

1

( ) ,...,

( ) ,...,

p pm n m n

p q p q

q q

a a a
G z G z

b b b

   
 =    

   
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1 1

1 1

( ) (1 )
1

2
(1 ) ( )

m n

j j

j j s

q p

L
j j

j m j n

b s a s

z ds
i

b s a s


= =

= + = +

 −  − +

=

 − +  −

 


 
                  (1.7)  

Where L is a suitable contour separating the poles of ( )jb s − for j 1,  . . . . , m=   

From those of (1 )ja s − +
 
for j 1,  . . . . ,  n= . The poles of theintegrand are assumed to be 

simple. 

In an attempt to discover, the solution of certain integral equations Saxena, V. P. (1982) 

introduced the I - function in the following form:              
The I-function introduced by Saxena [6] will be represented and defined as follows : 

   1, 1,

, 1, 1,

( , ) ,( , ), ,

: , : ( , ) ,( , )[ ] [ ] j j n ji ji n pi

i i i i j j m ji ji m qi

a am n m n

p q r p q r b bI Z I Z I z
 

 
+

+

 = =
 

   
1

( )
2

L

d  


=     (1.8)                                                                                                                        

    where 1 = −  

1 1

1 1
1

( ) (1 )
( )

(1 ) ( , )
i i

m n

j j j j
j j

r q p

ji ji ji ji
j m j n

i

b a

b a

   
 

 

= =

= + = +
=

  −   − +
=

 
  − −   

 


                           (1.9) 

 , ( 1,..., ), ,i ip q i r m n= are integers satisfying 0 , 0 , ( 1,..., ),i in p m q i r r    = is finite , , ,j j ij ji     are 

real and , , ,j j ji jia b a b  are complex numbers such that 

( ) ( )j h h jb v a v k +  − − for , 01, 2,...v k =  

L is a contour which runs from w − to w + (  is real),  

                     s =(a -1- )/ ;j j  j  1,  2,  . . . , n= ;      0,  1,  2,  . . . . =  

( ) /j js b  = + ; j  1,  2,  . . . ,m= ;      0,  1,  2,  . . . . =  

                Lie to the L.H.S. and R.H.S. of L , respectively.  

    I -function reduces to H -function, when r  1= . 

           The relation between I -and H -function is given below:              

1, 1,,

, ;1

1, 1,

{( , ) },{( , ) }

{( , ) },{( , ) }

i

i i

i

j j n ji ji n pm n

p q

j j m ji ji m q

a a
I z

b b

 

 

+

+

 
 

    

                          

1 1

1 1

1 1

1 1 2 2,

,

1 1 2 2

( , ), ( , ),..., ( , )

( , ), ( , ),..., ( , )

p pm n

p q

q q

a a a
H z

b b b

  

  

 
=  

  

                  (1.10)          

Viashya, Jain and Verma (1989) found certain identity, multiplication theorems differentiation 

formulae and some integrals involving the I -function (1.8). 
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            Agarwal (1965) extended the Meijer’s G -function to G -function of two variables. The work of 

agarwal, (1965) and Sharma, (1965) gave a fresh impetus  to numerous workers to further generalize the 

G -symbol to G - function of n- variables due to Khadia(1970). The G -function of n-variables was 

further converted to the H -symbol of n - variables by Saxena (1974,77) further generalized  the H - 

function of n- variables into the multivariable I - function . 

            In all these, aforesaid G -, H - and I - type function of one two and - n variables, the coefficients of 

the variable of integration in the gamma function products of the integrand (of the integrals defining the 

functions) were taken to be real positive. Considering these multipliers as complex number quite a few 

papers have appeared in the literature. 

           The aforesaid generalised  hypergeometric function have also been studied by Gupta and Rathie 

(1968), Khadia and Goyal (1975), Love (1967), Srivastava and Buschman (1972), Bora and Saxena 

(1971), Barnes (1908), Bajpai and AL-Hawaj (1989) through various important  results with generalized  

hypergeometric functions. 

Pandey and Pandey (1985) have obtained power series expansion for the modified H - function of 

several variables, which by assigning suitable value of the parameters give rise to the power series 

expansions given by Lawricella and other. 

 

 MULTIVARIABLE H-FUNCTION 

              When 2 3 1 2 3 1n   n   . . . .  n   0  p    . . . .  pr rp− −= = = = = = = =
 

and 

2 3 1q   q   . . . .   0rq −= = = = ; multivariable I - function reduces to the H - function of several variables 

due to Srivastava and Panda (1976) defined in the following manner, which it self is a generalization of 

the H - function of several variables due to Saxena, (1974). 

                         
1 1

1 1

0, : , ;...; ,

1 , : , ;...; ,[ ,..., ] r r

r r

n m n m n

r p q p q p qH z z H=  

                    1

1

' ( ) ' ' ( ) ( )1
1, 1, 1,

' ( ) ' ' ( ) ( )

1, 1, 1,

( ; ,..., ) : ( , ) ;...; ( , )
.

( ; ,..., ) : ( , ) ;...; ( , )

r

r

r r r

j j j p j j p j j p

r r r

j j j q j j q j j q

r

z
a A A c C c C

b B B d D d D
z

 
 


 
    

                   

1

1

1 1 1 1

1
.... ( ,..., ) ( )... ( ) ...

(2 )
r

r

s s

r r r rr

L L

s s s s z z 


=   1. ... rds ds
               

(1.11)                                                            

 
Where 1 =  −  ; 

( )

11

1

( ) ( )

1 11 1

(1 )

( ,..., )

( ) (1 )

n r
i

j j i

ij

r p qr r
i i

j j i j j i

i ij n j

a A s

s s

a A s b B s

==

= == + =

 − +

 =

 −  − +



  
   

(1.12)

 

( ) ( ) ( ) ( )

1 1

( ) ( ) ( ) ( )

1 1

( ) (1 )

( )

(1 ) ( )

i i

i i

i i

m n
i i i i

j j i j j i

j j

i i q p
i i i i

j j i j j i

j m j n

d D s c C s

s

d D s c C s


= =

= + = +

 −  − +

=

 − −  −

 

 
  , 

                                                i  1,  . . . . , r                                                (1.13) 

               In (1.11) the superscript ( )i stands for the number of prime, e.g., 
(1) (2)b    b' ,  b    b'' = = and so on; 

and an empty product is interpreted as unity. Further it is assumed that the parameters      
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( )

( )

, j  1,. . . ., p;  , j  1,. . . ., ; 

, j  1,. . . ., ;  , j  1,. . . ., ; 

i

j j i

i

j j i

a c p

b q d q

 = = 
 

= =  

,       i  1,  . . . . , r 
 

Are complex numbers, and the associated coefficients 

 

( ) ( )

( ) ( )

, j  1,. . . ., p;  , j  1,. . . ., ; 

, j  1,. . . ., ;  , j  1,. . . ., ; 

i i

j j i

i i

j j i

A C p

B q D q

 = = 
 

= =  

,       i  1,  . . . . , r 
 

Are positive real number such that 

                          
( ) ( ) ( ) ( )

1 1 1 1

0,
i ip qp q

i i i i

i j j j j

j j j j

A C B D
= = = =

 = + − −    
                          (1.14) 

and 

( ) ( ) ( ) ( )

1 1 1 1

i in pp q
i i i i

i j j j j

j n j j n j

A C C B
= + = = + =

 = − + − −     

                                           ( ) ( )

1 1

i i

i

m q
i i

j j

j j m

D D
= = +

+ −  >0,    i  1,  . . . . , r             (1.15) 

 Where the integrals , , , ,i i in p m n p and iq  are constrained by the 

inequalities 0 , 0,1 i in p q m q      and 0 i in p  ,  i  1,  . . . . , r   and the equalities in 

(1.2.4) hold for suitably restricted values of the complex variables 1,..., rz z . The poles of the integrand 

in (1.11) are assumed to be simple. The contour iL  in the complex is -plane is of the Mellin-Branes type 

which runs from −
 to +

 with indentations, if necessary, to ensure that all the poles 

of
( ) ( )( )i i

j j id D s − , j  1,  . . . . , im= , are separated from those of
( ) ( )(1 )i i

j j iC s − + , j  1,  . . . . , in= , and 

( )

1

(1 )
r

i

j j i

i

a A s
=

 − +  , j  1,  . . . . , n=  ;    {1,  . . . . , r}i   

            The multivariable H - function (1.11) converges absolutely under the conditions (1.2.5) for  

             
1

arg
2

i iz   ,   {1,  . . . . , r}i   ,                 (1.16) 

            The asymptotic expansion of algebraic order for the multivariable H -function, which will need in 

the analysis, is given below:   

                 

1

1

1 1

1

1 1

0( ... ),max{ ,..., } 0
[ ,..., ]

0( ... ), 0,min{ ,..., } 0

r

r

A A

r r

r B B

r r

z z z z
H z z

z z n z z

  → 
=  

= →  

          (1.17) 

For i 1,  . . . . , r= , with 

                      

( ) ( )

( ) ( )

min Re( / ), 1,.........,

max Re[( 1) / ], 1,...,

i i

i j j i

i i

i j j i

A d D j m

B c C j n

 = = 
 

= − =      

                        (1.18) 

Provided that each of the inequalities in (1.14), (1.15) and (1.16) hold. 

            If
' ( )... r

j jA A= = ,  1,  . . . . ,j p= ; 
' ( )... r

j jB B= = ,  1,  . . . . ,j q=  in (1.11),we get a special 

multivariable H -function studied by Saxena, (1974). On the other hand, if all of the capital letters are 

chosen to be one, the H -function of several variables defined by (1.11) reduces to the corresponding G -

function of several variables studied by Khadia and Goyal (1970). 
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Generalized H -function as a symmetrical Fourier Kernel has been studied by Saxena and Modi 

(1975). 

 

 MULTIVARIABLE I -FUNCTION                 

            The multivariable I - function introduced by Prasad (1986) will be defined and represented in the 

following manner: 
' ' ( ) ( )

2
' ' ( ) ( )

2 2

0, :...;0, :( , );...;( , )

1 , :...; , :( , );...;( , )
[ ,..., ]

r r
r

r r
r r

q n m n m n

r p q p q p q p q
I z z I=  

       
' ( )

2

' ( )
2

' '' ' ' ' ( ) ( )1
2 2 2 1, 1, 1, 1,

' '' ' ' ' ( ) ( )

2 2 2 1, 1, 1, 1,

( ; ; ) : ... : ( ; ,..., ) : ( , ) ;...; ( , )
.

( ; ; ) : ... : ( ; ,..., ) : ( , ) ;...; ( , )

r
r

r
r

r r r

j j j p rj rj rj p j j j jp p

r r r

j j j q rj rj rj q j j j jq q
r

z
a a a a

b b b b
z

     

     

 
 


 
  

 

         1

1 1 1

1
.... ( )... ( ) ( ,..., )

(2 )
r

r r rr

L L

s s s s  


=   1

1 1. ... ...rs s

r rz z ds ds
 

             (1.19)                                      

 Where 1 =  − ; 

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1 1

( ) ( ) ( ) ( )

( ) ( )

1 1

( ) (1 )

( )

(1 ) ( )

i i

i i

i i

m n
i i i i

j j i j j i

j j

i i q p
i i i i

j j i j j i

j m j n

b s a s

s

b s a s

 



 

= =

= + = +

 −  − +

=

 − +  −

 

 

;         

                                                                      {1,  . . . . , r}i                    (1.20)                          

( )

32

2

32

2 3

2 3
( )

2 3 3

1 11 1

1 ( )2 3
( )

2 3 3

1 11 12

(1 ) (1 )

( ,.... )

( ) ( )

i

j

nn
i

j i j j i

i jj j

r i pp
i

j i j j i

i ij n j nj

a s a s

s s

a s a s

 



 

= == =

= == + = +

 − +  − +

=

 −  −

  

  

  

                  
2

( )

11

( ) 2
( )

2 2

1 11 1

.... (1 )

.

... ( ) (1 )

r

r

r

n r
i

rj rj i

ij

ip qr
i

rj i j j i

i ij n jrj

a s

a s b s



 

==

= == + =

 − +

 −  − +



  

 

                             
( )

11

1

.... (1 )
rq r

i

rj rj i

ij

b s
==

 − + 
                                              (1.21)               

( ) ( ) ( ) ( ), , ,i i i i

j j kj kj   
 

( )( )i  1,  . . . . , r   k  2,  . . . . , r= =
 

are positive 

numbers,
( ) ( ),i i

j ja b , ( )i 1,  . . . . , r=   ,kj kja b  ( )k  2,  . . . . , r  = are complex numbers and 

here
( ) ( ) ( ) ( ), , ,i i i im n p q ( )i 1,  . . . . , r=  , , ,k k kn p q  ( )k  2,  . . . . , r  =   are non negative integers where 

( ) ( )0 i im q   ,
( ) ( )0 i in p  ,   0kq   ,   0 k kn p  . Here ( )i  denotes the numbers of the contours.  

 iL  In the complex is -plane of the Mellin Barnes type which runs from w to w − +  
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 With indentation, if necessary to ensure that all the poles of 
( ) ( )( )i i

j j ib s −  
( )(j  1,  . . . . , )im= are 

separated from those of 
( ) ( )(1 )i i

j j ia s − +   
( )(j  1,  . . . . , )in= ,                        

2
( )

2 2

1

(1 )i

j j i

i

a s
=

 − +  2(j  1,  . . . . , )n= , . . . . . ,  ( )

1

(1 )
r

i

rj rj i

i

a s
=

 − +   (j  1,  . . . . , )rn= . 

            According to the asymptotic expansion of the gamma function, the counter integral (1.19) is 

absolutely convergent provided that 

  
1

arg , 0
2

i i iz U U    ;   i 1  ,  2,  . . . . , r=                                                    (1.22) 

Where  

         

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1 11 1

i ii i

i i

p qn m
i i i i

i j j j j

j jj n j m

U    
= == + = +

= − + −     

                    
3 32 2

2 3

( ) ( ) ( ) ( )

2 2 3 3

1 1 1 1

( ) ( )
n pn p

i i i i

j j j j

j j n j j n

   
= = + = = +

+ − + −   
 

                             

( ) ( )

1 1

... ( )
r r

r

n p
i i

rj rj

j j n

 
= = +

+ + −    

                          
32

( ) ( ) ( )

2 3

1 1 1

( ... )
rqq q

i i i

j j rj

j j j

  
= = =

− + + +                                          (1.23)                        

 

               The asymptotic expansion of the I -function has been discussed by Prasad (1986). His results 

run as follow:  
1

1 1 1[ ,..., ] 0( ... ),max{ ,..., } 0r

r r rI z z z z z z
 

= →   

Where 
( ) ( )min Re( / )i i

i j jb = ,
( )1  ,  . . . . , ij m=  ; i 1  ,  . . . . , r=                          (1.24) 

 

And  1

1 1 1[ ,..., ] 0( ... ),min{ ,..., }r

r r rI z z z z z z
 

= →   

Where 

( )

( )

1
max Re( )

i

j

i i

j

a




−
=  ; 

( )1  ,  . . . . , ij n=   , i 1  ,  . . . . , r=    

2 3 .... 0rn n n= = = =                                                              (1.25)                                    

In the contracted notation, this function can be written in the following way:               

 
( )

2
( )

2 2

1 ( )

0, :...:0, :

1 ( ), :...: , :

:
[ ,..., ]

:

r
r

r
r r

r

n n M r

r rp q p q N

r

r

z
P P

I z z I
Q Q

z

 
 

=
 
  

1

1 1. ... ...rs s

r rz z ds ds                       (1.26)                                                   

Where    
( ) ( ) ( )( ', ');...; ( , );r r rM m n m n=                                                      (1.27)                              

              
( ) ( ) ( )( ', ');...; ( , );r r rN p q p q=                                                          (1.28)                             

              
2

' '' ' ( )

2 2 2 1, 1,( ; , ) : .... : ( ; ,...., ) ;
r

r

r j j j p rj rj rj pP a a   =                            (1.29) 

             
2

' '' ' ( )

2 2 2 1, 1,( ; , ) : .... : ( ; ,...., ) ;
r

r

r j j j q rj rj rj qQ b b   =                               (1.30) 
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             ( )

( ) ' ' ( ) ( )

1, ' 1,
( , ) ;...; ( , ) ;r

r r r

j j p j j p
P a a =                                            (1.31)              

             ( )

( ) ' ' ( ) ( )

1, ' 1,
( , ) ;...; ( , ) ;r

r r r

j j q j j q
Q b b =                                                   (1.32)             

 And the conditions and notations are similar to those given explicitly with (1.19). 

 H -FUNCTION OF THREE VARIABLES 

                 When r  3= , (1.11) reduces to the H -function of three variables defined and represented by 

means of triple Mellin-Barnes integral in the form:  

1, 1 2, 2 3, 3

1, 1 2, 2 3, 3

0, : ; ;

, : ; ;

n m n m n m n

p q p q p q p q

x

H y H

z

 
 

=
 
  

 

                          1 2 3

1 2 3

' '' ''' ' ' '' '' ''' '''

1, 1, 1, 1,

' '' ''' ' ' '' '' ''' '''

1, 1, 1, 1,

( ; , , ) : ( , ) ;( , ) ;( , )
.

( ; , , ) : ( , ) ;( , ) ;( , )

j j j j p j j p j j p j j p

j j j j q j j q j j q j j q

x
a A A A c C c C c C

y
b B B B d D d D d D

z

 
 


 
    

                 

   

1 2 3

1 2 3 1 1 2 2 3 33

1
( , , ) ( ) ( ) ( )

(2 )
L L L

s s s s s s  


=    31 2

1 2 3.
ss s

x y z ds ds ds            (1.33) 

Where  1 =  −  ; 

          

3
( )

11

1 2 3 3 3
( ) ( )

1 11 1

(1 )

( , , )

( ) (1 )

n
i

j j i

ij

p q
i i

j j i j j i

i ij n j

a A s

s s s

a A s b B s

==

= == + =

 − +

 =

 −  − +



  
;                       (1.34) 

( ) ( ) ( ) ( )

1 1

( ) ( ) ( ) ( )

1 1

( ) (1 )

( )

(1 ) ( )

i i

i i

i i

m n
i i i i

j j i j j i

j j

i i q p
i i i i

j j i j j i

j m j n

d D s C s

s

d D s C s







= =

= + = +

 −  − +

=

 − +  −

 

 
, 

                                                          1,  2,  3i  .                                            (1.35)           

               The conditions of existence of the H -function of three variables can be obtained from (1.14), 

(1.15) and (1.16) on setting r  3= . 

 

 H-FUNCTION OF TWO VARIABLES 

               Mittal and Gupta (1972) defined the H -function of two variables. In the notation of Srivastava 

and Panda (1976), the H -function of two variables is defined and represented by means of double 

Mellin-Barnes integral in the form: 

1, 1 2, 2

1, 1 2, 2

0, : ;

, : ;

n m n m n

p q p q p q

x
H H

y

 
= 

 
 1 2

1 2

' '' ' ' '' ''

1, 1, 1,

' '' ' ' '' ''

1, 1, 1,

( ; , ) : ( , ) ; ( , )
.

( ; , ) : ( , ) ; ( , )

j j j p j j p j j p

j j j q j j q j j q

a A A c C c Cx

y b B B d D d D

 
 

  
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1 2

1 2

1 2 1 1 2 2 1 22

1
( , ) ( ) ( )

4

s s

L L

s s s s x y ds ds 


= −                              (1.36) 

               The functions ( , )    and [ 1( )   and 2 ( )  ] Can be obtained on setting r  2=   in (1.12) and 

(1.13) respectively. 

 We mention below some interesting and useful special cases of the H-function of two variables. 

(i) If 
' '' ' ''( 1,  . . . . , ), ( 1,  . . . . , )j j j jA A j p B B j q= = = =  in (1.5.1),We obtain the special H -function of two 

variables studied by a number of workers such as Munot and Kalla(1971), Bora and Kalla(1970), 

Chaturvedi and Goyal(1972), Saxena, (1971,b),Pathak(1970),Shah(1973),Verna,(1971) and others. 

(ii) If we assume all capital letters with their dashes as unity, we obtain a relationship of H -function of 

two variables and G-function of two variables.

 

1 21, 1 2, 2

1, 1 2, 2

1 2

' ''

1, 1, 1,0, : ;

, : ; ' ''

1, 1, 1,

( ;1,1) : ( ,1) ;( , )

( ;1,1) : ( ,1) ;( ,1)

j p j p j pn m n m n

p q p q p q

j q j q j q

a c cx
H

y b d d

 
 

    

1 21, 1 2, 2

1, 1 2, 2

1 2

' ''

0, : ;

, : ; ' ''

( ) : ( ); ( )

( ) : ( ); ( )

p p pn m n m n

p q p q p q

q q q

a c cx
G

y b d d

 
=  

                                                           

(1.37)

 

The G-function of two variables appearing on the R.H.S. of (1.5.2) was introduced by 

Agarwal,(1965). In the notation of Srivastava and Joshi [(1969), p. 471], [ , ]G x y  is represented as 

follows: 

1 21, 1 2, 2

1, 1 2, 2

1 2

' ''

0, : ;

, : ; ' ''

( ) : ( ); ( )

( ) : ( ); ( )

p p pn m n m n

p q p q p q

q q q

a c cx x
G G

y y b d d

  
=   

    

  

          1 2

1 2

1
( ) ( ) ( )

4
L L

x y d d
i

        


= −  +   ,                               (1.38) 

 Where an empty product is interpreted as unity, 

1

1 1

(1 )

( )

( ) (1 )

n

j

j

p q

j j

j n j

a

a b





 

=

= + =

 − +

 =

 −  − +



 
                                               (1.39) 

1 1

1 1

1 1

' '

1 1

1

' '

1 1

( ) (1 )

( )

(1 ) ( )

m n

j j

j j

q p

j j

j m j n

d

d

  

 

  

= =

= + = +

 −  − +

=

 − +  −

 

 
                                               (1.40) 

And with 2 ( )   defined analogously to 1( )   in terms of the parameter sets 
2

''( )p  and
2

''( )qd . 

Here x  and y  are not equal to zero, ,  q ,  n  and m ,  p,  q,  ni i i ip  are non –negative integers such 

that p  n 0,q 0,p  n 0,  q 0i i i im       , ( 1, 2)i =  

            For the details of this function one can refer to the original papers by Agarwal, (1965).  
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 GENERALIZED KAMPE DE FERIET FUNCTION 

 When n p, , 1, , 1, 1 , 1i i i i i i i j j k kz z m n p q q a a b b= = − = = = + = − = −  

( 1,  . . . . ,  p;k 1,  . . . . ,  q),j = = ( ) ( ) ( ) ( )1 , 1 (g  1,  . . . . , ;  1,  . . . . , )i i i i

g g h h i ic c d d p h q= − = − = = ,   

{1,  . . . . , r}i     

in multivariable H -function (1.11), an interesting relationship obtained as 

1 2

1 1 2 2

0, :1, ;1, ;...;1,

, : , 1; , 1;...; , 1
r

r r

p p p p

p q p q p q p qH + + +  

                 1

1

' ( ) ' ' ( ) ( )1
1, 1, 1,

' ( ) ' ' ( ) ( )

1, 1, 1,

(1 ; ,..., ) : (1 , ) ;...; (1 , )
.

(1 ; ,..., ) : (1 , ) ;...; (1 , )

r

r

r r r

j j j p j j p j j p

r r r

j j j q j j q j j q

r

z
a A A c C c C

b B B d D d D
z

− 
− − − 


 − − −
 − 

 

1 2

1 2

: ; ;...;

: ; ;...;
r

r

p p p p

q q q pS=  1

1

' ( ) ' ' ( ) ( )

1, 1, 1,

1' ( ) ' ' ( ) ( )

1, 1, 1,

( ; ,..., ) : ( , ) ;...; ( , ) ;
. ,...,

( ; ,..., ) : ( , ) ;...; ( , ) ;

r

r

r r r

j j j p j j p j j p

rr r r

j j j q j j q j j q

a A A c C c C
z z

b B B d D d D

 
 
        

(1.41) 

  

 =   1. . . . ][ rS z z  

            Where 1. . . . ][ rS z z   is the generalized Kampe de Feriet function of variables defined and 

represented as follows: 

        
1

1 1

,..., 0 1

[ ,..., ] ( ,..., ) { ( ) }
( )!

i

r

sr
i

r r i i

s s i i

z
S z z s s s

s




= =

=                                            (1.42) 

                  Where, for the convenience, 

                    

( )

11

1

( )

11

( )

( ,..., )

( )

p r
i

j j i

ij

r q r
i

j j i

ij

a A s

s s

b B s

==

==

 +

 =

 +




                                                (1.43) 

 And  

( ) ( )

1

( ) ( )

1

( )

( )

( )

i

i

p
i i

j j i

j

i i q
i i

j j i

j

C s

s

d D s




=

=

 +

=

 +




             

{1,  . . . . , r}i                          (1.44) 

  The r  –tuple series given by (1.42) converges absolutely, if  

     

( ) ( ) ( ) ( )

1 1 1 1

1 0
i iq pq p

i i i i

j j j j

j j j j

B D A C
= = = =

+ + − −     , {1,  . . . . , r}i                        (1.45) 

            Where each of the equalities holds when the variables are suitably constrained. 
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            If we set 2r = , then (1.42), reduces to the generalized Kampe de Feriet function of two variables 

defined and studied by Srivastava and Daust (1969), represented as 

            
1 2

1 2

1 2
1 2 1 1 2 2

, 0 1 2

[ , ] ( , ) ( ) ( )
! !

s s

s s

z z
S x y s s s s

s s
  



=

=                                   (1.46) 

           Where 1 2( , )s s  and ( )i is  ( )  1, 2  i =  can be easily found by (1.43) and (1.44) respectively on 

setting 2r = . The double series involved in (1.46) convergent if 

( ) ( ) ( ) ( )

1 1 1 1

1 0
i iq pq p

i i i i

j j j j

j j j j

B D A C
= = = =

+ + − −     ,  ( )  1, 2  i =                                   (1.47)  

           Further, if we take all capital letters with dashes in (1.46) equal to unity, it reduces to the Kampe 

de Feriet function. 

 FOX’S H -FUNCTION 

           When n  p  q  0= = = , (1.19); the multivariable H -function break up into the product of r Fox’s 

H -function.  

11 1

1 1

1

' ' ( ) ( )1
1, 1,0,0: , ;...; ,

, : , ;...; , ' ' ( ) ( )

1, 1,

: ( , ) ;...; ( , )

: ( , ) ;...; ( , )

rr r

r r

r

r r

j j p j j pm n m n

p q p q p q r r

j j q j j q

r

z
c C c C

H
d D d D

z

 
− 


 −
  

 

                       

( ) ( )

1,,

, ( ) ( )
1 1,

( , )

( , )

ii i

i i

i

i i
r

j j pm n

p q i i i
i j j q

c C
H z

d D=

   
=   

    
                                         (1.48) 

          Fox (1961) has introduced the H -function in the field of special function while investigating the 

most generalized Fourier Kernel in one variable. The H -function is defined in terms of Mellin-Branes 

type integral as 

1 1, ,

, ,

1 1

( , ) ( , ),..., ( , )

( , ) ( , ),..., ( , )

p p p pm n m n

p q p q

q q q q

a A a A a A
H z H z

b B b B b B

   
 =    

   

1
( )

2

s

L

s z ds


=            (1.49) 

 

Where 1 =  − ; 

1 1

1 1

( ) (1 )

( )

(1 ) ( )

m n

j j j j

j j

q p

j j j j

j m j n

b s a s

s

b s a s

 



 

= =

= + = +

 −  − +

=

 − +  −

 

 
                                              (1.50)  

   Where
1 1 1 1

p qn m

j j j j

j j n j j m

D A A B B
= = + = = +

= − + −    >0                                      (1.51)  
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And  
1 1

0
q p

j j

j j

B A
= =

= −                                                                  (1.52) 

   A detailed account of the analytic continuation and asymptotic expansion of the H -function has 

been given by Braaksma (1963). 

            G - and H -function have found a large number of applications in Mathematical physics and 

chemistry,biological, sociological and statistical sciences. In this connection, one can refer to the 

monographs by Mathai and Saxena (1973, 78). 

           Gupta, K.C. (1965) evaluated some integrals involving Bessel, Whittaker and H -functions. Gupta 

and Jain (1966) also evaluated an integral of product of two H -functions generalizing Saxena’s formula 

for the integral of product of two G -functions (1960). Goyal (1970) has evaluated some finite integrals 

involving the H -function. Anandani (1969, a, b) evaluated integrals associated with generalized 

associated Legendre function and the H - function. 

           Gupta, (1965), Jain, (1968) and Rathie (1979, 80) evaluated certain integrals involving H -

function.Bajpai (1971, 80), Sharma, (1965) and Shah (1969) have given certain series expansions of H -

function in terms of orthogonal polynomails and the H -function. 

              An integral transformation associated with the H -function is defined and stuided by Gupta and 

Mittal (1970, 71) and Rattan singh  (1968,70). 

  Mathai and Saxena (1966) used the H -function in the study of certain statistical distributions. A 

detailed account of the applications of H -function in statistical distributions is available from the 

monograph by Mathai and Saxena (1978). 

  Nair and Samar (1971) obtained the differential properties of the H -function. Saxena and 

Kumbhat (1974) defined certain operators of fractional integration associated with H -function. 

Buschman (1972) derived some relations of contiguity for the H -function. 

 THE GENERAL TRIPLES HPERGEOMETRIC SERIES 
(3)[ , , ]F x y z  

          Following srivastava,[(1967), p.428], a general triple hypergeometric series  
(3)[ , , ]F x y z  is defined 

as: 

           

' '' ' ''

(3) (3)

' '' ' ''

( ) :: ( );( );( ) : ( );( );( );
[ , , ] , ,

( ) :: ( );( );( ) : ( );( );( );

a b b b c c c
F x y z F x y z

e g g g h h h

 
=  

 
 

                                
, , 0

( , , )
! ! !

m n p

m n p

x y z
m n p

m n p



=

=                                             (1.53) 

Where for convenience, 

 

          

' ''

' ''

' ''

1 1 1 1

' ''

1 1 1 1

( ) ( ) ( ) ( )

( , , )

( ) ( ) ( ) ( )

A B B B

j m n p j m n j n p j p m

j j j j

E G G G

j m n p j m n j n p j p m

j j j j

a b b b

m n p

e g g g

+ + + + +

= = = =

+ + + + +

= = = =

 =

   

   
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' ''

' ''

' ''

1 1 1

' ''

1 1 1

( ) ( ) ( )

.

( ) ( ) ( )

C C C

j m j n j p

j j j

H H H

j m j n j p

j j j

c c c

h h h

= = =

= = =

  

  

                                     (1.54) 

          The triple hypergeometric series 
(3)[ , , ]F x y z  defined by (1.53), converges absolutely, when  

    
'' ''1 0;E G G H A B B C+ + + + − − − −  ' ' ' '1 0;E G G H A B B C+ + + + − − − −   

      
' '' '' ' '' ''1 0.E G G H A B B C+ + + + − − − −   

 THE MULTIVARIABLE A-FUNCTION 

The multivariable A -function introduced by Gautam et.al. [1986] will be define and represent it in the 
following manner : 

  ( )
( )1 1

1 1

, :( , ):...: ,

1 , :( , ):...: ,
,..., r r

r r

m n m n m n

r p q p q p q
A z z A=  

   
( ) ( ) ( )' ' '

1, 1, ' ( )1,

( ) ( ) ( )' ' '
1, 1, ' ( )1,

( , ,..., ) :( , ) :...:( , )

1 ( , ,..., ) :( , ) :...:( , )
,...,

r r r
j j j p j j p j j rp

r r r
j j j q j j q j j rq

a A A a a

r b B B b b
z z

 

 

 
 
 

 

1

1

1 1 1 1 1

1
... ( )... ( ) ( ,..., ) ,..., ...

(2 )
r

r

s s

r r r r rr

L L

s s s s z z ds ds
w

  


=                                      (1.55) 

Where  ( 1)w = −  

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1 1

( ) ( ) ( ) ( )

1 1

1

( ) (1,2,..., )

1

i i

i i

i i

m n
i i i i

j j i j j i

j j

i i q p
i i i i

j j i j j i

j m j n

b s a s

s i r

b s a s

 



 

= =

= + = +

 −  − +

=  

 − +  −

 

 
              (1.56) 

( ) ( )

1 11 1

1

( ) ( )

3

1 11 1

1

( ,..., )

1

n mr r
i i

j j i j j i

i ij j

r p qr r
i i

j j i j j i

i ij n j m

a A s b B s

s s

a A s b B s


= == =

= == + = +

   
 − +  −   

   
=

   
 −  − +   

   

  

  
                    (1.57) 

( ) ( ) ( ) ( ), , , ( 1,..., )i i i i

j j j j i r    = are positive numbers, ( ) ( ), , , ( 1,..., )i i

j j j ja b a b i r= are complex numbers and here 

, , , ( 1,..., )i i i im n p q i r= are non-negative integers where 0 ,0i i i im q n p    . Here ( )i denotes the 

numbers of dashes. The contours iL in the complex is -plane is of the Mellin-Barnes type which runs from 

w−  to w+ with indentations, if necessary, to ensure that all the poles of ( )( )( ) ( ) 1,...,i i

j j i ib s j m − = are 

separated from those of ( )( )

1

1 1,...,
r

i

j j i r

i

a s j n
=

 
 − + = 

 
 . 

For further details and asymptotic expansion of the A -function one can refer by Gautam et.al. [1986].  

In what follows, the multivariable A -function defined by [1986] will be represented in the contracted 
notation: 
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( ) ( )
( ) ( )  1 1

1 1

, : , :...: ,

1, : , :...: ,
,...,r r

r r

m n m n m n

rp q p q p q
A z z

                                                                                       (1.58)
 

Or simply by  1,... rA z z .              

  If we take  
' ' ', ,j j jA s B s C s   and 

'

jD s  as real and positive and m  0= , the A -function reduces to 

multivariable H -function of Srivastava and Panda (1976). 

               We are using the multivariable A -function in the following concise form throughout the text. 

             

1 ( )

, :

1 , : ( )

:
[ ,..., ]

:
r

r

r

m n M r

r p q N r

r

r

z
P P

A z z A
Q Q

z

 
 

= 
 
  

 

     

1

1

1 1 1 1

1
.... ( ).... ( ) ( ,...., ) ...

(2 )
r

r

s s

r r r rr

L L

s s s s z z 


=   1. ... rds ds
            

 (1.62)   

 Where  1 =  −   ; 1 1, ;...; , ;r r rM m n m n=   1 1, ;...; , ;r r rN p q p q=  

'

1,( ; ,..., ) ;r

j j j pP a A A=   
'

1,( ; ,..., ) ;r

j j j qQ b B B=
1

( ) ' ' ( ) ( )

1, 1,( , ) ;...; ( , ) ;
r

r r r

r j j p j j pP c C c C=
 
 

 And the definition of the functions ( )i is  i 1  ,  . . . . , r= ; 1( ,...., )rs s  and the condition of 

existence of the multivariable A -function are the same as mentioned by Gautam and Goyal (1981).
 

   A-FUNCTION 

            1( , )j j na   Represents the set of n  pairs of parameters the A -function was defined by Gautam and 

Goyal as 

1,

,

1

( , ) 1
( )

( , ) 2

j j pm n s

p q

j j q L

a
A x f s x ds

b i



 

 
= 

  


                                                     (1.63) 

Where         
1 1

1 1

( ) (1 )

( )

(1 ) ( )

m n

j j j j

j j

p q

j j j j

j m j n

a s b s

f s

a s b s

 

 

= =

= + = +

 +  − −

=

 − −  +

 

 
                               (1.64) 

The integral on the right hand side of (1.63) is convergent when 0f   and   arg( )
2

f
ux


 , where  

   
1 1 1 1

Re(
p qm n

j j j j

j j m j j n

f    
= = + = = +

= − + −   
, 1 1

j j

p q

j j

j j

u
 

 
−

= =

=   (1.65)                                                    

(1.63) reduces to H -function given by Fox the following relation  

          
1 1, ,

, ,

1 1

(1 , ) ( , )

(1 , ) ( , )

j j p j j pn m m n

p q p q

j j q j j q

a a
A x H x

b b

 

 

   −
=   

−      

                                      (1.66) 

 THE H -FUNCTION 
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  1, 1,

1, 1,

, , ( ; ; ) ,( ; )
, ,

( , ) ,( , ; )

j j j N j j N P

j j M j j j M Q

M N M N a A a
P Q P Q

b b B
H z H z

 

 

+

+

 =
 

1
( )

2

i

i

z d
i

  




− 

=                     (1.67)                                      

where        

 

 

1 1

1 1

( ) (1 )

( )

(1 ) ( )

j

j

M N
A

j j j j

j j

Q P
B

j j j j

j M j N

b a

b a

   

 

   

= =

= + = +

 −  − +

=

 − +  −

 

 
                    (1.68)  

Which contains fractional powers of the gamma functions. Here, and throughout the paper ( 1,..., )ja j p=  

and ( 1,..., )jb j Q= are complex parameters, 0( 1,..., ), 0( 1,..., )j jj P j Q  =  = (not all zero 

simultaneously) and exponents ( 1,..., )jA j N=  and  ( 1,..., )jB j N Q= + can take on non integer values.  

The following sufficient condition for the absolute convergence of the defining integral for the H -function 
given by equation (1.67) have been given by (Buschman and Srivastava[1]). 

1 1 1 1

0
QM N P

j j j j j j

j j j M j N

A B   
= = = + = +

  + − −                           (1.69) 

and 
1

arg( )
2

z                              (1.70) 

The behavior of the H -function for small values of z  follows easily from a result recently given by (Rathie 

[1997],p.306,eq.(6.9)). We have  

  ( )
,

,
1

0 , min Re , 0
M N

j
P Q

j N j

b
H z z z




 

  
= = →  

  
                                 (1.71) 

If we take ( ) ( )1 1,..., , 1 1,...,j jA j N B j M Q= = = = + in (1.66), the function 
,

,

M N

P QH  reduces to the Fox’s H-

function [1961].            

 FRACTIONAL INTEGRAL OPERATORS 

           The definition of fractional integral of order  studied by Riemann-Liouville (1832, a, 76) as 

follows: 

              11
( , ) ( )( )

( )

x

a

f a x f t x t dt




+ −= −
      (Right hand)                         (1.72) 

              11
( , ) ( )( )

( )

b

x

f x b f t t x dt




− −= −
         (Left hand)                          (1.73) 

Where  a  x  b,    0    and is  a gamma function. 

Weyl (1917) defined the fractional integral of order   in the form: 

        
11

( , ) ( )( )
( )

x

f x f t x t dt




+ −

−

− = −
                                                       (1.74)  

        11
( , ) ( )( )

( )
x

f x f t t x dt




+

− −+ = −
                                                       (1.75) 

Erdelyi (1940) defined the fractional integral of order   as  
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            1

0

1
( ) ( ) ( )

( )

x

xI f x x t f t dt 



−= −
  , 

                                         0 ( ) ( )xI f x f x=                                                       (1.76)  

      11
( ) ( ) ( ) ,

( )
x

x

K f x t x f t dt 





−= −
   

                                       0 ( ) ( )xK f x f x=                                                        (1.77)  

            Kober (1940) defined and studied the following fractional integrals of order    (using Erdelyi’s 

notation):            

   
1

0

( ) , , ; , , , ; ( ) ( , ; ; ) ( )
(1 )

x
x ax

f x m a f x F m t f t dt
t

 





         



− −

= = +
 −   

   , ( ) ( ),x xI f x x I x f x     − −=   ,0 ( ) ( )xI f x f x =                                                (1.78) 

  , ( ) ( ),x xK f x xK x f x    − −=    ,0 ( ) ( )xK f x f x =                                              (1.79) 

 

Saxena,(1967b) introduced and studied the operators associated with a hypergeometric associated 

with a hypergeometric function in the following form: 

             ( ) , ; ; ; ( )f x m f x    =  

                          
1

0

( , ; ; / ) ( )
(1 )

x
x

F m t x t f t dt


  


− −

= +
 −                               (1.80) 

               ( ) , ; ; ; ( )f x m f x   =   

                     1( , ; ; / ) ( )
(1 )

x

x
F m t x t f t dt


  





− −= +
 −                                (1.81) 

            Where ( , ; ; )F x    is the ordinary hypergeometric function, and , , ,     are complex 

parameters, if 0m = , these operators reduce to the operators due to Kober (1940). 

            Kalla and Saxena (1969) generalized the operators (1.80) and (1.81) by means of the following 

equations: 

   ( ) , , ; , , , ; ( )f x m a f x      =  

               
1

0

( , ; ; ) ( )
(1 )

x
x ax

F m t f t dt
t

 





  



− −

= +
 −                                       (1.82) 

        ( ) , , ; , , , ; ( )f x m a f x     =   

               1( , ; ; ) ( )
(1 )

x

x ax
F m t f t dt

t

 





  





− −= +
 −                                       (1.83) 

Where , , , ,      and a  are complex parameters. 

           Lowndes (1970) generalized the Kober operators as well as Hankel operators and also derived 

their inverses. 

           Saxena, (1966) obtained an inversion formula for the Verma transform by the application of 

fractional integration operators. 

           Fox (1963) studied the integral transform in the light of the theory of fractional integration. 

           Fox (1971, 72) has enumerated the application of L  and 
1L−
 operators defined below, in solving 

the integral equations.  
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1[ { ( )}]x L t x f x   − − − −

 [ , ; ( )]I f x =                          (1.84) 

                         1 1 1 1
[ { ( )}], ( 1/ )x L t x f X X

x

   − − − − − =  

                                                           [ , ; ( )]R f x =                                  (1.85) 

 Saxena and Kumbhat (1973) introduced a generalization of Kober operators, and further in 

1973, they introduced two new fractional integration operators associated with generalized H-function, 

and also derived their important properties. In another paper (1973), they established some theorems 

connecting L , 
1L−
and fractional integration operators, which is an extension of the work of Fox (1972). 

Saxena and Modi (1980, 85) defined and studied the multidimensional fractional integration operators 

associated with hypergeometric functions. Gupta and Garg (1984) studied certain multidimensional 

fractional integral operators involving a general multivariable function in their karnel and also established 

a relationship between multidimensional fractional integral operators and multidimensional integral 

transforms. The operators involving multivariable H-function as kernal were defined by Banerji and Sethi 

(1978). 

This subject has also been enriched by the researches of workers like Love   (1967, 70), Saigo 

(1984), Srivastava et al. (1990), Hardy and Littlewood (1925), Gupta and Rajani (1988, 90), Kalla (1966, 

71), Mathur and krishana (1977), Pathak and Pandey (1989), Lowndes (1985) and several others. 

A detailed account of this subject can be found explicitly in the various monographs notably by 

Nishimoto (1982, 84, 87, 91), Ross (1975), Samko and Kilbas (1987), Mcbride and Roach (1985), 

Oldham and Spanier (1974) and many others.  

 

 H -FUNCTION OF TWO VARIABLES 

The H -function of two variables introduced by Singh and Mandia (2013) will be defined and represented in 
the following manner: 

 , x

yH x y H  = =  ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 2 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 2 2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , ; , , , , ; , ,, : , : ,

, : , ; ,
, ; , , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

a A c K c e E R e Eo n m n m n
x

p q p q p q y b B d d L f F f F S
H

  

  

+ +

+ +

 
 
   

= ( )
1 2

1 2 32

1
, ( ) ( )

4
L L

x y d d         


−                                                                      (1.86) 

Where  ( )
( )

( ) ( )

1

1 1

1

1

1

1 1

1

,

1

n

j j j

j

p q

j j j j j j

j n j

a A

a A b B

  

  

     

=

= + =

 − + +

=

 − −  − + +



 
                     (1.87) 

( )
( )  ( )

( ) ( ) 

2 2

2 2

2 2

1 1

2

1 1

1

1

j

j

n m
K

j j j j

j j

p q
L

j j j j

j n j m

c d

c d

   

 

   

= =

= + = +

 − +  −

=

 −  − +

 

 
                                                   (1.88) 

( )
( )  ( )

( ) ( ) 

3 3

3 3

3 3

1 1

3

1 1

1

1

j

j

n m
R

j j j j

j j

p q
S

j j j j

j n j m

e E f F

e E f F

 

 

 

= =

= + = +

 − +  −

=

 −  − +

 

 
                                                  (1.89) 
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The general class of polynomials is defined by Srivastava and Panda [1976,1976] as: 

   1 1

1 11

1

1

/ /
1,...,

,..., 1

0 0 1

( ) ( )
( ,..., ) ... ...

! !

r r

r rr

r

r

n m n m
m k r m km m

n n r

k k r

n n
S x x

k k= =

− −
=      

                                     1

1 1 1[ , ;...; , ] ... rk k

r r rF n k n k x x                                   (1.90) 

A generalized matrix transform or M-transform of a function ( )f X of a m m real symmetric positive 

definite or strictly negative definite matrix X is defined as follows: 

1

2

0

( ) | | ( ) ( 0)
m

s

f

X

M s X f X dX X
+

−



=                                                     (1.91) 

Whenever ( )fM s exists. Also ( )f X is assumed to be a symmetric function i.e. 

( )
1 1

2 2( ) ( )f BX f XB f B XB= = for ' 0B B=  . When 0X  replace X by X− in  

M -transform. 

The Mellin transform of ( )f t will be defined by [ ( )]M f t . We write 1s p it−= + where p and t are real. If 

1, ( ) (0, )pp f t L   , then  

1

0

1, [ ( )] ( )sp M f t t f t dt



−= =                                                                                   (1.92) 

1

1/

1, [ ( )] . . . ( )

x

s

x

p M f t l i m t f t dt− =                                                                         (1.93) 

Where . . .l i m denotes the usual limit in the mean for pL -spaces. 

The generalized multidimensional integral transform T , defined as: 

  ( )1 1 1 1

0 0

( ); ,..., ... ,..., ( ) ...r r r rT f x s s k s x s x f x dx dx

 

=                                           (1.94) 

Where ( )1 1,..., r rk s x s x is the kernel of the transform T and the multiple integral occurring is assumed to be 

convergent. 

The type-1 Beta integral is defined as 

1 1

1 1 1 1

0 0

( ) ( )
(1 ) (1 )

( )
x x dx y y dy     

 

− − − −  
− = − =

 + 
                                    (1.95) 

  Re( ) 0, Re( ) 0   . 

The type-2 Beta integral is defined as 
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1 1

1 ( ) 1 ( )

0 0

( ) ( )
(1 ) (1 )

( )
x x dx y y dy       

 

− − + − − +  
+ = + =

 + 
                          (1.96) 

  Re( ) 0, Re( ) 0   . 

 
1 1 1( ) ( ) ( ) ( , );Re( ) 0,Re( ) 0,

b

x y x y

a

t a b t dt a b B x y x y b a− − + −− − = −       

 

  Vandermonde’s theorem  Mathai and Saxena ([1973], p.110 (4.1.2)): 

 

 
2 1

( )
( , , ;1) ; 0,1,2,...

( )

n

n

c b
F n b c c

c

−
− =          

                                                 

 The following result: 

 

 
(1 )

( ) ( 1)
(1 )

n

n

a
a

a n

 −
= −

 − −
                                                                        

Appell’s Functions of two variables 

1

, 0

( ) ( ) ( ')
( , , '; ; , )

( ) ! !

m n

m n m n

m n m n

a b b x y
F a b b c x y

c m n


+

= +

=   

            2 1

0

( ) ( )
[ , '; ; ]

( ) !

mm m

m m

a b
F a m b c m y x

c m



=

= + +                            (1.97) 

             (| | 1,| | 1)x y   

2

, 0

( ) ( ) ( ')
( , , '; , '; , )

( ) ( ') ! !

m n

m n m n

m n m n

a b b x y
F a b b c c x y

c c m n


+

=

=   

            2 1

0

( ) ( )
[ , '; '; ]

( ) !

mm m

m m

a b
F a m b c y x

c m



=

= +                             (1.98) 

             (| | | | 1)x y+   

3

, 0

( ) ( ) ( ')
( , ', , '; ; , )

( ) ! !

m n

m m n

m n m n

a b b x y
F a a b b c x y

c m n



= +

=   

            2 1

0

( ) ( )
[ ', '; ; ]

( ) !

mm m

m m

a b
F a b c m y x

c m



=

= +                            (1.99) 

             (| | 1,| | 1)x y   



www.discoveryjournals.org  l   OPEN ACCESS 

P
ag

e4
5

5
 

4

, 0

( ) ( )
( , ; , '; , )

( ) ( ') ! !

m n

m n m n

m n m n

a b x y
F a b c c x y

c c m n


+ +

=

=   

            2 1

0

( ) ( )
[ , ; '; ]

( ) !

mm m

m m

a b
F a m b m c y x

c m



=

= + +                    (1.100) 

             ( | | | | 1)x y+   

Confluent Hypergeometric Functions of Two Variables 

1

, 0

( ) ( )
( , ; ; , )

( ) ! !

m n

m n m

m n m n

a b x y
a b c x y

c m n



+

= +

=                                 (1.101) 

             (| | 1)x   

2

, 0

( ) ( ')
( , '; ; , )

( ) ! !

m n

m n

m n m n

b b x y
b b c x y

c m n




= +

=                                     (1.102)              

3

, 0

( )
( ; ; , )

( ) ! !

m n

m

m n m n

b x y
b c x y

c m n




= +

=                                               (1.103)              

1

, 0

( ) ( )
( , ; , '; , )

( ) ( ') ! !

m n

m n m

m n m n

a b x y
a b c c x y

c c m n



+

=

=                                (1.104) 

             (| | 1)x   

2

, 0

( )
( ; , '; , )

( ) ( ') ! !

m n

m n

m n m n

a x y
a c c x y

c c m n



+

=

=                                     (1.105) 

1

, 0

( ) ( ') ( )
( , ', ; ; , )

( ) ! !

m n

m n m

m n m n

a a b x y
a a b c x y

c m n




= +

=                           (1.106) 

(| | 1)x   

2

, 0

( ) ( )
( , ; ; , )

( ) ! !

m n

m m

m n m n

a b x y
a b c x y

c m n




= +

=                     (1.107) 

 

 

Lauricella Functions of n -Variables 

( )

1 1 1( , ,..., ; ,..., ; ,..., )n

A n n nF a b b c c x x =  

(| | 1)x 
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1

1 1

1 1

... 1 1

,..., 0 1 1

( ) ( ) ...( )
...

( ) ...( ) ! !

n

n n

n n

mm
m m m n m n

m m m n m n

a b b xx

c c m m


+ +

=

                              (1.108) 

1(| | ... | | 1)nx x+ +   

( )

1 1 1( ,..., , ,..., ; ; ,..., )n

B n n nF a a b b c x x =  

1

1 1

1 1

1 1 1

,..., 0 ... 1

( ) ...( ) ( ) ...( )
...

( ) ! !

n

n n

n n

mm
m n m m n m n

m m m m n

a a b b xx

c m m



= + +

                          (1.109) 

1(| |,1,...,| | 1)nx x   

( )

1 1( , ; ,..., ; ,..., )n

C n nF a b c c x x =
1

1 1

1 1

... ... 1

,..., 0 1 1

( ) ( )
...

( ) ...( ) ! !

n

n n

n n

mm
m m m m n

m m m n m n

a b xx

c c m m


+ + + +

=

        (1.110) 

1( | | ... | | 1)nx x+ +   

( )

1 1( , ,..., ; ; ,..., )n

D n nF a b b c x x =
1

1 1

1 1

... 1 1

,..., 0 ... 1

( ) ( ) ...( )
...

( ) ! !

n

n n

n n

mm
m m m n m n

m m m m n

a b b xx

c m m


+ +

= + +

     (1.111) 

1(| | 1,...,| | 1)nx x   

Also we have 

( )

1( , ,..., ; ; ,..., )n

D nF a b b c x x = 2 1 1( , ... ; ; )nF a b b c x+ +                          (1.112) 

Confluent Hypergeometric Functions of Several Variables 

( )

2 1 1( ,..., ; ; ,..., )n

n nb b c x x =
1

1

1 1

1 1

,..., 0 ... 1

( ) ...( )
...

( ) ! !

n

n

n n

mm
m n m n

m m m m n

b b xx

c m m



= + +

                   (1.113) 

( )

2 1 1( , ,..., ; ,..., )n

n na c c x x =
1

1

1 1

... 1

,..., 0 1 1

( )
...

( ) ...( ) ! !

n

n

n n

mm
m m n

m m m n m n

a xx

c c m m


+ +

=

               (1.114) 

Srivastava (1976) introduced the general class of polynomials (see also Srivastava and Singh (1976a) 

[ / ]

,

0

( )
[ ] , 0,1,2,...

!

n m
m kmk
n n k

k

n
S x A x n

k=

−
= =                                                    (1.115) 

Where m and n are arbitrary integers the coefficients , ( , 0)n kA n k  are arbitrary constants real or complex. 

The generalized Struve’s function is defined as (2008): 
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2 1

,

, ,

0

( 1)
2

( )
( ) ( )

v m

m

k

v y

m

z

H z
km y v m




 

+ +



=

 
−  

 =
 +  + +

                                                        (1.116) 

Where Re( ) 0,Re( ) 0,Re( ) 0,Re( ) 0.k y v    +   

When 
3

2
 = , (1.116) reduces to the generalized Struve’s function defined by Singh(1989) as: 

2 1

,

,

0

( 1)
2

( )
3

( )
2

v m

m

k

v y

m

z

H z

km y v m





+ +



=

 
−  

 =
 

 +  + + 
 

                                                      (1.117) 

Where 
3

Re( ) 0,Re( ) 0,Re( ) 0,Re( ) 0.
2

k y v   +   

Put 
3

1,
2

k y = = = in (1.116) to get the generalized Struve’s function defined by as (2008): 

2 1

0

( 1)
2

( )
3 3

( )
2 2

v m

m

v

m

z

H z

m v m





+ +



=

 
−  

 =
 

 +  + + 
 

                                                             (1.118) 

When 
3

1 ,
2

k y = = = = , (1.116) reduces to the generalized Struve’s function defined by Watson (1961) 

as: 

2 1

0

( 1)
2

( )
3 3

( )
2 2

v m

m

v

m

z

H z

m v m

+ +



=

 
−  

 =
 

 +  + + 
 

                                                              (1.119) 

Where 
3

Re 0
2

v
 

+  
 

. 

The Beta function is defined as: 

1

1 1

0

( ) ( )
(1 ) ;Re( ) 0,Re( ) 0

( )
x x dx   

 
 

− −  
− =  

 +                           (1.120) 

The well known multiplication formula for Gamma functions : 

1 1

2 2
1 1

( ) (2 ) ( ) ... , 1,2,...
m

mz m
mz m z z z m

m m


−
− −   

 =   +  + =   
   
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Fujiwara (1966) defined a class of generalized polynomials by means of the following  

 

Rodrigues formula: 

( 1)
( ) ( ) ( ) , 1, 1

!( ) ( )

n n n
n n

n n

k d
R x x p q x p x q and

n x p q x dx

 

 
 + +−

 = − −    −  − − −      
                                                                                                          (1.121) 

                                                                                           

We denote these polynomials by 
( , ; )nF x 

 and call them extended Jacobi  

polynomials .  

Thakare (1972) obtained the following form of  
( ) ( , ; )n nR x F x =

 : 

,

2 1 1

( 1) ( ) (1 )
( , ; ) ; ,

!

n n n
n nn

n

k q x p x
F x F p x q

n q x






  − − −

+

 − − + −
=   

−                 

Generalized Hypergeometric Functions Involving Two Variables  

Kampe de Feriet Function 

( ):( );( ): ;

: ; ( ):( );( ) ; ,u v p

w t q

a c eu v p

w t q b d fF x y  =
 

 
1 1 1

, 0

1 1 1

( ) ( ) ( )

! !
( ) ( ) ( )

pu v

j m n j m j n m n
j j j

qw t
m n

j m n j m j n

j j j

a c e
x y

m n
b d f

+
= = =

=

+

= = =

  


  
       (1.122) 

The above series is absolutely convergent for all values of x and y , if  

1u v w t+  + + and 1u p w q+  + + . Also , if 1u v w t+ = + +  , we must have any one of the following 

sets of conditions: 

(i)  , max | || | 1u w for x y  , (ii) 

1 1

, | | | | 1u w u wu w for x y− − +   

The Kampe de feriet function has been generalized by Srivastava and Daoust (1969a). Their general 

function is defined and represented as follows: 

 , x

yS x y S  = =  ( ) ( ) ( )

( ) ( ) ( )
1, 1, 1,2 3 1 2 31

1 2 3
1, 1, 1,1 2 3

, ; , , , ,
: :

: : , ; , , , ,

j j j j j j jp p p

j j j j j j jq q q

a A c e E
p pp x

q p q y b B d f F
S

 

 

 
 
   

=

( )

( )

1

1

1

, 0

1

p

j j j

j

q
m n

j j j

j

a m A n

b m B n






=

=

=

 + +

 + +





   

( ) ( )

( ) ( )

32

32

1 1

1 1

! !

pp

j j j j m n
j j

qq

j j j j

j j

c m e E n
x y

m n
d m f F n





= =

= =

 +  +

 +  +

 

 
    (1.123) 

The series given by (1.123) converges absolutely, if 

1 2 1 2

1 1 1 1

1 0
q q p p

j j j j

j j j j

   
= = = =

+ + − −      
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And       
1 2 1 2

1 1 1 1

1 0
q q p p

j j j j

j j j j

B F A E
= = = =

+ + − −      

The following relations are used in the sequal: 

( ) ( )
1

1 ,11,1 2
1,2 1 1 ,

( ,1),( ,1)
2 2

1

2
,

(2 1)

xk

k m
m m

k m

H x e M x
m

−−

+ −

 
 + +    = 

 +                (1.124) 

  

1 1 1,1
2,0 2 2 2

1,2 ( ,1),( ,1)

1
,

2

x

b b bH x e K x
 

− − 
 

−

   
= −   

   

                           (1.125) 

   
( ) ( )

1
1 ,12,0 2

1,2 1 1 ,
( ,1),( ,1)
2 2

,
xk

k m
m m

H x e W x
−−

+ −

 
= 

                                        (1.126) 

Sethi et. al. discussed the following fractional integral operators involving H -function of matrix arguments: 

1, 1,( , ) ,( , )

, ,

| |
[ ( )] ; ( )

( )

j j r j j sa b

m

X
R f X R f X

 
 

  


− −

 = =
  

 

1,

1,

1
( , ), 12

, ( , )

0

| | | | ( ) ( )j j r

j j s

m
ap q

r s b

U X

U X U H I UX f U dU
 


+

−
−

 

 − −
              

1, 1,( , ) ,( , )

, ,

| |
[ ( )] ; ( )

( )

j j r j j sa b

m

X
K f X K f X


 

  


 = =
  

 

1,

1,

1
( , ), 12

, ( , )| | | | ( ) ( )j j r

j j s

m
ap q

r s b

U X

U U X H I XU f U dU
  


+

−
− − −



 − −
                 

Where 11 1 21( ) ( ,..., , ,..., )m mmf X f x x x x= be a real bounded function of a complex parameter.   

 The fractional (arbitrary) order integral of the function f  of order 0>  is defined by  

.)(
)(

)(
=)(

1




 
 df

t
tfI

t

a
a



− −

  

When 0,=a  we write ),(*)(=)( ttftfIa 

   where (*)  denoted the convolution product 0>,
)(

=)(
1

t
t

t








−

 

and 00,=)( tt  and )(t →  as 0→  where )(t  is the delta function. 
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 The fractional (arbitrary) order derivative of the function f  of order 1<0   is defined by 

1

( )
( ) = ( )

(1 )

= ( ).

t

a
a

a

d t
D f t f d

dt

d
I f t

dt







 



−

−

−

 −
 

 From above Definitions , we have  

( 1)
= ,

( 1)

> 1;0 < < 1

D t t   

 

 

− +

 − +

−

 

and  

( 1)
= ,

( 1)

> 1; > 0.

I t t   

 

 

+ +

 + +

−

 

 The goal of this work is to find the exact solution for different kind of fractional differential equations, in terms of 

H-functions. We consider the non-linear fractional differential equation  

)),(,(=)(0 tutftuD

               
 

 where 1,<<0   subject to the initial values  

1

0 =0 0 =0

0 =0

[ ( )] = [ ( )]

= [ ( )] = 0, = 1 .

t t

t

D u t D u t

I u t

 

  

− −

−
      

 

 Where RR →][0,:))(,( Ttutf  is a continuous function. Also the exact solution for the linear case  

).(=)()( tftutuD  −  

Furthermore, The multi-term fractional differential equation  

))(),...,(,,(=)( 1 tuDtuDutftuD n


  

 The function )(sF  on the complex variable s  defined by  

dttfestfsF st )(=});({=)(
0

−


  

is called the Laplace transform of the function )(tf . 

The Mellin transform of the function )(tf  is  

.)(=))}(({ 1

0
dttftstfM s−



  

The Fourier transformation for one dimension is defined as  
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.)(=))}(({ drrfeqrfF iqr

dR  

 The fractional derivative of order   is defined, for a function )(zf  by  

,
)(

)(

)(1

1
:=)(

0






 

 d
z

f

dz

d
zfD

z

z
−−   

where the function )(zf  is analytic in simply-connected region of the complex z-plane C  containing the 

origin and the multiplicity of  −− )(z  is removed by requiring )( −zlog  to be real when 0.>)( −z  

 The fractional integral of order 0>  is defined, for a function ),(zf  by  

0,>;))((
)(

1
:=)( 1

0




 dzfzfI
z

z

−−
   

where the function )(zf  is analytic in simply-connected region of the complex z-plane )(C  containing the 

origin and the multiplicity of 1)( −− z  is removed by requiring )( −zlog  to be real when 0.>)( −z  
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ON THE DERIVATIVES , PARTIAL DERIVATIVES ,DOUBLE INTEGRAL TRANSFORMATION AND 
FRACTIONAL INTEGRAL OPERATORS OF A CERTAIN GENERALIZED HYPERGEOMETRIC FUNCTIONS 

OF ONE AND SEVERAL VARIABLES 

In this chapter, methods involving derivatives and the Mellin transformation are employed in obtaining 

finite summations for the H -function of two variables and certain special partial derivatives for the H -
function of two variables with respect to parameters. 

Introduction 

The H -function of two variables defined and represented by Singh and Mandia (2013) in the following 
manner: 

 , x

yH x y H  = =  ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 2 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 2 2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , ; , , , , ; , ,, : , : ,

, : , ; ,
, ; , , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

a A c C K c C e R eo n m n m n
x

p q p q p q y b B d D d D L f f S
H

  

  

+ +

+ +

 
 
   

          = ( )
1 2

2

1
, ( ) ( )

4
L L

x y d d         


−                                                         (2.1.1) 

Where 

( )
( )

( ) ( )

1

1 1

1

1

1 1

1

,

1

n

j j j

j

p q

j j j j j j

j n j

a A

a A b B

  

  

     

=

= + =

 − + +

=

 − −  − + +



 
                     (2.1.2) 

( )
( )  ( )

( ) ( ) 

2 2

2 2

2 2

1 1

1 1

1

1

j

j

n m
K

j j j j

j j

p q
L

j j j j

j n j m

c C d D

c C d D

 

 

 

= =

= + = +

 − +  −

=

 −  − +

 

 
                                      (2.1.3) 

( )
( )  ( )

( ) ( ) 

3 3

3 3

3 3

1 1

1 1

1

1

j

j

n m
R

j j j j

j j

p q
S

j j j j

j n j m

e f

e f

   

 

   

= =

= + = +

 − +  −

=

 −  − +

 

 
                                       (2.1.4) 

Where x and y are not equal to zero (complex or real), and an empty product is  

interpreted as unity , , ,i i i jp q n m are non-negative integers such that  

0 , ( 1,2,3; 2,3)i i j jn p o m q i j    = = . All the  
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1 1 2 2( 1,2,..., ), ( 1,2,..., ), ( 1,2,..., ), ( 1,2,..., ),j j j ja j p b j q c j p d j q= = = =  

3 3( 1,2,..., ), ( 1,2,..., )j je j p f j q= = are complex  

parameters. 2 20( 1,2,..., ), 0( 1,2,..., )j jC j p D j q =  = (not all zero simultaneously),  

similarly 3 30( 1,2,..., ), 0( 1,2,..., )j jj p j q  =  = (not all zero simultaneously). The  

exponents  

3 2 2 3 3 3( 1,2,..., ), ( 1,..., ), ( 1,2,..., ), ( 1,..., )j j j jK j n L j m q R j n S j m q= = + = = +
 

can take on non-negative values. 

The contour 1L is in  -plane and runs from i−  to i+  . The poles of  

( ) 2( 1,2,..., )j jd D j m − = lie to the right and the poles of  

( )  ( )2 11 ( 1,2,..., ), 1 ( 1,2,..., )
jK

j j j j jc C j n a A j n    − + =  − + + = to the left of the  

contour. For 2( 1,2,..., )jK j n= not an integer, the poles of gamma functions of the numerator in (2.1.3) are 

converted to the branch points. 

The contour 2L is in  -plane and runs from i−  to i+  . The poles of  

( ) 3( 1,2,..., )j jf j m  − = lie to the right and the poles of  

( )  ( )3 11 ( 1,2,..., ), 1 ( 1,2,..., )
jR

j j j j je j n a A j n     − + =  − + + = to the left of the  

contour. For 3( 1,2,..., )jR j n= not an integer, the poles of gamma functions of the numerator in (2.1.4) are 

converted to the branch points. 

The functions defined in (2.1.1) is an analytic function of x and y , if 

1 2 1 2

1 1 1 1

0
p p q q

j j j j

j j j j

U C D 
= = = =

= + − −                                                                             (2.1.5) 

3 31 1

1 1 1 1

0
p qp q

j j j j

j j j j

V A B 
= = = =

= + − −                                                                            (2.1.6) 

The integral in (2.1.1) converges under the following set of conditions: 

1 1 2 2

1 21 1 1 1

n p m q

j j j j j

j j n j j m

D D L 
= = + = = +

 = − + − +            

2 2 1

21 1 1

0
n p q

j j j j

j j n j

K  
= = + =

− −                                                (2.1.7) 
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1 1 2 2

1 21 1 1 1

n p m q

j j j j j

j j n j j m

A A S 
= = + = = +

 = − + − +     

3 3 1

21 1 1

0
n p q

j j j j

j j n j

E R E B
= = + =

− −                                                                           (2.1.8) 

  
1 1

| arg | , | arg |
2 2

x y                                                                           (2.1.9) 

The behavior of the H -function of two variables for small values of | |z follows as: 

 [ , ] 0(| | | | ),max | |,| | 0H x y x y x y = →                                                       (2.1.10) 

Where  
21

min Re
j

j m
j

d

D


 

  
=    

   

          
21

min Re
j

j m
j

f


 

  
=    

   

                             (2.1.11) 

For large value of | |z , 

   ' '[ , ] 0 | | ,| | ,min | |,| | 0H x y x y x y = →                                                  (2.1.12) 

Where 

21

1
' max Re

j

j
j n

j

c
K

C


 

 −
=   

 

 , 
31

1
' max Re

j

j
j n

j

e
R

 

 −
=   

 

                                       (2.1.13) 

Provided that 0U  and 0V  .If we take 2 2 21( 1,2,..., ), 1( 1,..., ),j jK j n L j m q= = = = +  

3 3 31( 1,2,..., ), 1( 1,..., )j jR j n S j m q= = = = +
 

in (2.1.1), the H -function of two variables reduces to H -function of two variables due  

to (1961). 

If we set 1 1 1 0n p q= = = , the H -function of two variables breaks up into a product of two H -function of 

one variable namely 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )2 2 3 3 1, 1, 1, 1,2 2 3 3 3

2 2 3 3

1, 1, 1, 1,2 2 2 3 3 3

: , ; , , : , ; , ,0,0: , : ,

0,0: , : ,
: , , , ; : , , , ;

j j j j j j j j j jn n p n n p

j j j j j j j j j jm m q m m q

c C K c C e R em n m n
x

p q p q y D d D L f f S
H

 

  

+ +

+ +

−−

−−

 
 
 

 

=
( ) ( )

( ) ( )

( ) ( )

( ) ( )2 2 3 3 1, 1,1, 1, 3 3 32 2 2

2 2 3 3

1, 1, 1, 1,2 2 2 3 3 3

, ; , ,, ; , ,, ,

, ,
, , , ; , , , ;

j j j j jj j j j j n n pn n p

j j j j j j j j j jm m q m m q

e R ec C K c Cm n m n

p q p q
d D d D L f f S

H x H y
 

 

++

+ +

  
  

   
                        (2.1.14) 

 If 0  , we then obtain 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 3 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 3 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , ; , , , , ; , ,0, : , : ,
2

, : , : ,
, ; , , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

a A c C K c C e R en m n m n
x

p q p q p q
y b B d D d D L f f S

H




    

    
 + +

+ +

 
 
 
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=
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 3 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 3 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , ; , , , , ; , ,0, : , : ,

, : , : ,
, ; , , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

a A c C K c C e R en m n m n
x

p q p q p q y b B d D d D L f f S
H

  

  

+ +

+ +

 
 
 

                  (2.1.15) 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 3 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 3 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , ; , , , , ; , ,10, : , : ,

, : , : , 1 , ; , , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

a A c C K c C e R en m n m n
x

p q p q p q
b B d D d D L f f S

y

H
  

  

+ +

+ +

 
 
 

 

=
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 3 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 3 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 , ; , 1 , , 1 , ; , 1 , , 1 , ;0, : , : ,

, : , : ,
1 , ; , 1 , ; , 1 , , 1 , ; , 1 ,

j j j j j j j j j j j j jq m m q m m q

j j j j j j j j j j j j jp n n p n n p

b B d D d D L f f Sn m n m n
x

p q p q p q y a A c C K c C e R e
H

  

  

+ +

+ +

− − − − −

− − − − −

 
 
 

    (2.1.16) 

In next section the following differentiating formulas are also used: 

Formula 1 

 1 2

1 2,
h hr

xD x H z x z x   =   

( )
( )11 2 2 3 3

1 21

1 1 2 2 3 3 2
1 22

0, 1: , : , , , , ,
1, 1: , : , , , , , ,

h

h

n m n m n h h C Ez xr
p q p q p q B r h h D Fz x

x H




+ −−
+ + −

 
 

                                                     (2.1.17) 

For 1 2, 0h h  and   . 

Formula 2 

( ) ( ) 1 2

1 1 2... ,
h h

x x rxD k xD k x H z x z x  − − =   

( )

( )1 1 21 2 2 3 3 1,1

1 1 2 2 3 3 2
1 22 1,

, , , ,0, : , : ,

, : , : ,
, 1 , , , ,

h j r

h
j

r

k h h C En r m n m n z x
p r q r p q p q

B k h h D Fz x
x H





−+

+ +
+ −

 
 
 

                                                (2.1.18) 

Where , ( 1,2,..., )jk j k  = and 1 2,h h are real and positive. 

Formula 3 

( ) ( ) 1 2

1 1 2... ,
h h

x x rD x k D x k x H z x z x  − − =   

( )

( )1 1 21 2 2 3 3 1,1

1 1 2 2 3 3 2
1 22 1,

1, , , ,0, : , : ,

, : , : ,
, , , , ,

h j r

h
j

r

k h h C En r m n m n z x
p r q r p q p q

B k h h D Fz x
x H





− −+

+ +
−

 
 
 

                                                     (2.1.19) 

Where , ( 1,2,..., )jk j k  = and 1 2,h h are real and positive. 

 Main Results 

If t be an arbitrary parameter and ', ''  be positive real numbers, then it can be verified that 



( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 2 2 3 2

1 1 2 2 2 2

'
1, 1,1 21

''
2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, 1: , : ,
'' ' '' 3

1, 1: , ; ,1 2

(1 ; ', ''), , ; , , ; , ,

, ; ,(1 ; ', ''), , , , ; , , , , ;

,

j j j j j j j j
p n n

j j j j j j j j j j j j jq m m q m m q

o n m n m n
e

p q p q p q

e n a A c K c
z t

z t b B e d d L f F f F S

D H z t z t t H





 

    

    
+ +

+
−

+ +

− +

−

  = 

( ) ( )
1, 1, 1,2 2 3 3 3

, , ; , ,j j j j j
p n n p

e E R e E
+ + 

 
 

             (2.2.1) 

And 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )'2 2 3 3 1, 1, 1, 1,2 2 3 3 31
''2 2 3 3

2
1, 1, 1, 1,2 2 2 3 3 3

: , ; , , : , ; , ,0,0: , : ,
1

0,0: , : ,
: , , , ; : , , , ;

j j j j j j j j j jn n p n n p

j j j j j j j j j jm m q m m q

c K c e E R e Em n m n z te
p q p q

z t d d L f F f F S
t H





 

 

+ +

+ +

−−
−

−−

 
 
 

= 

( ) ( )

( ) ( )2 2 1, 1,2 2 2

2 2

1, 1,2 2 2

( 1)
, ; , ,,

'2
, 1 , , , ;

j j j j jn n p

j j j j jm m q

e
c K cm n

p q
d d L

t H z t
 



 

+

+

−
 

 
   

    
( ) ( )

( ) ( )3 3 1, 1,3 3 3

3 3

1, 1,3 3 3

( 1)
, ; , ,,

''2
, 2 , , , ;

j j j j jn n p

j j j j jm m q

e
e E R e Em n

p q
f F f F S

t H z t +

+

−
 
 
                                                    

(2.2.2) 

Differentiating (2.2.2) two times w.r.t. t and simplifying, it follows by induction that 

 

 

( ) ( ) ( ) ( )

2 2 3 3

2 2 3 3

1 2

1 2

' 1
1

''
2

1, 1, 1, 1,2 2 2 3 3 3

0,0: , 1: , 1

0,0: 1, 1: 1, 1

, 0 1 2

1
: 1 , ';1 , ;

2

1 1
: , , , ; , 1 , ';1 : , , , ; , 1 , '';1

2 2

!

! !

j j

j j j j j j j j j j
m m q m m q

n
m n m n

p q p q

n n
n n n

e
n c K

z t

e ez t
d d L f F f F S

n
H

n n





 

   
+ +

+ +

+ + + +

=
+ =

+ 
−− + − 

 
+ +   

−− − −   
   

= 

( ) ( ) ( ) ( )2
1, 1, 1, 1,2 2 3 3 3

1
, , : 1 , '';1 , ; , ,

2
j j j j j j j j

n n p n n p

e
c n e E R e E 

+ +

+ 
+ − 

 
 
 
  

                 (2.2.3) 

(2.2.3)readily admits an extension and we have 

( ) ( ) ( ) ( ) ( )

( )

1 2 2 3 2

1 1 2 2 2 2

1 2

1 2

' 1
1, 11

''
2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, : , 1: , 1

, : 1, 1; 1, 1

, 0 1 2

, ; , 1

1 1
, ; , , , , ; , 1 , ';1 , , , , ; , 1 , '';1

2 2

!

! !

j j j
p

j j j j j j j j j j j j j
q m m q m m q

n
o n m n m n

p q p q p q

n n
n n n

a A n
z t

e ez t
b B d d L f F f F S

n
H

n n







    
+ +

+ +

+ + + +

=
+ =

+

+ +   
− −   

   

= 

( ) ( ) ( ) ( )2
1, 1, 1, 1,2 2 2 3 3 3

1 1
, ';1 , , ; , , , 1 , '';1 , , ; , ,

2 2
j j j j j j j j j j

n n p n n p

e e
c K c n e E R e E   

+ +

+ +   
− + −   

   
 
 
  

    (2.2.4) 

Considering various other forms that (2.2.1)admits, similar other results can be obtained. In the next place, 

in view of (2.2.1) we note that the 2-dimensional Mellin-transformation ([1950],11.2) ''M of the H -function 
of two variables is given by 

''( ) ( , )M H Q  = − −  

Provided          
2 21 1

1
min Re max Re

j j

j
j m j n

j j

d c
K

    

   −
−        

   

 

3 31 1

1
min Re max Re

j j

j
j m j n

j j

f e
R

F E


   

   −
−        

   

 

We also note that, since (1.7 (30) of Erdelyi [1953]) for a positive integer N , 

1

1

( 1) ! ( ) '( )
( ) ( ) ; ( ) ,

( )! ( ) ( )

kN

k

N a a
a N a a

k N k a k a


  



−

=

− 
+ − = =

− + 
  

Partial differentiation of the gamma product  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )'2 2 3 3 1, 1, 1, 1,2 2 3 3 31
''2 2 3 3

2
1, 1, 1, 1,2 2 2 3 3 3

(1 ; ', ''): , ; , , : , ; , ,0,1: , : ,

1,1: , : ,
(1 ; ', ''): , , , ; : , , , ;

j j j j j j j j j jn n p n n p

j j j j j j j j j jm m q m m q

e n c K c e E R e Em n m n z t
p q p q

z t e d d L f F f F S
H





   

   

+ +

+ +

− +

−

 
 
 
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1 ' '' 1 ' ''
2 2

e e
       

   
 − + +  + + +   

   
w.r.t. the arbitrary parameter e at  

e N= can be expressed as a finite sum 

1 ' '' 1 ' ''
2 2

e N

e e

e
       

=

     
 − + +  + + +    

     
 

1

1

1 ' ''
1 ( 1) ! 2

1 ' ''
2 2 ( )!

1 ' ''
2

kN

k

N

N N

Nk N k
k

   

   

   

−

=

 
 + + + −   =  − + + 

−     + − + + 
 

 , 

Where ', ''  are positive real numbers. 

Thus for 0, 0,n N  we have 



( ) ( ) ( ) ( ) ( )

( )

1 2 2 3 2
1

1 1 2 2 2 2
2

1, 1

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, 2: , : ,

2, : , ; ,

; ', '' , ; ', '' , , ; ,, ,
2 2

1 1
, ; , , , , ; , 1 , ';1 , , , , ; , 1 , '';1

2 2

''

j j j j jp

j j j j j j j j j j j j jq m m q m m q

o n m n m n z
p q p q p q z

e e
a A c

e e
b B d d L f F f F S

M H

     

    
+ +

+

+

   
−   

   
+ +   

− −   
   




( ) ( ) ( ) ( )21, 1, 1, 1,2 2 2 3 3 3

1
; , , , 1 , '';1 , , ; , ,

2
j j j j j j j jn n p n n p

e
K c n e E R e E

e N

 
+ +

+ 
+ − 

 

=

 
 
  

 

1

1

1 ' '' 1 ' ''
! ( 1) ! 2 2

2 ( )!
1 ' ''

2

kN

k

N N

N N

Nk N k
k

       

   

−

=

   
 + − −  − − −   −    =

−  
 + − − − 

 

  

( , )Q   − −  

( ) ( ) ( ) ( ) ( )

1 2 2 3 2
1

1 1 2 2 2 2
2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

1
, 3: , : ,

3, 1: , ; ,

1

; ', '' , ; ', '' , ; ', ''
2 2 2

, ; , ; ', '' , , , , ; , , , , ;
2

! ( 1)
''

2 ( )!

j j j j j j j j j j j j j
q m m q m m q

kN
o n m n m n z
p q p q p q z

k

N N N

N
b B k d d L f F f F S

N
M H

k N k

     

    
+ +

−
+

+ +

=

   
− −   

   

 
− + 

 

 −
 −



( ) ( ) ( ) ( ) ( )
1, 1, 1, 1, 1,1 2 2 2 3 3 3

, , ; ,, , ; , , , , ; , ,j j j j j j j j j j j j j
p n n p n n p

a A c K c e E R e E  
+ +

 
 
 





    (2.2.5) 

But for 
( )( ) , 1, 2
iiz u i−= = , (2.2.5) can be written as 



( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2 2 3 2
1

1 1 2 2 2 2
2

1, 1, 1, 1,1 2 2 2 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, 2: , : ,

2, : , ; ,

; ', '' , ; ', '' , , ; ,, , ; , , , , ; , ,
2 2

, ; , , , , ; , , , , ;

j j j j j j j j j j j j
p n n p n

j j j j j j j j j j j j jq m m q m m q

o n m n m n z
p q p q p q z

e e
a A c K c e E R e

b B d d L f F f F S

H
e

      

  

+

+ +

+

+

   
−   

   





( )
1,3 3

j
n p

E

e N

+

=

 
 
  

 

2

1

! ( 1)

2 ( )!

N

NN

k

N u

k N k=

−
=

−
  
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 2 2 3 2
1

1 1 2 2 2 2
2

1, 1, 1,1 2 2 2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, 2: , : ,
2

2, : , ; ,

; ', '' , ; ', '' , , ; ,, , ; , , , , ;
2 2

, ; , , , , ; , , , , ;

j j j j j j j j j j
p n n p

j j j j j j j j j j j j j
q m m q m m q

N
k o n m n m n zN k

p q p q p qu z

N N
a A c K c e E

b B d d L f F f F S

D u H

      

  

+

+ +

− +
−

+

   
−   

   


 



( ) ( )
1, 1,3 3 3

, ,j j j
n n p

R e E
+





              (2.2.6) 

If we express the derivative into a sum, carry out the differentiations, interchange the order of summation 
and simplify, we obtain 



( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2 2 3 2
1

1 1 2 2 2 2
2

1, 1, 1, 1,1 2 2 2 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, 2: , : ,

2, : , ; ,

; ', '' , ; ', '' , , ; ,, , ; , , , , ; , ,
2 2

, ; , , , , ; , , , , ;

j j j j j j j j j j j j
p n n p n

j j j j j j j j j j j j jq m m q m m q

o n m n m n z
p q p q p q z

e e
a A c K c e E R e

b B d d L f F f F S

H
e

      

  

+

+ +

+

+

   
−   

   





( )
1,3 3

j
n p

E

e N

+

=

 
 
  

 

1 2 2 3 2

1 1 2 2 2 2

1
, 2: , : ,

2, : , ; ,

0

! ( 1)

2 !( )!

N
o n m n m n

p q p q p q

p

N
H

p N p

−
+

+

=

−
=

−
  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
1, 1, 1, 1, 1,1 2 2 2 3 3 31

2
1, 1, 1, 1, 1,1 2 2 2 3 3 3

; ', '' , ; ', '' , , ; ,, , ; , , , , ; , ,
2 2

, ; , , , , ; , , , , ;

j j j j j j j j j j j j j
p n n p n n p

j j j j j j j j j j j j jq m m q m m q

N N
p a A c K c e E R e E

z

z b B d d L f F f F S

      

  

+ +

+ +

   
− +   

   


 



     (2.2.7) 

Similar other results can be obtained by considering products or quotients of such gamma functions whose 
partial derivatives w.r.t. the arbitrary parameter involved can be expressed as a finite sum.For example, for 
the quotient 

(1 ' '' )

(1 ' '' )

e N

e

   

   

 − − + +

 − + +
, 

We have 



( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 2 2 3 2
1

1 1 2 2 2 2
2

1, 1, 1, 11 2 2 2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, 1: , : ,

1, 1: , ; ,

; ', '' , ; ', '' , , ; ,, , ; , , , , ;
2

, ; ,( ; ', ''), , , , ; , , , , ;

j j j j j j j j j j jp n n p

j j j j j j j j j j j j j
q m m q m m q

o n m n m n z
p q p q p q z

e
e N a A c K c e E R

b B e d d L f F f F S

H
e

      

    

+

+ +

+

+ +

 
+  

 





( )
, 1,3 3 3

, ,j jn n p
e E

+





 

1 2 2 3 2

1 1 2 2 2 2

1
, 1: , : ,

1, 1: , ; ,

0

( 1)
!

( )!

kN
o n m n m n

p q p q p q

k

N H
p N k

−
+

+ +

=

−
=

−
  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
1, 1, 1, 1, 1,1 2 2 2 3 3 31

2
1, 1, 1, 1, 1,1 2 2 2 3 3 3

; ', '' , , ; , , ; , , , , ; , ,

, ; ,( ; ', ''), , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

e N a A c K c e E R e E
z

z b B e k d d L f F f F S

    

    

+ +

+ +

+

+


 


              (2.2.8) 

 
We establish the methods involving derivatives and the Mellin transformation are employed in obtaining 
finite summations for the I -function of two variables and certain special partial derivatives for the I -
function  of two variables with respect to parameters. 

Introduction 
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The I -function of two variables introduced by Prasad  will be represented and defined as follows: 

2 2 2 1, 1, ' 1, ''2 1 2

2 2 2 2 2 2 1, 1, ' 1, ''2

( : ' , '' ) :( ' , ' ) :( ' , ' )0, :( '. '):( '', '')

1 2 , :( ', '):( '', '') ( : ' , '' ) :( ' , ' ) :( ' , ' )[ , ] j j j p j j p j j p

j j j q j j q j j q

a a an m n m n z

p q p q p q z b b bI z z I
   

   
 =
   

  
1 2

1 2

1 1 2 2 1 2 1 2 1 22

1
( ) ( ) ( , )

(2 )

s s

L L

s s s s z z ds ds
w

  


=                                               (2.3.1) 

Where  
1w = −

, 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1 1

( ) ( ) ( ) ( )

1 1

1

( ) {1, 2}

1

i i

i i

i i

m n
i i i i

j j i j j i

j j

i i q p
i i i i

j j i j j i

j m j n

b s a s

s i

b s a s

 



 

= =

= + =

 −  − +

=  

 − +  −

 

 
            (2.3.2) 

2

2 2

2

2
( )

2 2

11

1 2 2 2
( )

2 2 2 2

1 11 1

1

( , )

1

n
i

j j i

ij

p q
i i

j j i j j i

i ij n j

a a s

s s

a a s b s





==

= == + =

 
 − + 

 
=

   
 −  − +   

   



  
                  (2.3.3) 

 Main Results 

If t be an arbitrary parameter and ', ''  be positive real numbers, then it can be verified that 


'

2 2 2 1, 1, '2 1 2
''

2 2 2 2 2 1, 1, ' 1, ''22

'' ' '' 3

1 2

(1 ; ', ''),( : ' , '' ) :( ' , ' ) :0, 1:( '. '):( '', '')

1, 1:( ', '):( '', '') ( : ' , '' ) ,(1 ; ', ''):( ' , ' ) :( ' , ' )

,

j j j p j j p

j j j q j j q j j q

e

e n a an m n m n z t

p q p q p q b e b bz t

D I z t z t t

I




 

    

     

−

− ++

+ + −

  = 

1, ''( ' , ' )j j pa  
 

                  (2.4.1) 

And 

'
1, ' 1, ''1

''
1, ' 1, ''2

( ' , ' ) :( ' , ' )1 0,0: ', ': '', ''

0,0: ', ': '', '' ( ' , ' ) :( ' , ' )
j j p j j p

j j q j j q

a az te m n m n

p q p q b bz t
t I





 

 

−  
 

= 

1, ' 1, ''

1, ' 1, ''

( 1) ( 1)
( ' , ' ) ( ' , ' )', ' ' '', '' ''2 2

', ' 1 ( ' , ' ) '', '' 2 ( ' , ' )

j j p j j p

j j q j j q

e e
a am n m n

p q b p q bt I z t t I z t
  

 

− −

   
   

                                    

(2.4.2) 

Differentiating (2.4.2) two times w.r.t. t and simplifying, it follows by induction that 

 

 

1 2

1 2

' 1 1, ' 2
1

''
2

1, ' 1, ''

0,0: ', ' 1: '', '' 1

0,0: ' 1, ' 1: '' 1, '' 1

, 0 1 2

1 1
: 1 , ' ,( ' , ' ) , 1 , ''

2 2

1 1
:( ' , ' ) , 1 , ' ,( ' , ' ) , 1 , ''

2 2

!

! !

j j p

j j q j j q

n
m n m n

p q p q

n n
n n n

e e
n a n

z t

e ez t
b b

n
I

n n





  

   

+ +

+ + + +

=
+ =

+ +   
−− + − + −  

  
+ +   

−− − −   
   

= 

1, '',( ' , ' )j j pa 


 
 
  

                                                 (2.4.3) 

(2.4.3)readily admits an extension and we have 

'
1, ' 1, ''1

''
1, ' 1, ''2

(1 ; ', ''),( ' , ' ) ,( ' , ' )0,1: ', ': '', ''

1,1: ', ': '', '' (1 ; ', ''),( ' , ' ) ,( ' , ' )
j j p j j p

j j q j j q

e n a az tm n m n

p q p q e b bz t
I





   

   

− +

−
 
 
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2

2 2

2

2

' 2 2 2 1, 12
1

''
2

2 2 2 1, 1, ' 1, ''2

, : ', ' 1: '', '' 1

, : ' 1, ' 1; '' 1, '' 1

, ' 0 1 2
'

1
( : ' , '' ) , 1

2

1 1
( : ' , '' ) ,( ' , ' ) , 1 , ' ,( '' , '' ) , 1 , ''

2 2

!

! !

j j j p

j j j q j j q j j q

n
o n m n m n

p q p q p q

n n
n n n

e
a n

z t

e ez t
b b b

n
I

n n





 

     

+ +

+ + + +

=
+ =

+
+ −

+ +   
− −   

   

= 

1, ' 2 1, ''

1
, ' ,( ' , ' ) , 1 , '' ,( '' , '' )

2
j j p j j p

e
a n a   

+   
+ −   

   
 
 
  

                            (2.4.4) 

Considering various other forms that (2.4.1)admits, similar other results can be obtained. 

In the next place, in view of (2.4.1) we note that the 2-dimensional Mellin-transformation ''M of the I -
function of two variables is given by 

''( ) ( , )M H Q  = − −  

Provided           
1 ' 1 '

' ' 1
min Re max Re

' '

j j

j m j n
j j

b a


    

   −
−        

   

 

1 '' 1 ''

'' '' 1
min Re max Re

'' ''

j j

j m j n
j j

b a


    

   −
−        

   

 

We also note that, since (1.7 (30) of Erdelyi ) for a positive integer N , 

1

1

( 1) ! ( ) '( )
( ) ( ) ; ( ) ,

( )! ( ) ( )

kN

k

N a a
a N a a

k N k a k a


  



−

=

− 
+ − = =

− + 
  

Partial differentiation of the gamma product 1 ' '' 1 ' ''
2 2

e e
       

   
 − + +  + + +   

   
w.r.t. the 

arbitrary parameter e at e N= can be expressed as a finite sum 

1 ' '' 1 ' ''
2 2

e N

e e

e
       

=

     
 − + +  + + +    

     
 

1

1

1 ' ''
1 ( 1) ! 2

1 ' ''
2 2 ( )!

1 ' ''
2

kN

k

N

N N

Nk N k
k

   

   

   

−

=

 
 + + + −   =  − + + 

−     + − + + 
 

 , 

Where ', ''  are positive real numbers. 

Thus for 0, 0,n N  we have 

 2 1

2 2 2

2 2 2 1, 1, ' 1, ''2

2 2 2 1, 1, ' 1, ''2

, 2: ', ': '', ''

2, : ', '; '', ''

; ', '' , ; ', '' ,( : ' , '' ) :( ' , ' ) :( ' , ' )
2 2

( : ' , '' ) ,( ' , ' ) :( ' , ' )

''

j j j p j j p j j p

j j j q j j q j j q

o n zm n m n

p q p q p q z

e e
a a a

b b b

e N

M I

       

   

+

+

   
−   

   

=




 
 
  
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1

1

1 ' '' 1 ' ''
! ( 1) ! 2 2

2 ( )!
1 ' ''

2

kN

k

N N

N N

Nk N k
k

       

   

−

=

   
 + − −  − − −   −    =

−  
 + − − − 

 

  

( , )Q   − −  

3 22 2 2 1

2 2 2 2 2 2 2

2 2

2 2 2 1, 1, ' 1, ''2

1
,, 3: , :

3, 1: , ; ,

1

; ', '' , ; ', '' , ; ', '' ,( : '
2 2 2

( : ' , '' ) , ; ', '' ,( ' , ' ) :( ' , ' )
2

! ( 1)
''

2 ( )!

j

j j j q j j q j j q

kN
m no n m n z

p q p q p q z

k

N N N
a

N
b k b b

N
M I

k N k

      

     

−
+

+ +

=

     
− −     

     

 
− + 

 

 −
 −



2 1, 1, ' 1, ''2
, '' ) :( ' , ' ) :( ' , ' )j j p j j p j j pa a   




                               (2.4.5) 

But for 
( )( ) , 1, 2
iiz u i−= = , (2.5) can be written as 

 2 1

2 2 2

2 2 2 1, 1, ' 1, ''2

2 2 2 1, 1, ' 1, ''2

, 2: ', ': '', ''

2, : ', '; '', ''

; ', '' , ; ', '' ,( : ' , '' ) :( ' , ' ) :( ' , ' )
2 2

( : ' , '' ) ,( ' , ' ) :( ' , ' )

j j j p j j p j j p

j j j q j j q j j q

o n zm n m n

p q p q p q z

e e
a a a

b b b

e N

I
e

       

   

+

+

   
−   

   

=





 
 
  

 

2

1

! ( 1)

2 ( )!

N

NN

k

N u

k N k=

−
=

−
  

2 1

2 2 2

2 2 2 1, 1, ' 1, ''2

2 2 2 1, 1, ' 1, ''2

, 2: ', ': '', ''2
2, : ', '; '', ''

; ', '' , ; ', '' ,( : ' , '' ) :( ' , ' ) :( ' , ' )
2 2

( : ' , '' ) ,( ' , ' ) :( ' , ' )

j j j p j j p j j p

j j j q j j q j j q

N
k

o n zN k m n m n

u p q p q p q z

N N
a a a

b b b

D u I

       

   

−
+−

+

   
−   

   


 







                                                (2.4.6) 

If we express the derivative into a sum, carry out the differentiations, interchange the order of summation 
and simplify, we obtain 

 2 1

2 2 2

2 2 2 1, 1, ' 1, ''2

2 2 2 1, 1, ' 1, ''2

, 2: ', ': '', ''

2, : ', '; '', ''

; ', '' , ; ', '' ,( : ' , '' ) :( ' , ' ) :( ' , ' )
2 2

( : ' , '' ) ,( ' , ' ) :( ' , ' )

j j j p j j p j j p

j j j q j j q j j q

o n zm n m n

p q p q p q z

e e
a a a

b b b

e N

I
e

       

   

+

+

   
−   

   

=





 
 
  

 

2

2 2

1
, 2: ', ': '', ''

2, : ', '; '', ''

0

! ( 1)

2 !( )!

N
o n m n m n

p q p q p q

p

N
I

p N p

−
+

+

=

−
=

−
  

2 2 2 1, 1, ' 1, ''2
1

2 2 2 2 1, 1, ' 1, ''2

; ', '' , ; ', '' ,( : ' , '' ) :( ' , ' ) :( ' , ' )
2 2

( : ' , '' ) ,( ' , ' ) :( ' , ' )

j j j p j j p j j p

j j j q j j q j j q

N N
p a a a

z

z b b b

       

   

   
− +   

   


 



                                   (2.4.7) 
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Similar other results can be obtained by considering products or quotients of such gamma functions whose 
partial derivatives w.r.t. the arbitrary parameter involved can be expressed as a finite sum. 

For example, for the quotient 

(1 ' '' )

(1 ' '' )

e N

e

   

   

 − − + +

 − + +
, 

We have 



( )

2 1

2 2 2

2 2 2 1, 1, ' 1, ''1

2 2 2 1, 1, ' 1, ''1

, 1: ', ': '', ''

1, 1: ', '; '', ''

; ', '' , ; ', '' ,( : ' , '' ) :( ' , ' ) :( ' , ' )
2

( : ' , '' ) ,( ; ', ''),( ' , ' ) :( ' , ' )

j j j p j j p j j p

j j j q j j q j j q

o n zm n m n

p q p q p q z

e
e N a a a

b e b b

I
e

       

     

+

+ +

 
+  

 









 

2

2 2

1
, 1: ', ': '', ''

1, 1: ', '; '', ''

0

( 1)
!

( )!

kN
o n m n m n

p q p q p q

k

N I
p N k

−
+

+ +

=

−
=

−
  

( ) 2 2 2 1, 1, ' 1, ''1 2

2 2 2 2 1, 1, ' 1, ''2

; ', '' ,( : ' , '' ) ,( ' , ' ) ,( ' , ' )

( : ' , '' ) ,( ; ', ''),( ' , ' ) ,( ' , ' )

j j j p j j p j j p

j j j q j j q j j q

e N a a az

z b e k b b

     

     

+

+


 
                                                      (2.4.8) 

In this chapter, the authors also established a double integral transform of  I -function which leads to yet 
another interesting process of augmenting the parameters in the I -function. The result is of general 
character and on specializing the parameters suitably, yields several interesting results as particular cases. 

Introduction 

Rainville ([1960], p.104), Abdul Halim and Al-Salam (1963) have shown that the singleand double Euler 

transformations of the hypergeometric function p qF are effective tools for augmenting its parameters. 

Srivastava and Singhal (1968) and Srivastava and Joshi (1967) have discussed some similar interesting 

properties of p qF in double I -function and double Whittaker transforms respectively. 

In what follows for the sake of brevity, we have used the symbols  

( , ), ( , ), ( , ), (( , ))r r pa r a r a r a     to denote the set of parameters  

1 1

1 1
( , ),..., ( , ); , ,..., ; ( , ), ( , )r r

a a a r
a a r a r a

r r r
 

+ + −
  − and  

1 2( , ), ( , ),..., ( , )pr a r a r a   respectively. 

The I -function introduced by Saxena (1982) will be represented and defined as follows: 

   1, 1,

, 1, 1,

( , ) ,( , ), ,

: , : ( , ) ,( , )[ ] [ ] j j n ji ji n pi

i i i i j j m ji ji m qi

a am n m n

p q r p q r b bI Z I Z I z
 

 
+

+

 = =
 

  
1

( )
2

L

s ds


=          (2.5.1)                                                                                                                       

    where 1 = −  
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1 1

1 1
1

( ) (1 )
( )

(1 ) ( )
i i

m n

j j j j
j j

r q p

ji ji ji ji
j m j n

i

b s a s
s

b s a s

 


 

= =

= + = +
=

  −   − +
=

 
  − +   − 

 


              (2.5.2) 

 , ( 1,..., ), ,i ip q i r m n= are integers satisfying 0 , 0 , ( 1,..., ),i in p m q i r r    = is  

finite , , ,j j ij ji     are real and , , ,j j ji jia b a b  are complex numbers such that 

( ) ( )j h h jb v a v k +  − − for , 01, 2,...v k =  

We shall use the following notations: 

* *

1, 1, 1, 1,( , ) , ( , ) ; ( , ) , ( , )
i ij j n ji ji n p j j m ji ji m qA a a B b b   + += =

 

** **

1, 1, 1, 1,( , ) , ( , ) ; ( , ) , ( , )
i ij j r ji ji r u j j s ji ji s vA c c B d d   + += =

 

If we take 1r = in (2.5.1), the I -  function  reduces to the Fox’s H-function (1961). 

Main Result 

In this section, we have established the following double integral transform of I -function: 

If ,s k and r are positive integers, then 

1 1 , *

, : *

0 0

( ) ( )
i i

f g C

u v r Dx y x y I x y   
 

− −  + +
     , *

, : *( )
i i

m n s k r A

p q r BI tx y x y dxdy +
 

=

 

1 1

11 1 1 ( )(1 )
22 2 2(2 )

v u

j jd c A u vD f g u v

D

   − + − −− + − − +      
 

 

1 1

2 2
,

, :1

2( )
i i i i

m Dg n Df

p Dv q Du r

s k
I

s k

 



 
 

  

− −

+ + +

+ + + +
+ −

+ + +

        

1

1

( )
(( ,1 )), ( ,1 ), ( ,1 ), *, ( ,1 ),..., ( ,1 )

(( ,1 )), *, ( ,1 ), ( ,1 ),..., ( ,1 )
f f u

g g v

D v u
D A D s k A D A d D A d

D A C B k s D A c D A cD

t D  

 




+

+

−
 − −  −  −  − −  − −

 − −  + − −  − −  − −

 
 
 

   (2.6.1) 

Where 

 
)
, , , ,

( )

s k

s k

s k
s k D s k r A

s k
    

+
= = + = + + = + +

+
 

0 , 2 2 2 ,0 ,Dg Du Dv Du q p u v g f v n p    + − + −      

2 2 2 ,p q n m q+ −    

Re min min Re( ) Re , , 1
jii

l t

i ji

bd s k
D A D a C D

s k

 

 

   − −  
+  −  + − −         
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1,2,..., ; 1,2,..., ; 1,2,... ; 1,2,..., ; ,Re(min ) ,ii f j m l n t g u C A v= = = = + −  

( )
1

Re max 1 ( ),
2

j

j

d
A uD v D Dv Du D Dv Du



 
+ − + + − +  −  

   

Remax , , ,l

s k
a

s k

 − − 
 
 

 

1 1
1,2,..., ; 1,2,..., ; 1,2,..., ;| arg | ,

2 2
i u j v l u f g u v 

 
= = =  + − − 

 
 

1 1
| arg | ,Re 0,Re 0, 1,2,...,

2 2

ji ji

ji ji

b b
t m n p q s k j m  

 

    
 + − − +  +  =             

 

And the double integral converges. 

Proof: To prove (2.6.1), we start with the following known result Erdelyi([1954), p.  

177) 

1 1 1

0 0 0

( ) ( , ) ( )x y x y dxdy B z z dz      
  

− − + −+ =                                          (2.6.2) 

Which is valid for Re( ) 0  and Re( ) 0  . 

It is easy to prove by following the technique of reversing the order of integrations, that 

1 1 , *

, : *

0 0

( ) ( )
i i

m n s k r A

p q r Bx y x y I tx y x y dxdy 
 

− −  + + =
  

 
1 1

2 2

1

2

2

( )

s k

s k

 

 


− −

+ −

+

1 , ( ,1 ), ( ,1 ), *

, : *, ( ,1 )

0

( )
i i

m n D s k A

p q r B k sz z I t z dz    

    


+ − +  −  −

+ +  + − −
 
           (2.6.3)

 

Where ,s k and r are positive integers, 

, , , 2( ),
( )

s k

s k

s k
s k D s k r p q m n

s k
 

+
= = + = + + +  +

+  

1 1
| arg | ,

2 2
t m n p q 

 
 + − − 

 
 

Re 0,Re 0, 1,2,..., .
j j

j j

b b
s k j m 

 

   
+  +  =      

   

 

In (2.6.3), taking  , **

, : **( )
i i

f g A

u v r Bz z I z  =
 
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And evaluating the integral on the right hand side using ([1960], p.401) the result  

(2.6.1) follows. 

 Particular Cases 

On choosing the parameters suitably in (2.6.1), several known and unknown results are obtained as 
particular cases. However, we mention some of the interesting results here. 

(a) Taking 

 
1 1 2

1 1
2, 0, 1, , , , , 1, 1

2 2
j j j jf v g u c d v d v r     = = = = = = = − = + = = = = =

 

in (2.6.1) and using Erdelyi ([1953], p.216, (5)) 

1 1 1,1
2,0 2 2 2

1,2 ( ,1),( ,1)

1
,

2

x

b b bH x e K x
 

− − 
 

−

   
= −   

   

 

We obtain 

1 1
( )

1 1 2 2

0 0

1
( ) ( )

2

x y

vx y x y a K x y
 

  
 

+ − +
− −  

+ − + 
 

 
 

, *

, :1 *( )
i i

m n s k r A

p q BH tx y x y dxdy +
 

=

 
1 1

1 1 1 1
2 2(2 )

12 2 2 2

1

2

(2 )

( )

D f g u v
A s k

D

s k

 

 
  

 



− − 
− − + − − + 

− 

+ −
+ + +

 

, 2 (( ,1 )), ( ,1 ), ( ,1 ), *

2 , 1
*, (( , )), ( ,1 )

2

,
D

m n D D A v s k A

p D q D D
B D A k s

t D
H   

 
 





+ +  −  −  −

+ + + +
 −  + − −

 
 
  

                                         (2.7.1) 

Where , D and  have the same value as (2.6.1) and 

1
; 2( ),Re( ) 0,Re( ) 0,

2

ji ji

ji ji

b b
A p q m n s v s v    

 
= + + + +  + +   +    

1
Re 0, 1,2,..., ;Re( ) 0,

2

ji

ji

b
v D j m   



 
+ +  + +  =   

   

1 1
| arg |

2 2
t m n p q 

 
 + − − 

 
 

(b) Further, replacing ,q t and ( ),p pa  by 1,q t+ − and ( )1 ,p pa − respectively and then putting 

1 11, , 1, ( 1,2,... )j jm n p b b b j q+= = = = = , using the result Erdelyi[(1953),p. 215, (1)] and [(1953),p. 4, (11)], 

we obtain an interesting result obtained by Srivastava and Singhal (1968): 
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1 1
( )

1 1 2 2

0 0

1
( ) ( )

2

x y

vx y x y a K x y
 

  
 

+ − +
− −  

+ − + 
 

 
 

    
( )
( ),

,
: ( )p p

q q

a s k r

p q b
F tx y x y dxdy





 +
  

= 

( )
1

2

1

2
( , )

1

v

B
  

   

 

   
+ + +

 
 + +  + 

 

 + + +

 

( )

( )
1

( , ,), ( , ), ( , ), ,1
2

3 3 2 2 2 ,1 , ( , ), ( , 1)

p

q

s k r
s k r v s k a

p s k r q s k r b s k k s

s k r
F t

    

    




+ +
 + + + +  +  

+ + + + + +  + +  + + + +

 + + 
  

   

  ,          (2.7.2) 

provided 
1

Re( ) 0,Re( ) 0,Re( ) 0.
2

v    + +  +     

(c) Setting 
1 1 2

1 1
2, 0, 0, , , , 1

2 2
v f g u c d v d v r= = = = = = − − = − + = in (2.6.1)  

and using the known formula  Erdelyi [(1953),p.216,(6)] 

( ) ( )
1

1 ,12,0 2
1,2 1 1 ,

( ,1),( ,1)
2 2

,
xk

k m
m m

H x e W x
−−

+ −

 
= 

    

 

 

We have  

1
( )

1 1 2
,

0 0

( ) [ ( )]
x y

vx y x y e W x y


  

 
 

− +
− − + + 

, *

, *( )m n s k r A

p q BH tx y x y dxdy +
 

=

 

1 1
1 1 2 2(2 )
2 2

1

2

(2 )

( )

D A s k
D

s k

 


 
  





− −
− + −

+ −
+ + +

 

1
( , ), ( ,1 ), ( ,1 ), *

, 2 2
2 , *, ( ,1 ), ( , ) ,

D
D A v s k A

m n D

p D q D B k s D AD

t D
H

 


    





 −   −  −
+ +

+ + + +  + − −  −

 
 
  

                                             (2.7.3) 

Where , ,D   and A are given in (2.6.1); 

1 1
2( ),| arg | ,Re( ) 0,Re( 0,

2 2
jp q m n t m n p q sb  

 
+  +  + − −  +  

 
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1
Re( ) 0,Re 0, 1,2,..., .

2
j jk sb m n Db v j m

 
+  + + +  +  = 

 
 

(d) Further, replacing ,q t and ( ),p pa  by 1,q t+ − and (1 , )p pa − respectively and  

then putting 1 11, , 1, ( 1,2,..., )j jm n p b b b j q+= = = = = and using the result 

 [(1965)p.215,(1)], (3.7.3) reduces to a result due to Srivastava and Joshi  

[(1968),p.19,(2.3)] 

 
1

( )
1 1 2

,

0 0

( ) ( )
x y

vx y x y e W x y


  

 
 

− +
− − + + 

 

( )
( ),

,
: ( )p p

q q

a s k r

p q b
F tx y x y dxdy





 +
  

=
( )

1

2
( , )

1

v

B
  

  

 
    + +

 
 + +  + 

 

 + + − +
 

( )

( )
1

( , ,), ( , ), ( , ), ,1
' 2

3 3 2 2 2 ,1 , ( , ), ( , 1)

p

q

s k r v s k a

p s k r q s k r b s k k s r
F t

    

     


 + + + +  +  

+ + + + + +  + +  + + + + − +

 
 
                (2.7.4) 

Where  ',
( )

s k rs k

s k

s k s k r

s k
 



+ +

+

+ + 
= =  

+  
 

1
Re( ) 0,Re( ) 0,Re( ) 0,Re 0

2
v     

 
   + +  +  

 
and the resulting hypergeometric series 

converges. 

With 
1

0,
2

v = =  and 
1

2
 = − ,(2.7.4) reduces to the earlier results of Jain (1965) and Singh (1965). 

(e) Choosing 

 
1 1 2

1 1
1, 2, 1 , , , 1, 1

2 2
j j j jf g u v c k d M d M r   = = = = = − = + = − = = = = =

 

in (2.6.1) and using the known result 

( ) ( )
1

1 ,11,1 2
1,2 1 1 ,

( ,1),( ,1)
2 2

1

2
,

(2 1)

xk

k m
m m

k m

H x e M x
m

−−

+ −

 
 + +    = 

 +    

We obtain 

1
( )

1 1 2
,

0 0

( ) [ ( )]
x y

k mx y x y e M x y


   
 

− +
− − + + 

, *

, :1 *( )
i i

m n s k r A

p q BH tx y x y dxdy +
 

=
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1 1
1 1 2 2(2 )
2 2

1

2

(2 1)
(2 )

1
( )

2

D k A m s k
D

k m s k

 

 
  





− −
− + −

+ −
+ +

 +

 
 + + + 

 

 

1 1
( , ), ( ,1 ), ( ,1 ), ( , )

, 2 2
2 , ( ,1 ), ( , ) ,

D
D A m s k D A m

m D n D

p D q D k s D k AD

t D
H

 


   





 − −  −  −  − +
+ + +

+ + + +  + − −  −

 
 
                             (2.7.5) 

Where , ,D   and A are given in (2.6.1); 

1 1
2( ),| arg | ,Re( ) 0,Re( ) 0,

2 2
jp q m n t m n p q sb  

 
+  +  + − −  +  

 
 

1
Re( ) 0,Re 0, 1,2,..., .

2
j jkb Db m j m   

 
+  + + + + +  = 

 
 

(f) Substituting 
1 2

1 1
1, 0, 2, , , 1

2 2
f g u v d v d v r= = = = = = − =

 

and using the result [(1953),p.216,(3)] 

1,0

0,2 1 1
,1 , ,1

2 2

(2 )v
v v

H x J x−

   
−   

   

 
= 

  

, 

(2.6.1) reduces to 

1 1 , *

, *

0 0

( ) (2 ( ) m n s k A

v p q Bx y x y J x y H tx y dxdy   
 

− −  + +
    

=

1 1

2 1 2 2

1

2

2

( )

AD s k

s k

 

 
  





− −
−

+ −
+ + +

 

1 1
,1 , ( ,1 ), ( ,1 ), *, ,1

, 2 2

2 , *, ( ,1 )

D
D A v s k A D A v

m n D

p D q p B k s

D
H t

 


  


   
 − −  −  −  − +   + +    

+ + +  + − −

  
  

   

                        (2.7.6) 

Where , ,D  and A have the same values given in (2.6.1); 

1 1
2( ),| arg | ,Re( ) 0,Re( ) 0,

2 2
jp q m n t m n p q sb  

 
+  +  + − −  +  

 
 

1
Re( ) 0,Re 0, 1,2,..., ;

2
j jkb v Db j m   

 
+  + + + +  = 

 
 

( )
1

Re , , 1,2,..., .
4

iD Da i n  + + − + =  
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In view of the numerous properties of  I -function, on specializing the parameters suitably, a large number 
of interesting results may be obtained as particular case. 

In the present chapter, the authors introduce two new fractional integration operators associated with H -
function of two variables. Three important properties of these operators are established which are the 
generalization of the results given earlier by several authors. 

Introduction 

The H -function of two variables defined and represented by Singh and Mandia (2013) in the following 
manner: 

 , x

yH x y H  = =  ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 2 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 2 2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , ; , , , , ; , ,, : , : ,

, : , ; ,
, ; , , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

a A c C K c C e R eo n m n m n
x

p q p q p q y b B d D d D L f f S
H

  

  

+ +

+ +

 
 
   

          = ( )
1 2

2

1
, ( ) ( )

4
L L

x y d d         


−                                                         (2.8.1) 

Where ( )
( )

( ) ( )

1

1 1

1

1

1 1

1

,

1

n

j j j

j

p q

j j j j j j

j n j

a A

a A b B

  

  

     

=

= + =

 − + +

=

 − −  − + +



 
                (2.8.2) 

( )
( )  ( )

( ) ( ) 

2 2

2 2

2 2

1 1

1 1

1

1

j

j

n m
K

j j j j

j j

p q
L

j j j j

j n j m

c C d D

c C d D

 

 

 

= =

= + = +

 − +  −

=

 −  − +

 

 
                                      (2.8.3) 

( )
( )  ( )

( ) ( ) 

3 3

3 3

3 3

1 1

1 1

1

1

j

j

n m
R

j j j j

j j

p q
S

j j j j

j n j m

e f

e f

   

 

   

= =

= + = +

 − +  −

=

 −  − +

 

 
                                       (2.8.4) 

Definitions 

We introduce the fractional integration operators by means of the following integral equations: 

( ), ; 1

, ;

0

( ) ( )

x

r r r r U

x UY f x rx t x t f t H dt


     

  

− − −   = −                                            (2.9.1) 

And  

( ), ; 1

, ;

0

( ) ( )

x

r r r r V

x VN f x rx t t x f t H dt


     

  

− − −   = −                                           (2.9.2) 

Where U and V represent the expressions 
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1

m n
r r

r r

t t

x x

   
−   

   
and 1

m n
r r

r r

x x

t t

   
−   

   
 

Respectively, , ,r m n are positive integers and  

1 1
| arg | , | arg |

2 2
       . 

The conditions of the validity of these operators are as follow: 

(i) 
1 1

1 , , 1p q
p q

   + =  

(ii) 
1

Re ,
j j

j j

d f
rm rm

F q




 
+ +  −  

 

1
Re ,

j j

j j

d f
rn rn

F q




 
+ +  −  

 

 

1
Re ,

j j

j j

d f
rm rm

F p




 
+ +  −  

 

(iii) ( ) (0, ).pf x L   

The last condition ensures that Y and N both exists and also that both belongs to (0, )pL  . 

If we set 1 1 1 0n p q= = = , we obtain the operators involving the product of two H -functions. 

 If we take 2 2 2 3 3 31( 1,2,..., ), 1( 1,..., ), 1( 1,2,..., ), 1( 1,..., )j j j jK j n L j m q R j n S j m q= = = = + = = = = +
  
we 

obtain the operators involving  H -function of two variables. 

 

 

 Mellin Transform 

The Mellin transform of ( )f t will be defined by [ ( )]M f t . We write 1s p it−= + where p and t are real. If 

1, ( ) (0, )pp f t L   , then  

1

0

1, [ ( )] ( )sp M f t t f t dt



−= =                                                                                   (2.10.1) 

1

1/

1, [ ( )] . . . ( )

x

s

x

p M f t l i m t f t dt− =                                                                         (2.10.2) 

Where . . .l i m denotes the usual limit in the mean for pL -spaces. 

Theorem 1. If 

1 1
( ) (0, ),1 2[ ( ) (0, ) 2] | arg | ,| arg | , ( , ) 0

2 2
p pf x L p or f x M and p                  , 
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1
Re ,

j j

j j

d f
rm rm

F q




 
+ +  −  

 

1
Re ,

j j

j j

d f
rn rn

F q




 
+ +  −  

 

then 

  1 2 2 3 2

1 1 2 2 2 2

, : , : ,
, ;

2, 2: , ; ,, ; ( )
o n m n m n

r
p q p q p qxM Y f x H 

  + +  =   

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
1, 1, 1, 1, 1,1 2 2 2 3 3 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , , , ; , , , , ; , ,

1
, ; , , , , , , ; , , , , ;

[ ( )]
j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j j
q m m q m m q

s
a A m c K c e E R e E

x r

y s
b B m n d d L f F f F S

r

M f x


  


   

+ +

+ +

− + 
 
 

+ − 
− − + 

 

 
 
  

   (2.10.3) 

Where (0, )pM  denotes the class of all functions ( )f x of (0, )pL  with 2p  which are inverse Mellin 

transforms of functions of ( , )qL −  . 

Proof: From (2.10.1), it follows that 

 , ;

, ; ( )r

xM Y f x 

 
  =  ( )1 1

0 0

( )

x

s r r r U

Ux rx t x t f t H dtdx


   





− − − −  −     

= ( )2

0 0

( ) ( )

x

s r r r U

Ut f t dt x x t f t H dx


   





− − −  −    , 

The change of order of integration is permissible by virtue of de la Vallee Poisson’s theorem (p.504)under 
the conditions stated with the theorems. The theorem readily follows on evaluating the x -integral by means 
of the formula 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 2 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 2 2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; , , ; , , , , ; , ,, : , : ,
1 1 (1 )

, : , ; ,
(1 ) , ; , , , , ; , , , , ;

(1 )
k l j j j j j j j j j j j j j

p n n p n n p

k l
j j j j j j j j j j j j jq m m q m m q

a A c K c e E R e Eo n m n m n
x x

p q p q p q
x x b B d d L f F f F S

x x H dx
  

  

   

+ +

+ +

− − −

−

 
−  

 

1

0

  

=
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2 2 3 2 1, 1, 1, 1, 1,1 2 2 2 3 3 3

1 1 2 2 2 2

1, 1, 1, 1, 1,1 2 2 2 3 3 3

, ; ,(1 , ), , ; , , , , ; , ,, : , : ,

2, 2: , ; ,
, ; ,(1 , ), , , , ; , , , , ;

j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j jq m m q m m q

a A k c K c e E R e Eo n m n m n

p q p q p q
b B k l d d L f F f F S

H
   



     

+ +

+ +

−

+ +
− − +

 
 
 

   (2.10.4) 

Where, Re 0,Re 0
j j j j

j j j j

d f d f
k k k k

F F
 

 

   
+ +  + +       

   

1 1
| arg | ,| arg | , ( , ) 0

2 2
          , which 

follows from the definition of the H -function of two variables and Beta function formula. 

In a similar manner, the following theorems can be establisded. 

Theorem 2. If 

1 1
( ) (0, ),1 2[ ( ) (0, ) 2] | arg | ,| arg | , ( , ) 0

2 2
p pf x L p or f x M and p                  , 

1
Re ,

j j

j j

d f
rn rn

F q




 
+ +  −  

 

1 1 1
Re , 1

j j

j j

d f
r rm rm

F q p q
 



 
+ + +  − + =  

 

then 

  1 2 2 3 2

1 1 2 2 2 2

, : , : ,
, ;

2, 2: , ; ,, ; ( )
o n m n m n

r
p q p q p qxM N f x H 

  + +  =   
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
1, 1, 1, 1, 1,1 2 2 2 3 3 3

1, 1, 1, 1, 1,1 2 2 2 3 3 3

1
, ; , , , , ; , , , , ; , ,

, ; , , , , , , ; , , , , ;

[ ( )]
j j j j j j j j j j j j jp n n p n n p

j j j j j j j j j j j j j
q m m q m m q

s
a A m c K c e E R e E

r

s
b B m n d d L f F f F S

r

M f x


  



 
   

+ +

+ +

− − 
 
 

+ 
− − + 

 

 
 
  

         (2.10.5) 

Theorem 3. If 
1 1

( ) (0, ), ( ) (0, ),| arg | ,| arg | , ( , ) 0
2 2

p pf x L g x L               , 

1 1
Re max , ,

j j

j j

d f
rm rm

F p q




   
+ +     

  

1 1
Re 0, 1

j j

j j

d f
r rm rm

F p q




 
+ +  + =  

 

then 

, ; , ;

, ; , ;

0 0

( ) ( ) ( ) ( )r r

x xg x Y f x dx f x N g x dx   

   

 

   =                                                          (2.10.6) 

 Formal Properties of the Operators 

Here, we give some formal properties of the operators which follow as consequences of the definitions 
(2.10.1) and (2.10.2). 

1

1 , ; 1 , ;

, ;, ;
( ) ( )r r

xx
x Y f x N f x   

   −

− −   =   
                                                                           (2.11.1) 

1

1 , ; 1 , ;

, ;, ;
( ) ( )r r

xx
x N f x Y f x   

   −

− −   =   
                                                                           (2.11.2) 

, ; , ;

, ; , ;( ) ( )r r

x xx Y f x Y x f x      

   

−   =                                                                                (2.11.3) 

, ; , ;

, ; , ;( ) ( )r r

x xx N f x N x f x      

   

+   =                                                                              (2.11.4) 

If   
, ;

, ; ( ) ( )r

xY f x g x 

 
  =  , then 

, ;

, ; ( ) ( )r

xY f cx g cx 

 
  =                                                                                                  (2.11.5) 

And if      
, ;

, ; ( ) ( )r

xN f x x 

    =  , then 

, ;

, ; ( ) ( )r

xN f cx cx 

    =                                                                                                  (2.11.6) 

In conclusion, it is interesting to observe that double integral operators associated with H -function of two 
variables can be defined in the same way and their various properties, analogous to the integral operators 
studied in this paper can be obtained. 

In the present paper, we study certain multidimensional fractional integral operators involving a general I -
function in their kernel. We give five basic properties of these operators, and then establish two theorems 
and two corollaries, which are believed to be new. These basic theorems exhibit structural relationships 
between the multidimensional integral transforms. The one-and –two –dimensional analogues of these 
results, which are new and of interest in themselves, can easily be deduced. Special cases of these latter 
theorems will give rise to certain known results obtained from time to time by several earlier authors. 

Introduction 
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Fractional integral operators have been defined and studied by various authors notably by Riemann and 
Liouville , Weyl , Erdelyi , Kober , Sneddon , Kalla , Saxena , Srivastava and Buschmann  etc.. These operators 
play an important role in the theory of integral equations and problems concerning Mathematical Physics. In 
this paper, we shell study the following multidimensional fractional integral operators having the general 
function  as their kernel. Also, for the sake of brevity, we shall use the symbol ( )f x to represent 

1 2( , ,..., )rf x x x . 

The multivariable I -function introduced by Prasad will be define and represent it in the following manner : 

  ( )
( )( ) ( )

2

( ) ( )
2 2

0, :...:0, :( ', '):...: ,

1 , :...: , :( ', '):...: ,
,...,

r r
r

r r
r r

n n m n m n

r p q p q p q p q
I z z I=  

   
( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' ( )2 1,

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' ( )2 1,

( , , ) :...:( , ,..., ) :( , ) :...:( , )

1 ( , , ) :...:( , ,..., ) :( , ) :...:( , )
,...,

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

r b b b b
z z

      

     

 
 
 

 

1

1

1 1 1 1 1

1
... ( )... ( ) ( ,..., ) ,..., ...

(2 )
r

r

s s

r r r r rr

L L

s s s s z z ds ds
w

  


=                                           (2.12.1) 

Where            ( 1)w = −  

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1 1

( ) ( ) ( ) ( )

1 1

1

( ) (1,2,..., )

1

i i

i i

i i

m n
i i i i

j j i j j i

j j

i i q p
i i i i

j j i j j i

j m j n

b s a s

s i r

b s a s

 



 

= =

= + = +

 −  − +

=  

 − +  −

 

 

                 (2.12.2) 

32

32

2 3

2 3
( ) ( )

2 2 3 3

1 11 1

1 2 3
( ) ( )

2 2 3 3

1 11 1

1 1

( ,..., )

nn
i i

j j i j j i

i ij j

r pp
i i

j j i j j i

i ij n j n

a s a s

s s

a s a s

 



 

= == =

= == + = +

   
 − +  − +   

   
=

   
 −  −   

   

  

  
 

2

( )

11

2
( ) ( ) ( )

2 2

1 1 11 1 1

... 1

... 1 ... 1

r

r r

r

n r
i

rj rj i

ij

p q qr r
i i i

rj rj i j j i rj rj i

i i ij n j j

a s

a s b s b s



  

==

= = == + = =

 
 − + 

 

     
 −  − −  − −     

     



    
  (2.12.3) 

( ) ( ) ( ) ( ), , , ( 1,..., )( 1,..., )i i i i

j j kj kj i r k r    = = are positive numbers, 
( ) ( ), ( 1,..., ), , ( 2,..., )i i

j j kj kja b i r a b k r= = are 

complex numbers and here ( ) ( ) ( ) ( ), , , ( 1,..., ), , , ( 2,..., )i i i i

k k km n p q i r n p q k r= = are non-negative integers 

where ( ) ( ) ( ) ( )0 ,0 , 0,0i i i i k

k km q n p q n p       . Here ( )i denotes the numbers of dashes. The 

contours iL in the complex is -plane is of the Mellin-Barnes type which runs from w−  to w+ with 

indentations, if necessary, to ensure that all the poles of ( )( )( ) ( ) ( )1,...,i i i

j j ib s j m − = are separated from 

those of ( )( )

1

1 1,...,
r

i

rj rj i r

i

a s j n
=

 
 − + = 

 
 . 

For further details and asymptotic expansion of the I -function one can refer by Prasad.  
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In what follows, the multivariable I -function defined by  will be represented in the contracted notation: 

( ) ( )
( ) ( )  

( ) ( )
2

( ) ( )
2 2

0, :...:0, : ', ' :...: ,

1, :...: , : ', ' :...: ,
,...,

r r
r

r r
r r

n n m n m n

rp q p q p q p q
I z z   Or simply by  1,... rI z z . 

We introduce the fractional integration operators by means of the following integral equations: 

    ( )1

1 1

1

( ) ( ); ,..., ; ,..., i

r

r r i

i

Y f x Y f x t t t
  −

=

= =   

( )
1

1
1

1 10 0

... ,..., ( ) ...
r

i

t t r
r

i r

i r

x x
x f x dx dx

t t




=

   
  
   

                                                          (2.12.4) 

And 

    ( )1 1

1

( ) ( ); ,..., ; ,..., i

r

r r i

i

N f x N f x t t t
 

=

= =   

( )
1

1 1
1

1 1

... ,..., ( ) ...i

r

r
r

i r

i rt t

t t
x f x dx dx

x x




 
− −

=

   
  
   

                                                       (2.12.5) 

Where the kernel  is such that the above integrals make sense. The above operators exist under the 

following conditions: 

(i) 
1 1

1, , 1, 1,2,...,i i

i i

p q i r
p q

   + = =  

(ii) ( ) ( )
1 1

Re ;Re ; 1,2,...,i i

i i

i r
q p

  −  − =  

(iii) ( ) ((0, ),..., (0, )); 1,2,...,
ipf x L i r   =  

(iv) ( ) ( ) ( ) ( )0 ,0 , 0,0i i i i k

k km q n p q n p        

The following special case of the multidimensional fractional integral operators involving product of Gauss’s 
hypergeometric functions (p.153,eq. (i) and (ii))will be used in Section 3. 

 
1

1

( )
(1 )

ir
i

i i

t
I f x

a

 −

=

 
=  

 − 
 ( )

1

2 1 1

10 0

... , ; ; ( ) ...
r

i

t t r
i

i i i i r

i i

x
x F m f x dx dx

t


  

=

   
+  

   
   (2.12.6) 

And  

 
1

( )
(1 )

ir
i

i i

t
K f x



=

 
=  

 − 
 ( )

1

1

2 1 1

1

... , ; ; ( ) ...i

r

r
i

i i i i r

i it t

t
x F m f x dx dx

x


  

 
− −

=

   
+  

   
   (2.12.7) 

The conditions of existence of these operators follow easily from the conditions given in the paper referred 
to above. 
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The generalized multidimensional integral transform T , defined below, will also be required during the 
course of our study: 

  ( )1 1 1 1

0 0

( ); ,..., ... ,..., ( ) ...r r r rT f x s s k s x s x f x dx dx

 

=                                                   (2.12.8) 

Where ( )1 1,..., r rk s x s x is the kernel of the transform T and the multiple integral occurring in the equation 

(2.12.8) is assumed to be convergent. 

The following multivariable I -function transform will also be used in the sequel: 

 
( )

( )( ) ( )
2

( ) ( )
2 2

0, :...:0, :( ', '):...: ,

1 , :...: , :( ', '):...: ,
0 0

( ); ,..., ...
r r

r

r r
r r

n n m n m n

r p q p q p q p q
I f x s s I

 

=    

( ) ( ) ( )' '' ' ' '1 1
2 2 2 1, 1, 1, ' ( )2 1,

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' ( )2 1,

( , , ) :...:( , ,..., ) :( , ) :...:( , )

1( , , ) :...:( , ,..., ) :( , ) :...:( , )
( ) ..

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rrr r q

s x a a a

b b b bs x
f x dx

      

     

 
 
 

. rdx                               (2.12.9)  

The transform defined above will be denoted symbolically as follows: 

( )
( ) ' ''( ) ( )

2 2 2 1,2 2

( ) ( ) ( )' '' ' ' '( ) ( )
2 2 2 1, 1, 1, ' ( )2 2 2 1,

( , , ) :...:( ,0, :...:0, :( ', '):...: , ,

( , , ) :...:( , ,..., ) :( , ) :...:( , ), :...: , :( ', '):...: , ,
( );

r r
j j j p rj rr

r r rr r
j j j q rj rj rj q j j q j j rr r r q

an n m n m n

b b b bp q p q p q p q
I f x

   

     

( ) ( ) ( )' ' ' 1 1
1, 1, ' ( )1,

,..., ) :( , ) :...:( , )

;
r r r

j rj p j j p j j rr p

r r

s xa a

s x

   
 
 

     (2.12.10) 

Some Basic Properties 

Property 1. If  ( ) ((0, ),..., (0, ));1 2
ip if x L p       (or 

( ) ((0, ),..., (0, )); 2
ip if x M p    ,where ((0, ),..., (0, ))

ipM   denotes the class of all functions 

( ) ((0, ),..., (0, )); 2
ip if x L p    , which are the inverse Mellin transforms of functions belonging to 

1 1 1 1
(( , ),..., ( , ));Re( ) ,Re( ) , 1( 1,2,..., )

iq i i

i i

L i r
q p p q

 −  −    + = = and the multidimensional Mellin 

transform of the function ( )f x exists, then 

(a)  1 1 1( ); ,..., ; ,..., ; ,...,r r rM Y f x t t s s  =     

           1 1 1 1( ); ,..., 1; ,..., ; 1,..., 1r r r rM f x s s N t t s s − + − +                                        (2.13.1) 

(b)  1 1 1( ); ,..., ; ,..., ; ,...,r r rM N f x t t s s  =    

           1 1 1 1( ); ,..., 1; ,..., ; 1,..., 1r r r rM f x s s Y t t s s + + + +                                         (2.13.2) 

Where the symbol M occurring in (2.13.1) and (2.13.2) stands for the multidimensional Mellin transform 
defined in the following way: 

  ( )1

1 1

10 0

( ); ,..., ... ( ) ...i

r
s

r i r

i

M f x s s f x x dx dx

 

−

=

=                                                              (2.13.3) 

Provided that the multiple integral involved in (2.13.3) exists. 

Proof: To prove (2.13.1), we use (2.13.3)and (2.12.4) to obtain  
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  ( )
1

1

10 0 0 0

( ) ... ( ) ... ( )
r

i i

t t r
s

i i

i

M Y f x t x f x


 

−

=


=   


   

1
1

1

,..., ...r
r

r

x x
dt dt

t t


 
 
 

             (2.13.4) 

Now interchanging the orders of it and ( 1, 2,..., )ix i r=   integrals in (2.13.4), which is easily seen to be 

permissible under the conditions stated with (2.13.1) and interpreting the results thus obtained with the 
help of (2.12.5), we arrive at the required result (2.13.1).The result (2.13.2) can be established in a similar 
manner. 

Property 2. If ( ) ((0, ),..., (0, ));1 2
ip if x L p     ,  ( ) ((0, ),..., (0, ));

iqg x L   , 

1 1
Re( ) max , , ( 1,2,..., )i

i i

i r
p q


 

 − − = 
 

, then 

   1 1

0 0 0 0

... ( ) ( ) ... ... ( ) ( ) ...r rf x Y g x dx dx g x N f x dx dx

   

=                                        (2.13.5) 

Provided that the multiple integrals involved in (2.13.5) are absolutely convergent. 

Property 3.  

(a)    1 1 1 1 1( ); ,..., ; ,..., ( ); ,..., ; ,...,r r r r rY f wx t t Y f x t w t w   =                         (2.13.6) 

(b)    1 1 1 1 1( ); ,..., ; ,..., ( ); ,..., ; ,...,r r r r rN f wx t t W f x t w t w   =                       (2.13.7) 

Provided that the multiple integrals involved in (2.13.6) and (2.13.7) are absolutely convergent. 

Property 4. 

(a)    1 1 1 1(1/ ); ,..., ; ,..., ( );1/ ,...,1/ ; 1,..., 1r r r rY f x t t Y f x t t   = + +             (2.13.8) 

(b)    1 1 1 1(1/ ); ,..., ; ,..., ( );1/ ,...,1/ ; 1,..., 1r r r rN f x t t W f x t t   = − −
            

(2.13.9) 

Provided that the multiple integrals involved in (2.13.8) and (2.13.9) are absolutely convergent. 

Property 5.  

(a) ( ) 1 1

1

( ); ,..., ; ,...,i

r

i r r

i

Y x f x t t
  

=

 
= 

 
  

  ( )  1 1 1

1

( ); ,..., ; ,..,i

r

i r r r

i

t Y f x t t
    

=

+ +                                                                 (2.13.10) 

(b) ( ) 1 1

1

( ); ,..., ; ,...,i

r

i r r

i

N x f x t t
  

=

 
= 

 
  

      ( )  1 1 1

1

( ); ,..., ; ,..,i

r

i r r r

i

t N f x t t
    

=

− −
                                                          

 (2.13.11) 

Provided that the multiple integrals involved in (2.13.10) and (2.13.11) are absolutely convergent.  
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The proofs of the properties 2 to 5 are straight forward and follow from the definitions (2.12.4) and (2.12.5) 
of the multidimensional fractional integral operators involved therein. 

Relationship Between Multidimensional Fractional Integral operators and Multidimensional 
Integral Transforms 

In this section, we shall establish two most general theorems exhibiting interconnections between the 
fractional integral operators Y and N defined by (2.12.4) and (2.12.5) respectively and the integral 
transform T defined by (2.12.8). Next, we give two interesting corollaries interconnecting the 
multidimensional fractional integral operators defined by (2.12.6) and (2.12.7) and the multidimensional I -
function transform defined by (2.12.9). 

Theorem 1. If  

( )  1 1,.., ( ) ( ); ,...,r rs s T u g u s s = =  

  1

0 0

... ( ) ( ) ( ) ... rk su u g u du du
 

                                                                                     (2.14.1) 

And  

( )  1 1,..., ( ); ,...,r rt t Y f x t t = =  

    ( )1

1

i

r

i

i

x
− −

=

 ( )
1

1
1

1 10 0

... ( ) ,..., ...
r

i

t t r
r

i r

i r

x x
f x x dx dx

t t

 
=

 
 
 

                                        (2.14.2) 

Then 

( )1

1 0 0

1
,.., ... ( )

...
r

r

s s f x
 

 

=   1 1 1 1( ,..., , ,..., , ,..., ) ...r r r rs s x x dx dx              (2.143)                   

 

 

Where 

1 1 1( ,..., , ,..., , ,..., )r r rs s x x   =  

  

1 1 1
1

1

1

; ,...,i

r

i r

i

Y x g x k sx t t
  

−

=

       
=          

      
  

( )
1

1 1 12

1 1

...
i

i i

r

r r

i i

i it t

t x g x k sx


   

  − −

= =

     
       

   
  

1
1

1

,..., ...r
r

r

t t
dx dx

x x


 
 
 

                (2.14.4) 
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Where i and ( 1, 2,..., )i i r = are non zero real numbers of the same sign and all the integrals involved in 

equations (2.14.1) to (2.14.4) are assumed to be absolutely convergent. Also in (2.14.4) 
1

k sx
 
 
 

stands for 

1

1 1

1 1 ,..., r

r rk s x s x
 

 
 
 
 

and so on. 

Proof: Applying the formula (2.13.5) to the pair of equations (2.14.2) and (2.14.4), we get 

1 1 1 1

0 0

... ( ) ( ,..., , ,..., , ,..., ) ...r r r rf x s s x x dx dx   
 

=   

1 1 11

1

10 0

... ( ) ...i

r

i r

i

x g x k sx x dx dx
   

  −

=

     
       

   
                                                         (2.14.5) 

Now changing the variables of integrations on the right hand side of (2.14.5) slightly and interpreting the 
result thus obtained with the help of (2.14.1), we easily arrive at (2.14.3) after a little simplification. 

If in the above theorem, we replace i and ( 1, 2,..., )ih i r= and take 

 ( 1) 1

1

( ) i i

r
h c

i

i

g x x
+ −

=

=  ,   
( )

( )2 1

1

1
( ) , ; ;

1

r

i i i i

i i

x F m x   
=

  
= + 

 −  
  

And T to be multidimensional I -function transform defined by (2.12.8), the right hand side of equation 
(2.14.4) assumes the following form: 

( )
1

1

2 1

1 1

... , ; ;
1

i

i i

r

r r
ci i
i i i

i ii it t

t t
x F m

x


   



 

− −

= =

       
+    

 −       
    

     1

1 1

1 1 1,..., ...rh h

r r rI s x s x dx dx
 
 
 
 

                                                                                        (2.14.6) 

On evaluation the above integral with the help of known results (p.398,eq.(2)) and (p.105,eq.(1)) and the 
definition of multivariable I -function (2.12.1) and substituting the values of 

1 1 1( ,..., , ,..., , ,..., )r r rs s x x   thus obtained, in the right hand side of equation (2.14.3), we obtain the 

following interesting corollary with the help of equations (2.14.1) and (2.14.3). 

Corollary 1. If 0,Re(1 ) ,i ih m m W −   ,(the set of whole number) ( 1, 2,..., )i i r = are non-zero real 

numbers of the same sign. 

0, 1, 2,...;Re( ) 0i iC  − −   

( )
( ),

arg
( ) ; 1,2,...,

Ai
i i

B C xi i i
i i

o x forsmallvaluesof x

o x e forl evaluesof x
f x i r

−
= =  

The multivariable I -function satisfy the conditions corresponding appropriately to those given by 
Srivastava and Panda (p.130, eqs. (2.12.6) and (2.12.10)), then 
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( )
( )( ) ( )

2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

( );
r r

ri i

r r
r r

r
n n m n m nh c h

i p q p q p q p q
i

I x x+ −

=




  

       
( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

         
1 1 1

1

1 1 1
1

1 1
1 , ,..., 1 ,

11 1
1 , ,..., 1 ,

; ,...,
r r r

r

r r r
r

c c
h h

r
m c m c

h h

s s
   

   

   
− + − − + −   

   

   
− + − − − + − −   

   






 = 

( )
( )

( )( ) ( )
2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

1

1
( );

r r
ri i

r r
r r

r
n n m n m nh c h

ir p q p q p q p q
i

i m
i

I x f x 



+ −

=

=







 

    
( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

                        
1 1

1

1 1 1
1

1 1
, ,..., ,

11 1
1 , ,..., 1 ,

; ,...,
r r

r

r r r
r

c c
h h

r
c c

h h

s s
 

   

   
− −   

   

   
− + − − + −   

   






                                                      (2.14.7) 

Where    
( )

1 1

1

( ,..., ) ( ); ,...,
1

ir
i

r r

i i

t
t t I f x t t




=

  
= =  

 −  
  

  
1

2 1 1

10 0

... , ; ; ( ) ...
r

i

t t r
i

i i i i r

i i

x
x F m f x dx dx

t

   
=

   
+  

   
                                            (2.14.8) 

Provided that      

( )

( )

( )

11
Re 0;1

i

j i

i i i

i j

b
c j n

h B


 −
− +     

 

 

( )

( )

( )

11
Re 1 0;1

i

j i

i i i i

i j

b
B c j n

h B


 −
+ + +     

 

 

( )
( )

( )

11
Re 1 0;1

i
ik

i i i i

i k

d
A c k m

h D


 −
+ + +    

 
, ( )Re 1 0; 1,2,...,i i iA i r + +  =  

Theorem 2. If 

( )  1 1,.., ( ) ( ); ,...,r rs s T u g u s s = =  

1

0 0

... ( ) ( ) ( ) ... rk su u g u du du
 

                                                                                  (2.14.9) 

And  
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( )  1 1,..., ( ); ,...,r rt t N f x t t = =  

      ( )
1

i

r

i

i

t


=

 ( )
1

1 1
1

1 1

... ( ) ,..., ...i

r

r
r

i r

i rt t

t t
f x x dx dx

x x

 
 

− −

=

 
 

 
 

                (2.14.10) 

then     

( )1

1 0 0

1
,.., ... ( )

...
r

r

s s f x
 

 

=    1 1 1 1( ,..., , ,..., , ,..., ) ...r r r rs s t t dx dx        (2.14.11)                                                                     

Where    1 1 1( ,..., , ,..., , ,..., )r r rs s t t   =  

1 1 1
1

1

1

; ,...,i

r

i r

i

Y x g x k sx t t
  

−

=

       
=          

      
  

( )
1

1 1 1
1

1

1 10 0

...
r

i
i i

t tr r

i i

i i

t x g x k sx


   
+ −

− −

= =

     
     

    
    

  
1

1

1

,..., ...r
r

r

x x
dx dx

t t


 
 
 

          (2.14.12) 

Where i and ( 1, 2,..., )i i r = are non zero real numbers of the same sign and all the integrals involved in 

equations (2.14.1) to (2.14.4) are assumed to be absolutely convergent. 

Proof: The proof of the above theorem can be easily developed on the lines similar to those of theorem 1. 

Again, if in theorem 2, we replace i by ( 1, 2,..., )ih i r= and take 

 ( 1) 1

1

( ) i i

r
h c

i

i

g x x
+ −

=

=  ,    
( )

( )2 1

1

1
( ) , ; ;

1

r

i i i i

i i

x F m x   
=

  
= + 

 −  
  

And T to be multidimensional I -function transform defined by (2.12.8), then proceeding on the lines 
similar to those of corollary 1, we obtain the following interesting corollary: 

Corollary 2. . If 0,Re(1 ) ,i ih m m W −   ,(the set of whole number) ( 1, 2,..., )i i r = are non-zero real 

numbers of the same sign. 

0, 1, 2,...;Re( ) 0i ic  − −   

( )
( ),

arg
( ) ; 1,2,...,

Ai
i i

B C xi i i
i i

o x for small valuesof x

o x e for l evaluesof x
f x i r

−
= =  

The multivariable I -function satisfy the conditions corresponding appropriately to those given by 
Srivastava and Panda (p.130, eqs. (1.6) and (1.10)), then 

( )
( )( ) ( )

2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

( );
r r

ri i

r r
r r

r
n n m n m nh c h

i p q p q p q p q
i

I x x+ −

=




  
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( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

         
1 1

1

1 1
1

1 1
, ,..., ,

11 1
1, ,..., 1,

; ,...,
r r

r

r r r r
r

c c
h h

r
c c

h h

s s
 

   

   
− − − −   

   

   
− − − − − −   

   






 = 

( )
( )

( )( ) ( )
2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

1

1
( );

r r
ri i

r r
r r

r
n n m n m nh c h

ir p q p q p q p q
i

i m
i

I x f x 



+ −

=

=







 

    
( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

                        
1 1 1

1

1 1 1
1

1 1
1, ,..., 1,

11 1
1, ,..., 1,

; ,...,
r r r

r

r r r
r

c c
h h

r
c m c m

h h

s s
   

   

   
− − − − − −   

   

   
− − + − − − + −   

   






                                          (2.14.13) 

Where       
( )

1 1

1

( ,..., ) ( ); ,...,
1

ir
i

r r

i i

t
t t N f x t t




=

  
= =  

 −  
  

  

1

1

2 1 1

1

... , ; ; ( ) ...i

r

r
i

i i i i r

i it t

t
x F m f x dx dx

x

   
 

− −

=

   
+  

   
                                    (2.14.14) 

Provided that    

( )

( )

( )

1
Re 0;1

i

j i

i i i

i j

d
c j m

h D


 
+ +     

 

 

( )

( )

( )

11
Re 1 0;1 ; 1,2,...,

i

j i

i i i i

i j

b
B c j n i r

h B


 −
+ + +    =  

 

 

( )
( )

( )

1
Re 1 0;1

i
ik

i i i i

i k

d
A c k m

h D


 
+ + +    

 
, ( )Re 0; 1,2,...,i i i iA m i r  + − +  =  

The one and two-dimensional analogous of Theorems 1 and 2 can easily be deduced but since the theorems 
contain a reasonably detailed analysis of the multidimensional case we prefer to omit their details. The 
corollaries 1 and 2 given earlier are also new. They give rise to interesting theorems involving 
multidimensional analogues of fractional integral operators defined by Kober , Riemann-Liouville  and Weyl  
and simpler multidimensional integral transforms, on suitably specializing the fractional integral operators 

and multidimensional 
I

-function transform involved therein. Again, the one and two-dimensional 
analogues of corollaries 1 and 2, yield theorems essentially similar to those given earlier by Gupta, Goyal and 
Handa (p.165-170), Handa (p. 200-204), Kalla (p. 1008-1010, p. 54-56) and Mathur ( p.108-121). 

In the present paper, we study certain multidimensional fractional integral operators involving a general A -
function in their kernel. We give five basic properties of these operators, and then establish two theorems 
and two corollaries, which are believed to be new. These basic theorems exhibit structural relationships 
between the multidimensional integral transforms. The one-and –two –dimensional analogues of these 
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results, which are new and of interest in themselves, can easily be deduced. Special cases of these latter 
theorems will give rise to certain known results obtained from time to time by several earlier authors. 

Introduction 

Fractional integral operators have been defined and studied by various authors notably by Riemann and 
Liouville , Weyl, Erdelyi , Kober, Sneddon , Kalla , Saxena  , Srivastava and Buschmann etc.. These operators 
play an important role in the theory of integral equations and problems concerning Mathematical Physics. In 
this paper, we shell study the following multidimensional fractional integral operators having the general 
function  as their kernel. Also, for the sake of brevity, we shall use the symbol ( )f x to represent 

1 2( , ,..., )rf x x x . 

Gautam and Goyal defined and represented  multivariable A -function as follows:  

1 1

1 1

, : , ;...; ,

1 , : , ;...; ,[ ,..., ] r r

r r

m n m n m n

r p q p q p qA z z A=  

                            1

1

' ( ) ' ' ( ) ( )1
1, 1, 1,

' ( ) ' ' ( ) ( )

1, 1, 1,

( ; ,..., ) ; ( , ) ;...; ( , )
.

( ; ,..., ) ; ( , ) ;...; ( , )

r

r

r r r

j j j p j j p j j p

r r r

j j j q j j q j j q

r

z
a A A c C c C

b B B d D d D
z

 
 


 
  

 

                    

1

1

1 1 1 1

1
.... ( ).... ( ) ( ,...., ) ...

(2 )
r

r

s s

r r r rr

L L

s s s s z z 


=   1. ... rds ds
    

(2.15.1) 

Where  1 =  −  ;  

( ) ( ) ( ) ( )

1 1

( ) ( ) ( ) ( )

1 1

( ) (1 )

( )

(1 ) ( )

i i

i i

i i

m n
i i i i

j j i j j i

j j

i i q p
i i i i

j j i j j i

j m j n

d D s c C s

s

d D s c C s


= =

= + = +

 −  − +

=

 − +  −

 

 
 

                                                                   {1,  . . . . , r}i                             (2.15.2) 

( ) ( )

1 11 1

1

( ) ( )

1 11 1

(1 ) ( )

( ,..., )

( ) (1 )

n mr r
i i

j j i j j i

i ij j

r p qr r
i i

j j i j j i

i ij n j m

a A s b B s

s s

a A s b B s

= == =

= == + = +

 − +  −

 =

 −  − +

  

  
                             (2.15.3)   

          Here ( )m ,  n ,  p ,  q ,m  ,  n  ,  p  ,  and q i 1,  . . . . , ri i i i =  are non-negative integers and all 

' ' ( ), ( ), ( ),, , , ,i i i

j j j j ja s b s d s c s A s  and  
( ),i

jB s  are complex numbers. 

          The multiple integral defining the A -function  of r -variables converges absolutely if 

                            arg( ) , 0, 0
2

i k i i iz


    =                                      (2.15.4) 

( ) ( ) ( )
( ) ( ) ( )

1 1 1

{ } { } { }
ii i i

j j j

qp q
A B Di i i

i j j j

j j j

A B D
−

= = =

 =   
( )

( )

1

. { }
i i

j

p
Ci

j

j

C
−

=

  

                                         

 

, {1,  . . . . , r}i  ;                                (2.15.5) 

( ) ( ) ( ) ( )

1 1 1 1

i iq qp q
i i i i

i m j j j j

j j j j

I A B D C 

= = = =

 
= − + − 

 
    ,  {1,  . . . . , r}i             (2.15.6) 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 1 1 1 1 1 1

Re
i i i i

i i

m q n pp qn m
i i i i i i i i

i j j j j j j j j

j j n j j m j j m j j n

A A B B D D C C
= = + = = + = = + = = +

 
= − + − + − + − 

 
       

 
                                            {1,  . . . . , r}i  ;                                                 (2.15.7) 

  If we take  
' ' ', ,j j jA s B s C s   and 

'

jD s  as real and positive and m  0= , the A -function reduces to 

multivariable H -function of Srivastava and Panda . 

               We are using the multivariable A -function in the following concise form throughout the text. 

             

1 ( )

, :

1 , : ( )

:
[ ,..., ]

:
r

r

r

m n M r

r p q N r

r

r

z
P P

A z z A
Q Q

z

 
 

= 
 
  

 

     

1

1

1 1 1 1

1
.... ( ).... ( ) ( ,...., ) ...

(2 )
r

r

s s

r r r rr

L L

s s s s z z 


=   1. ... rds ds
        

 (2.15.8)   

 Where  1 =  −   ; 1 1, ;...; , ;r r rM m n m n=   1 1, ;...; , ;r r rN p q p q=  

'

1,( ; ,..., ) ;r

j j j pP a A A=  
'

1,( ; ,..., ) ;r

j j j qQ b B B=
1

( ) ' ' ( ) ( )

1, 1,( , ) ;...; ( , ) ;
r

r r r

r j j p j j pP c C c C=
 
 

 And the definition of the functions ( )i is  i 1  ,  . . . . , r= ; 1( ,...., )rs s  and the condition of 

existence of the multivariable A -function are the same as mentioned by Gautam and Goyal. 
We introduce the fractional integration operators by means of the following integral equations:

 

    ( )1

1 1

1

( ) ( ); ,..., ; ,..., i

r

r r i

i

Y f x Y f x t t t
  −

=

= =   

( )
1

1
1

1 10 0

... ,..., ( ) ...
r

i

t t r
r

i r

i r

x x
x f x dx dx

t t




=

   
  
   

                                                               (2.15.9) 

And 

    ( )1 1

1

( ) ( ); ,..., ; ,..., i

r

r r i

i

N f x N f x t t t
 

=

= =   

( )
1

1 1
1

1 1

... ,..., ( ) ...i

r

r
r

i r

i rt t

t t
x f x dx dx

x x




 
− −

=

   
  
   

                                                           (2.15.10) 

Where the kernel  is such that the above integrals make sense. The above operators exist under the 

following conditions: 

(i) 
1 1

1, , 1, 1,2,...,i i

i i

p q i r
p q

   + = =  

(ii) ( ) ( )
1 1

Re ;Re ; 1,2,...,i i

i i

i r
q p

  −  − =  

(iii) ( ) ((0, ),..., (0, )); 1,2,...,
ipf x L i r   =  

(iv) 0 ,0 , 0,0i i i i k k km q n p q n p        
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The following special case of the multidimensional fractional integral operators involving product of Gauss’s 
hypergeometric functions (p.153,eq. (i) and (ii))will be used in Section 3. 

 
1

1

( )
(1 )

ir
i

i i

t
I f x

a

 −

=

 
=  

 − 
 ( )

1

2 1 1

10 0

... , ; ; ( ) ...
r

i

t t r
i

i i i i r

i i

x
x F m f x dx dx

t


  

=

   
+  

   
         (2.15.11) 

And  

 
1

( )
(1 )

ir
i

i i

t
K f x



=

 
=  

 − 
 ( )

1

1

2 1 1

1

... , ; ; ( ) ...i

r

r
i

i i i i r

i it t

t
x F m f x dx dx

x


  

 
− −

=

   
+  

   
   (2.15.12) 

The conditions of existence of these operators follow easily from the conditions given in the paper referred 
to above. 

The generalized multidimensional integral transform T , defined below, will also be required during the 
course of our study: 

  ( )1 1 1 1

0 0

( ); ,..., ... ,..., ( ) ...r r r rT f x s s k s x s x f x dx dx

 

=                                 (2.15.13) 

Where ( )1 1,..., r rk s x s x is the kernel of the transform T and the multiple integral occurring in the equation 

(1.8) is assumed to be convergent. 

The following multivariable A -function transform will also be used in the sequel: 

  1 1

1 1

, : , ;...; ,

1 , : , ;...; ,

0 0

( ); ,..., ... r r

r r

m n m n m n

r p q p q p qA f x s s A

 

=    

1

1

' ( ) ' ' ( ) ( )1 1
1, 1, 1,

1' ( ) ' ' ( ) ( )

1, 1, 1,

( ; ,..., ) ; ( , ) ;...; ( , )
. ( ) ...

( ; ,..., ) ; ( , ) ;...; ( , )

r

r

r r r

j j j p j j p j j p

rr r r

j j j q j j q j j q

r r

s x
a A A c C c C

f x dx dx
b B B d D d D

s x

 
 


 
  

       (2.15.14)                               

The transform defined above will be denoted symbolically as follows: 

( ) ( ) ( ) 1 1' ' '
1 1 1, 1, 1,1

( ) ( ) ( )' ' '
1 1 1, 1, 1,1

, : , ;...; , ;( ; ,..., ) ;( , ) ;...;( , )

, : , ;...; , ;( ; ,..., ) ;( , ) ;...;( , )
( ); ;

r r r
r r j j j p j j p j j pr

r r r
r r j j j q j j q j j qr r r

s x
m n m n m n a A A c C c C

p q p q p q b B B d D d D s x
A f x

 
 
 

                                 (2.15.15) 

  

Some Basic Properties 

Property 1. If  ( ) ((0, ),..., (0, ));1 2
ip if x L p       (or 

( ) ((0, ),..., (0, )); 2
ip if x M p    ,where ((0, ),..., (0, ))

ipM   denotes the class of all functions 

( ) ((0, ),..., (0, )); 2
ip if x L p    , which are the inverse Mellin transforms of functions belonging to 

1 1 1 1
(( , ),..., ( , ));Re( ) ,Re( ) , 1( 1,2,..., )

iq i i

i i

L i r
q p p q

 −  −    + = = and the multidimensional Mellin 

transform of the function ( )f x exists, then 
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(a)  1 1 1( ); ,..., ; ,..., ; ,...,r r rM Y f x t t s s  =     

           1 1 1 1( ); ,..., 1; ,..., ; 1,..., 1r r r rM f x s s N t t s s − + − +                           (2.16.1) 

(b)  1 1 1( ); ,..., ; ,..., ; ,...,r r rM N f x t t s s  =    

           1 1 1 1( ); ,..., 1; ,..., ; 1,..., 1r r r rM f x s s Y t t s s + + + +                               (2.162) 

Where the symbol M occurring in (2.16.1) and (2.16.2) stands for the multidimensional Mellin transform 
defined in the following way: 

  ( )1

1 1

10 0

( ); ,..., ... ( ) ...i

r
s

r i r

i

M f x s s f x x dx dx

 

−

=

=                                                    (2.16.3) 

Provided that the multiple integral involved in (2.16.3) exists. 

Proof: To prove (2.16.1), we use (2.16.3)and (2.15.9) to obtain  

  ( )
1

1

10 0 0 0

( ) ... ( ) ... ( )
r

i i

t t r
s

i i

i

M Y f x t x f x


 

−

=


=   


   

1
1

1

,..., ...r
r

r

x x
dt dt

t t


 
 
 

           (2.16.4) 

Now interchanging the orders of it and ( 1, 2,..., )ix i r=   integrals in (2.16.4), which is easily seen to be 

permissible under the conditions stated with (2.16.1) and interpreting the results thus obtained with the 
help of (2.15.10), we arrive at the required result (2.16.1). 

The result (2.16.2) can be established in a similar manner. 

Property 2. If ( ) ((0, ),..., (0, ));1 2
ip if x L p     ,  ( ) ((0, ),..., (0, ));

iqg x L   , 

1 1
Re( ) max , , ( 1,2,..., )i

i i

i r
p q


 

 − − = 
 

, then 

   1 1

0 0 0 0

... ( ) ( ) ... ... ( ) ( ) ...r rf x Y g x dx dx g x N f x dx dx

   

=                                        (2.16.5) 

Provided that the multiple integrals involved in (2.16.5) are absolutely convergent. 

 

 

Property 3.  

(a)    1 1 1 1 1( ); ,..., ; ,..., ( ); ,..., ; ,...,r r r r rY f wx t t Y f x t w t w   =                       (2.16.6) 

(b)    1 1 1 1 1( ); ,..., ; ,..., ( ); ,..., ; ,...,r r r r rN f wx t t W f x t w t w   =                      (2.167) 

Provided that the multiple integrals involved in (2.16.6) and (2.16.7) are absolutely convergent. 

Property 4. 
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(a)    1 1 1 1(1/ ); ,..., ; ,..., ( );1/ ,...,1/ ; 1,..., 1r r r rY f x t t Y f x t t   = + +         (2.16.8) 

(b)    1 1 1 1(1/ ); ,..., ; ,..., ( );1/ ,...,1/ ; 1,..., 1r r r rN f x t t W f x t t   = − −
      

(2.16.9) 

Provided that the multiple integrals involved in (2.16.8) and (2.16.9) are absolutely convergent. 

Property 5.  

(a) ( ) 1 1

1

( ); ,..., ; ,...,i

r

i r r

i

Y x f x t t
  

=

 
= 

 
  

  ( )  1 1 1

1

( ); ,..., ; ,..,i

r

i r r r

i

t Y f x t t
    

=

+ +                                                           (2.16.10) 

(b) ( ) 1 1

1

( ); ,..., ; ,...,i

r

i r r

i

N x f x t t
  

=

 
= 

 
  

      ( )  1 1 1

1

( ); ,..., ; ,..,i

r

i r r r

i

t N f x t t
    

=

− −
                                                    

 (2.16.11) 

Provided that the multiple integrals involved in (2.16.10) and (2.16.11) are absolutely convergent. 

The proofs of the properties 2 to 5 are straight forward and follow from the definitions (2.15.9) and 
(2.15.10) of the multidimensional fractional integral operators involved therein. 

 Relationship Between Multidimensional Fractional Integral operators and Multidimensional 
Integral Transforms 

In this section, we shall establish two most general theorems exhibiting interconnections between the 

fractional integral operators Y and N defined by (2.15.9) and (2.15.10) respectively and the integral 
transform T defined by (2.15.13). Next, we give two interesting corollaries interconnecting the 
multidimensional fractional integral operators defined by (2.15.1) and (2.15.12) and the multidimensional 
A -function transform defined by (2.15.14). 

Theorem 1. If  

( )  1 1,.., ( ) ( ); ,...,r rs s T u g u s s = =   1

0 0

... ( ) ( ) ( ) ... rk su u g u du du
 

           (2.17.1)                                                                                         

And        ( )  1 1,..., ( ); ,...,r rt t Y f x t t = =  

    ( )1

1

i

r

i

i

x
− −

=

 ( )
1

1
1

1 10 0

... ( ) ,..., ...
r

i

t t r
r

i r

i r

x x
f x x dx dx

t t

 
=

 
 
 

                                      (2.17.2) 

Then 

( )1

1 0 0

1
,.., ... ( )

...
r

r

s s f x
 

 

=   1 1 1 1( ,..., , ,..., , ,..., ) ...r r r rs s x x dx dx              (2.17.3)                                                                         
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Where       1 1 1( ,..., , ,..., , ,..., )r r rs s x x   =  

  

1 1 1
1

1

1

; ,...,i

r

i r

i

Y x g x k sx t t
  

−

=

       
=          

      
  

( )
1

1 1 12

1 1

...
i

i i

r

r r

i i

i it t

t x g x k sx


   

  − −

= =

     
       

   
  

1
1

1

,..., ...r
r

r

t t
dx dx

x x


 
 
 

                 (2.17.4) 

Where i and ( 1, 2,..., )i i r = are non zero real numbers of the same sign and all the integrals involved in 

equations (2.17.1) to (2.17.4) are assumed to be absolutely convergent. Also in (2.17.4) 
1

k sx
 
 
 

stands for 

1

1 1

1 1 ,..., r

r rk s x s x
 

 
 
 
 

and so on. 

Proof: Applying the formula (2.16.5) to the pair of equations (2.17.2) and (2.17.4), we get 

1 1 1 1

0 0

... ( ) ( ,..., , ,..., , ,..., ) ...r r r rf x s s x x dx dx   
 

=   

1 1 11

1

10 0

... ( ) ...i

r

i r

i

x g x k sx x dx dx
   

  −

=

     
       

   
                                                             (2.17.5) 

Now changing the variables of integrations on the right hand side of (2.17.5) slightly and interpreting the 
result thus obtained with the help of (2.17.1), we easily arrive at (2.17.3) after a little simplification. 

If in the above theorem, we replace i and ( 1, 2,..., )ih i r= and take 

 ( 1) 1

1

( ) i i

r
h c

i

i

g x x
+ −

=

=  ,       
( )

( )2 1

1

1
( ) , ; ;

1

r

i i i i

i i

x F m x   
=

  
= + 

 −  
  

And T to be multidimensional A -function transform defined by (2.15.13), the right hand side of equation 
(2.17.4) assumes the following form: 

( )
1

1

2 1

1 1

... , ; ;
1

i

i i

r

r r
ci i
i i i

i ii it t

t t
x F m

x


   



 

− −

= =

       
+    

 −       
    

     1

1 1

1 1 1,..., ...rh h

r r rI s x s x dx dx
 
 
 
 

                                                                                    (2.17.6) 

On evaluation the above integral with the help of known results (p.398,eq.(2)) and (p.105,eq.(1)) and the 
definition of multivariable A -function (2.15.1) and substituting the values of 

1 1 1( ,..., , ,..., , ,..., )r r rs s x x   thus obtained, in the right hand side of equation (2.17.3), we obtain the 

following interesting corollary with the help of equations (2.17.1) and (2.17.3). 
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Corollary 1. If 0,Re(1 ) ,i ih m m W −   ,(the set of whole number) ( 1, 2,..., )i i r = are non-zero real 

numbers of the same sign. 0, 1, 2,...;Re( ) 0i iC  − −   

( )
( ),

arg
( ) ; 1,2,...,

Ai
i i

B C xi i i
i i

o x forsmallvaluesof x

o x e forl evaluesof x
f x i r

−
= =  

The multivariable A -function satisfy the conditions corresponding appropriately to those given by 
Srivastava and Panda (p.130, eqs. (2.15.1) and (2.15.15)), then 

( )
( )( ) ( )

2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

( );
r r

ri i

r r
r r

r
n n m n m nh c h

i p q p q p q p q
i

I x x+ −

=




  

       
( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

         
1 1 1

1

1 1 1
1

1 1
1 , ,..., 1 ,

11 1
1 , ,..., 1 ,

; ,...,
r r r

r

r r r
r

c c
h h

r
m c m c

h h

s s
   

   

   
− + − − + −   

   

   
− + − − − + − −   

   






 = 

( )
( )

( )( ) ( )
2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

1

1
( );

r r
ri i

r r
r r

r
n n m n m nh c h

ir p q p q p q p q
i

i m
i

I x f x 



+ −

=

=







 

    
( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

                        
1 1

1

1 1 1
1

1 1
, ,..., ,

11 1
1 , ,..., 1 ,

; ,...,
r r

r

r r r
r

c c
h h

r
c c

h h

s s
 

   

   
− −   

   

   
− + − − + −   

   






                                          (2.17.7) 

Where      
( )

1 1

1

( ,..., ) ( ); ,...,
1

ir
i

r r

i i

t
t t I f x t t




=

  
= =  

 −  
  

  
1

2 1 1

10 0

... , ; ; ( ) ...
r

i

t t r
i

i i i i r

i i

x
x F m f x dx dx

t

   
=

   
+  

   
                                (2.17.8) 

Provided that 

( )

( )

11
Re 0;1

i

j

i i ii

i j

b
c j n

h B


 −
− +     

 

, 

( )

( )

11
Re 1 0;1

i

j

i i i ii

i j

b
B c j n

h B


 −
+ + +     

 

 

( )

( )

11
Re 1 0;1

i

k
i i i ii

i k

d
A c k m

h D


 −
+ + +    

 
, ( )Re 1 0; 1,2,...,i i iA i r + +  =  

Theorem 2. If 

( )  1 1,.., ( ) ( ); ,...,r rs s T u g u s s = =  
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1

0 0

... ( ) ( ) ( ) ... rk su u g u du du
 

                                                                              (2.17.9) 

And         ( )  1 1,..., ( ); ,...,r rt t N f x t t = =  

      ( )
1

i

r

i

i

t


=

 ( )
1

1 1
1

1 1

... ( ) ,..., ...i

r

r
r

i r

i rt t

t t
f x x dx dx

x x

 
 

− −

=

 
 

 
 

          (2.17.10) 

then     

( )1

1 0 0

1
,.., ... ( )

...
r

r

s s f x
 

 

=   1 1 1 1( ,..., , ,..., , ,..., ) ...r r r rs s t t dx dx          (2.17.11)                            

Where          1 1 1( ,..., , ,..., , ,..., )r r rs s t t   =  

1 1 1
1

1

1

; ,...,i

r

i r

i

Y x g x k sx t t
  

−

=

       
=          

      
  

( )
1

1 1 1
1

1

1 10 0

...
r

i
i i

t tr r

i i

i i

t x g x k sx


   
+ −

− −

= =

     
     

    
    

  
1

1

1

,..., ...r
r

r

x x
dx dx

t t


 
 
 

         (2.17.12) 

Where i and ( 1, 2,..., )i i r = are non zero real numbers of the same sign and all the integrals involved in 

equations (2.17.1) to (2.17.4) are assumed to be absolutely convergent. 

Proof: The proof of the above theorem can be easily developed on the lines similar to those of theorem 1. 

Again, if in theorem 2, we replace i by ( 1, 2,..., )ih i r= and take 

 ( 1) 1

1

( ) i i

r
h c

i

i

g x x
+ −

=

=      ,   
( )

( )2 1

1

1
( ) , ; ;

1

r

i i i i

i i

x F m x   
=

  
= + 

 −  
  

And T to be multidimensional A -function transform defined by (2.15.13), then proceeding on the lines 
similar to those of corollary 1, we obtain the following interesting corollary: 

Corollary 2. . If 0,Re(1 ) ,i ih m m W −   ,(the set of whole number) ( 1, 2,..., )i i r = are non-zero real 

numbers of the same sign. 

0, 1, 2,...;Re( ) 0i ic  − −   ;
( )
( ),

arg
( ) ; 1,2,...,

Ai
i i

B C xi i i
i i

o x for small valuesof x

o x e for l evaluesof x
f x i r

−
= =  

The multivariable A -function satisfy the conditions corresponding appropriately to those given by 
Srivastava and Panda (p.130, eqs. (1.1) and (1.15)), then 

( )
( )( ) ( )

2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

( );
r r

ri i

r r
r r

r
n n m n m nh c h

i p q p q p q p q
i

I x x+ −

=




  
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( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

         
1 1

1

1 1
1

1 1
, ,..., ,

11 1
1, ,..., 1,

; ,...,
r r

r

r r r r
r

c c
h h

r
c c

h h

s s
 

   

   
− − − −   

   

   
− − − − − −   

   






 = 

( )
( )

( )( ) ( )
2

( ) ( )
2 2

0, :...:0, :( ', '):...: , ,( 1) 1

, :...: , :( ', '):...: , ,
1

1

1
( );

r r
ri i

r r
r r

r
n n m n m nh c h

ir p q p q p q p q
i

i m
i

I x f x 



+ −

=

=







 

    
( ) ( ) ( )' '' ' ' '

2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( ) ( ) ( )' '' ' ' '
2 2 2 1, 1, 1, ' 1 ( )2 1, 1

( , , ) :...:( , ,..., ) :( , ) :...:( , )

( , , ) :...:( , ,..., ) :( , ) :...:( , )

r r r
j j j p rj rj rj p j j p j j rr p

r r r
j j j q rj rj rj q j j q j j rr q

a a a

b b b b

      

     

− −

− −

 

                        
1 1 1

1

1 1 1
1

1 1
1, ,..., 1,

11 1
1, ,..., 1,

; ,...,
r r r

r

r r r
r

c c
h h

r
c m c m

h h

s s
   

   

   
− − − − − −   

   

   
− − + − − − + −   

   






                                         (2.17.13) 

Where      
( )

1 1

1

( ,..., ) ( ); ,...,
1

ir
i

r r

i i

t
t t N f x t t




=

  
= =  

 −  
  

  

1

1

2 1 1

1

... , ; ; ( ) ...i

r

r
i

i i i i r

i it t

t
x F m f x dx dx

x

   
 

− −

=

   
+  

   
                            (2.17.14) 

Provided that     

( )

( )

1
Re 0;1

i

j

i i ii

i j

d
c j m

h D


 
+ +     

 

 

( )

( )

11
Re 1 0;1 ; 1,2,...,

i

j

i i i ii

i j

b
B c j n i r

h B


 −
+ + +    =  

 

 

( )

( )

1
Re 1 0;1

i

k
i i i ii

i k

d
A c k m

h D


 
+ + +    

 
,  ( )Re 0; 1,2,...,i i i iA m i r  + − +  =  

The one and two-dimensional analogous of Theorems 1 and 2 can easily be deduced but since the theorems 
contain a reasonably detailed analysis of the multidimensional case we prefer to omit their details. The 
corollaries 1 and 2 given earlier are also new. They give rise to interesting theorems involving 
multidimensional analogues of fractional integral operators defined by Kober [8], Riemann-Liouville [4] and 
Weyl [4] and simpler multidimensional integral transforms, on suitably specializing the fractional integral 

operators and multidimensional 
A

-function transform involved therein. Again, the one and two-
dimensional analogues of corollaries 1 and 2, yield theorems essentially similar to those given earlier by 
Gupta, Goyal and Handa (p.165-170), Handa (p. 200-204), Kalla (p. 1008-1010, p. 54-56) and Mathur (p.108-
121). 

                                

 



www.discoveryjournals.org  l   OPEN ACCESS 

P
ag

e5
0

1
 

 

 

ON THE FRACTIONAL INTEGRAL OPERATORS ASSOCIATED WITH CERTAIN GENERALIZED 
HYPERGEOMETRIC FUNCTION FOR REAL POSITIVE DEFINITE SYMMETRIC MATRIX 

 

In the present chapter, fractional integral operators associated with I -function  for real positive symmetric 
definite matrix have been discussed. These operators have a wide range of applications in the field of 
Mathematical Physics and Linear differential equations. A number of special cases of our operators have 
been mentioned. 

Introduction 

Fractional integration is an immediate generalization of repeated integration. Fractional integral operators 
occur in the solutions of linear differential equations, partial differential equations and in the integral 
representations of hypergeometric functions of one or more variables. Riesz (1949) and Garding (1947) 
respectively introduced Riemann-Liouville integral of vector and matrix variables and applied them in the 
solution of differential equation associated with Cauchy’s problem. 

(1.1) I -function with matrix argument 

Let X is a p p real symmetric positive definite matrix of functionally independent variables. Let the I -

function of X be denoted by 

The I -function introduced by Saxena (1982) will be represented and defined as follows: 

   1, 1,

, 1, 1,

( , ) ,( , ), ,

: , : ( , ) ,( , )[ ] [ ] j j n ji ji n pi

i i i i j j m ji ji m qi

a am n m n

p q r p q r b bI Z I Z I z
 

 
+

+

 = =
 

   
1

( )
2

L

s ds


= 
(3.1.1)

                                                                                                                                                           

    where 1 = −  

1 1

1 1
1

( ) (1 )
( )

(1 ) ( )
i i

m n

j j j j
j j

r q p

ji ji ji ji
j m j n

i

b s a s
s

b s a s

 


 

= =

= + = +
=

  −   − +
=

 
  − +   − 

 


            (3.1.2) 

 , ( 1,..., ), ,i ip q i r m n= are integers satisfying 0 , 0 , ( 1,..., ),i in p m q i r r    = is  

finite , , ,j j ij ji     are real and , , ,j j ji jia b a b  are complex numbers such that 

( ) ( )j h h jb v a v k +  − − for , 01, 2,...v k =  

We shall use the following notations: 

* *

1, 1, 1, 1,( , ) , ( , ) ; ( , ) , ( , )
i ij j n ji ji n p j j m ji ji m qA a a B b b   + += =  

If we take 1r = in (3.1.1), the I -  function  reduces to the Fox’s H-function (1965). 
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It is assumed that ( ) ( )I XY I YX= for real symmetric m m positive definite matrices  

X and Y , ( )I X is defined by the following integral equation: 

1

2

0

| | ( )
m

X

X I X dX


+
−



=    

     
1 1

1 1
1

1
( ) ( )

2

1
( ) ( )

2

i i

m n

m j j m j j
j j

r q p

m ji ji m ji ji
j m j n

i

m
b s a s

m
b s a s

 

 

= =

= + = +
=

+
  −   − +

+ 
  − +   − 

 


                             (3.1.3) 

Sethi (2003) discussed the following fractional integral operators involving H -function of matrix 
arguments: 

1, 1,( , ) ,( , )

, ,

| |
[ ( )] ; ( )

( )

j j r j j sa b

m

X
R f X R f X

 
 

  


− −

 = =
  

 

1,

1,

1
( , ), 12

, ( , )

0

| | | | ( ) ( )j j r

j j s

m
ap q

r s b

U X

U X U H I UX f U dU
 


+

−
−

 

 − −
               (3.1.4) 

1, 1,( , ) ,( , )

, ,

| |
[ ( )] ; ( )

( )

j j r j j sa b

m

X
K f X K f X


 

  


 = =
  

 

1,

1,

1
( , ), 12

, ( , )| | | | ( ) ( )j j r

j j s

m
ap q

r s b

U X

U U X H I XU f U dU
  


+

−
− − −



 − −
                (3.1.5) 

Where 11 1 21( ) ( ,..., , ,..., )m mmf X f x x x x= be a real bounded function of a complex parameter. 

 Matrix transform 

A generalized matrix transform or M-transform of a function ( )f X of a m m real symmetric positive 

definite or strictly negative definite matrix X is defined as follows: 

1

2

0

( ) | | ( ) ( 0)
m

s

f

X

M s X f X dX X
+

−



=                                                     (3.1.6) 

Whenever ( )fM s exists. Also ( )f X is assumed to be a symmetric function i.e.  

( )
1 1

2 2( ) ( )f BX f XB f B XB= = for ' 0B B=  . When 0X  replace X by X− in 

 M -transform. 
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Integral operators involving I -function 

*

*

| |
[ ( )] ( ) , , ;

( )

A

B
m

X
Y f X Y f X

 

  


− −

 = =
  

 

1

, 1 *2
, : *

0

| | | | (1 ) ( )
i i

m

M N A

P Q r B

U X

U X U I UX f U dU


 
+

−
−

 

 − −
                    (3.1.7) 

*

*

| |
[ ( )] ( ) , , ;

( )

A

B
m

X
N f X N f X



  


 = =
  

 

1

, 1 *2
, : *| | | | ( ) ( )

i i

m

M N A

P Q r B

U X

U U X I I XU f U dU


  
+

−
− − −



 − −
 

                  (3.1.8)

 

The above defined operators exists under the following conditions: 

(i) 
1 1

1, , 1,| arg( ) |i i

i i

P Q I a
P Q

   + = −   

(ii) (
1 1 1

Re( ) ,Re( ) ,Re( )
2i i

m

Q P
  

+
    

(iii) 
1

1
Re( min )

2

j

j M
j

b m


 

+
+   ,  (iv) ( ) (0, )

iPf X L  . 

The last condition ensures that [ ( )]Y f X and [ ( )]N f X both exist and also both belong  

to (0, )
iPL  . 

Main Results 

The following theorems of the operators defined by (3.1.7) and (3.1.8) have been  

established in the expression of matrix transform: 

Theorem 1: If  

( ) (0, ); 1,2,...,
iPf X L i r  = 1 2[ ( ) (0, ) 2]

ii P iP orf X M and P     where  

1

1
Re( min )

2

j

j M
j

b m


 

+
+  ,

1 1 1
Re( ) ,Re( ) ,Re( 1)

2 2i

m m
t t

Q
 

+ +
 −  − +  and  

| arg( ) |I a −  then  

 

1

2
[ ( )]

( )

m

m

m
t

M Y f X





+ 
 − + 

 
=


  

1
,1 , *

, 1 2

1, 1: 1
*, ,1

2

[ ( )]
i i

m
A

M N

P Q r m
B t

I I M f U
 



+ 
 +  

+ + + 
− − − 

 

 
 
  

(3.2.1)
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Where I is m m identity matrix. 

Proof: Taking the matrix transform of equation (3.1.7), we get 

 [ ( )]M Y f X =

1

2

0

| |
| |

( )

m
t

mX

X
X

 



+ − −
−







  

1

, 1 *2
, : *

0

| | | | ( ) ( )
i i

m

M N A

P Q r B

U X

U X U I I UX f U dU dX


 
+

−
−

 


 − −  


  

Changing the order of integration which is permissible under the conditions stated with  

the theorem, we obtain 

 [ ( )]M Y f X =
1

( )m 
0

| | ( )
X

U f U dU



  

1 1

, 1 *2 2
, : *

0

| | | | ( )
i i

m m
t

M N A

P Q r B

U X

X X U I I UX dX
  


+ +

− − − −
−

 


 − −  


  

On evaluating X -integral with the help of the result given by Mathai and Saxena (1978), 

 

1,

1,

1 1 1
( , ),2 2

, ( , )

0

| | | | | | j j r

j j s

m m
ap q

r s b
X I X H XZ dX

  



+ +
− −

 − =
   

1,

1,

1
,1 ,( , )

, 1 2

1, 1 1
( , ) , ,1

2

( ) | |
j j r

j j s

m
a

p q

m r s m
b

H Z
 

  


+ 
− +  

+ + + 
− − 

 

 
  

  

                                                             (3.2.2)                     

Where 
1

1
Re( min )

2

j

j M
j

b m


 

+
+  and 

1
Re( ) 1

2

m


+
 − . 

We obtain the required result. 

Theorem 2: If ( ) (0, )
iPf X L  1 2[ ( ) (0, ) 2]

ii P iP orf X M and P     where  

1

1
Re( min )

2

j

j M
j

b m


 

+
+  ,

1 1 1
Re( ) ,Re( ) ,Re( )

2 2i

m m
t t

Q
 

+ +
 −  +  and  

   | arg( ) |I a −  then  

 
( )1

[ ( )]
( )

m

m

M N f X




 +
=



1
,1 , *

, 1 2

1, 1 1
*, ,1

2

[ ( )]
i i

m
A

M N

P Q m
B

I I M f U


 


+ 
− +  

+ + + 
− − 

 

 
 
  

                 (3.2.3) 

Where I is m m identity matrix. 

Proof: Taking the matrix transform of equation (3.2.2), we get 
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 [ ( )]M N f X =

1

2

0

| |
| |

( )

m

mX

X
X






+
−







  

1

, 1 *2
, : *| | | | ( ) ( )

i i

m

M N A

P Q r B

U X

U U X I I XU f U dU dX


  
+

−
− − −




 − −  


  

And changing the order of integration and evaluation X -integral with the help of  

(3.2.2), we obtain the required result. 

Theorem 3: If ( ) (0, ), ( ) (0, )
i iP Pf X L g X L    where  

1

1
Re( min )

2

j

j M
j

b m


 

+
+  ,

1 1 1 1
Re( ) ,Re( ) ,Re( ) max

2i i i

m

Q P Q
  

 +
 −   + 

 
and  

| arg( ) |I a −  then  

*

*

0

( ) ( ) , , ;
A

B

X

f X Y g X dX  


 
  = 

             
*

*

0

( ) ( ) , , ;
A

B

X

g X N f X dX  


 
                                      (3.2.4) 

Proof: Equation (3.2.4) immediately follows on interpreting it with the help of equations (3.1.7) and (3.1.8). 

Special Cases 

(i) If we put 1, 1, 2, 2, 1, 1i iM N P Q r = = = = = = ,then the operators (3.1.7) and (3.1.8)  

reduce to their Mellin transforms in the following form: 

[ ( )]Y f X =

 
1

1,2 12
2,2

0

| |
| | | | ( ) ( )

( )

m

m U X

X
U X U H I UX f U dU

 






+− −
−

−

 

 − −    

Here    1 1 2 2 1,2

1 1 2 2 1,2

( ; ),( ; )

( , ),( , )
[ ( )] ( ) , ,1;

a a

b b
Y f X Y f X

 

 
  =

 
 

And  
1 1 2 2

1 1 2 2

( , ),( , )
1,2 1 1,2 1

2,2 2,2 ( , ),( , )
( ) ( )

a a

b b
H I UX H I UX

 

 

− −  − = −    
 

Then 

( )
1

2
1 | |

[ ( )]
( )

m

m

m

X
Y f X







+
− −


=


 

                 
1

1

1 12
2 1

0

| | | | ; ( ) ( )
m

U X

U I UX F I UX f U dU
 


+

− −
− −

 

 − − −   
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Where      ( )
1 1 2 2

1

1 2 1 2

1 1

2 2

1

2

m m

m

m m

m

   



   

+ +   
 − +  − +   

    =
+ 

 − − + + 
 

 

( )1

2 1

1

2 1 1 1 2 2 1 2

;

1 1 1
, ; ; ( )

2 2 2

F I UX

m m m
F I UX     

−

−

 − − =
 

+ + + 
− − − − − − − − 

 

 

By virtue of the result Srivastava, Gupta and Goyal (1982). 

Taking M -transform on both sides, we get 

  1 2
3 2

( ) ( )
( ( ) ( ; ) [ ( )]

( )

m m

m

M Y f X F I M f U
 



 
= −


 

Where ( )
( )1

2

1

1

2

1

2

m m

m

m

m

  



  

+ 
 +  + 

  =
+ 

 + + + 
 

 

And  

3 2 3 2 1 1 2 2

2 1 1

1 1 1
( ; ) , , ;

2 2 2

1 1
, ;

2 2

m m m
F I F

m m
I

    

    

+ + +
− = − + − + +



+ + 
− + + + + 



, 

| |
[ ( )]

( )m

X
N f X




=



1

1,2 12
2,2| | | | ( ) ( )

m

U X

U U X H I XU f U dU



+

−
−



 − − 
 

Where        1 1 2 2 1,2

1 1 2 2 1,2

( ; ),( ; )

( , ),( , )
[ ( )] ( ) , ,1;

a a

b b
N f X N f X

 

 
  =

 
 

And        
1 1 2 2

1 1 2 2

( , ),( , )
1,2 1 1,2 1

2,2 2,2 ( , ),( , )
( ) ( )

a a

b b
H I XU H I XU

 

 

− −  − = −    
 

Then        
( )

1

2
1 | |

[ ( )]
( )

m

m

m

X
N f X

 





+
+ −


=


 

1

1

1 12
2 1

0

| | | | ; ( ) ( )
m

U X

U I XU F I XU f U dU
 

 
+

+ −
− − − −

 

 − − −   
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Where 

( )1

2 1

1

2 1 1 1 2 2 1 2

;

1 1 1
, ; ; ( )

2 2 2

F I XU

m m m
F I XU     

−

−

 − − =
 

+ + + 
− + − + + − − − 

 

 

Taking M -transform on both sides, we get 

 

1

2
1 2

2 1

( 1) ( ) ( )
( ( ) ( ; ) [ ( )]

( )

m

m m

m

M N f X F I M f U



 



+
−

−  
= −


 

(ii) Putting 10, 1, 1, 0, 1, 1iP Q M N r= = = = = = , then operators (3.1.7) and (3.1.8)  

reduce to their Mellin transform in the following forms: 

| |
[ ( )]

( )m

X
Y f X

 



− −

=


 

1

1,0 12
0,1 ( ,1)

0

| | | | ( ) ( )
m

U X

U X U H I UX f U dU






+
−

− −

 

 − −
   

Where        
( ,1)

[ ( )] ( ) , ,1;Y f X Y f X


 
− =

 
 

And 

11,0 1 1 ( )

0,1 ( ,1)( ) | | tr i UXH I UX I UX e



−− − − − − − = −
 

 

1

1
12

1 (1 )2

0

| |
| | | | ( )

( )

m
m

tr UX

m U X

X
U I UX e f U dU


 





−

+
− −

+
+ −

− − −

 

= −
   

By virtue of the result (1982). Taking M -transform on both sides, we get 

 
( )

( ( ) [ ( )]
( )

m

m

M Y f X M f U
 



 +
=


 

Also       
| |

[ ( )]
( )m

X
N f X




=


 

       
1

1,0 12
0,1 ( ,1)| | | | ( ) ( )

m

U X

U U X H I XU f U dU


 



+
−

− − − −



 − −
   

Where       
( ,1)

[ ( )] ( ) , ,1;N f X N f X


 
− =

 
 

And  
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11,0 1 1 ( )

0,1 ( ,1)( ) | | tr i XUH I XU I XU e



−− − − − − − = −
 

 

1
1 1

1 (1 )2 2
| |

| | | | ( )
( )

m m

tr XU

m U X

X
U I XU e f U dU


  



−
+ +

− − + −
− − −



= −
   

By virtue of the result (1995). Taking M -transform on both sides, we get 

 
( )

1

2
[ ( )] [ ( )]

m

m

m

M N f X M f U

  



+ 
 − + − 

 =


 

If we put 1;( 1,..., ; 1,..., )j j j P j Q = = = = the operators reduce to G -function given  

by Vyas (1996). 

Theorem4. If ( ) (0, )
iPf X L  1 2[ ( ) (0, ) 2]

ii P iP orf X M and P     where 

 
1

Re( )
2

m


+
 ,

1 1 1
Re( ) ,Re( ) ,Re( )

2 2i

m m

Q
   

+ +
 −  −  and  

| arg( ) |I a −  then  

 , ,

1
( )

2
[ ; ( )]

1
( )

2

m m

a

m m

m
s

M R f X
m

s



 

  

   

+ 
 − +  + 

 =
+ 

 − + + +  
 

 

        
1 1

1
; ; [ ( )]

2

m
F s I M f U    

+ 
+ − + + + 

 
                                              (3.2.5) 

Proof: Using the Mellin transform of  

( ),( )

, ,[ ( )] ; ( )r ra b

aR f X R f X 
 =   = 

1

( ), 12
, ( )

0

| |
| | | | ( ) ( )

( )
r

r

m

ap q

r s b

m U X

X
U X U G a I UX f U dU

 






+− −
−

−

 

 − −
                  (3.2.6) 

We get 

 , ,[ ; ( )]aM R f X

  =

1

2

0

| | | |

( )

m
s

mX

X X  



+
−

− −




 

1

1

1,0 12
0,1 ( )

0

| | | | ( ) ( )
m

b

U X

U X U G a I UX f U dU dX



+

−
− −

 

 
 − −  

 
  

Changing the order of integration which is permissible under the conditions stated with  
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the theorem, we obtain 

1 1

1,0 12 2
0,1

0

| | | | ( )
m m

s

U X

X X U G a I UX dX
  

+ +
− − − −

−

 


 − −  


 = 

                 
1

| | ( )
( )m U X

U f U dU




   

1
1 1

(1 )2 2| | | |
m m

S
tr UX

X U

X X U e dX
     −

+ +
− − − − + −

− −



−  

On evaluating X -integral with the help of result given by Mathai (1995) 

1 1 1

( ) 2 2

0

| | | |
m m

tr XZe X I X dX
  

+ +
− − −

− −  

=
1 1

( ) ( )
[ ; ; ]

( )

m m

m

F Z
  

 


  −
−


                                                                           (3.2.7) 

For 
1 1 1

Re( ) ,Re( ) ,Re( )
2 2 2

m m m
   

+ + +
  −   

We obtain the required result. 

Theorem5. If ( ) (0, )
iPf X L  1 2[ ( ) (0, ) 2]

ii P iP orf X M and P     where  

1
Re( )

2

m


+
 ,

1 1 1 1 1
Re( ) ,Re( ) ,Re( ) , 1

2 2i i i

m m

P P Q
   

+ +
 −  −  + = and  

| arg( ) |I a −  then  

 , ,

1
( )

2
[ ; ( )]

1
( )

2

m m

a

m m

m
s

M K f X
m

s



 

  

   

+ 
 + +  + 

 =
+ 

 + + + +  
 

 

        
1 1

1
; ; [ ( )]

2

m
F s I M f U    

+ 
+ + + + + 

 
                                            (3.2.8)                        

Proof: Using the Mellin transform of  

( ),( )

, ,

| |
[ ( )] ; ( )

( )
r ra b

a

m

X
K f X K f X



 


 = =  
 

1

( ), 12
, ( )| | | | ( ) ( )r

r

m

ap q

r s b

U X

U X U G a I XU f U dU



+

−
−



 − −
                                     (3.2.9) 

We get 
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 , ,[ ; ( )]aM K f X

  =

1

2

0

| | | |

( )

m
s

mX

X X 



+
−


     

1

2| | | |
m

U X

U U X


 
+

−
− −




−


   

1

1,0 1

0,1 ( )( ) ( )bG a I XU f U dU dX− −  −
  

               (3.2.10) 

Changing the order of integration and evaluating X -integral with the help of (3.2.5), we  

obtain the required result. 

When 1, 0, 0, 1, 1M N P Q a= = = = = in (3.2.6) and (3.2.9) reduces to the following  

from of operators: 

,

, ,1

| |
[ ( )] ; ( )

( )m

X
R f X R f X

 
 

 


− −

 = =  
 

1

1,0 12
0,1

0

| | | | ( ) ( )
m

U X

U X U G a I UX f U dU


 



+
−

−

 

 − −
                                 (3.2.11) 

And      
,

, ,1

| |
[ ( )] ; ( )

( )m

X
K f X K f X

 
 

 


− −

 = =  
 

1

1,0 12
0,1| | | | ( ) ( )

m

U X

U U X G a I UX f U dU


  



+
−

− − −



 − −
                             (3.2.12) 

 

Theorem6. If ( ) (0, )
iPf X L  1 2[ ( ) (0, ) 2]

ii P iP orf X M and P     where  

1
Re( )

2

m


+
 ,

1 1 1 1 1
Re( ) ,Re( ) ,Re( ) , 1

2 2i i i

m m

Q P Q
   

+ +
 −  −  + = and  

| arg( ) |I a −  then  

 , ,1[ ; ( )]M R f X

  =         

( )

( )

( )
[ ( )]

( ) ( )

m m

m m m

s
M f U

s

    

     

 + − −  +

 − + +   −
           (3.2.13)                        

Proof: Using the Mellin transform of (3.2.11), we get 

 , ,1[ ; ( )]M R f X

  =

1

2

0

| | | |

( )

m
s

mX

X X 



+
−

− −


  
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1

1,0 12
1,1

0

| | | | ( ) ( )
m

U X

U X U G a I UX f U dU dX


 



+
−

−

 

 
 − −  

 
  

Changing the order of integration which is permissible under the conditions stated with  

the theorem, we obtain 

 , ,1[ ; ( )]M R f X

  =
0

1
| | ( )

( )m U

U f U dU




   

1 1

1,0 1 2 2
1,1 ( ) | | | |

m m
s

G I XU X X U dX
  





+ +
− − − −

− − −
   

Using the result given by Mathai (1995). 

1

1,0 2
1,1

1
| | | |

( )

m

m

G X X I U
 

 


 

+
− −

  = −
   −

                                           (3.2.14) 

Provided   
1

0 ,Re( )
2

m
X I  

+
  −   

We get    ,

, ,1[ ; ( )]M R f X 

  =
1

2

0

1
| | ( )

( )

m

m U

U f U dU
  



+
− − −


   

1

2
1

| | | |
( )

m

s

m X U

X X U dX
 

 

 

+
+ −

− −



−
 −   

On evaluating X -integral with the help of the following result 

1 1 1

2 2

0

| | | |
m m

X I X dX
 

+ +
− −

− =
( ) ( )

( )

m m

m

 

 

 

 +
                                              (3.2.15) 

For 
1

Re( ) 0,Re( )
2

m
 

+
   

We arrive at the required result. 

In the present paper fractional integral operators associated with A -function  for real positive symmetric 
definite matrix have been discussed. These operators have a wide range of applications in the field of 
Mathematical Physics and Linear differential equations. A number of special cases of our operators have 
been mentioned. 

Introduction 

Fractional integration is an immediate generalization of repeated integration. Fractional integral operators 
occur in the solutions of linear differential equations, partial differential equations and in the integral 
representations of hypergeometric functions of one or more variables. Riesz and Garding  respectively 
introduced Riemann-Liouville integral of vector and matrix variables and applied them in the solution of 
differential equation associated with Cauchy’s problem. 

A -function with matrix argument 
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Let X is a p p real symmetric positive definite matrix of functionally independent variables. Let the A -

function of X be denoted by 

1( , )j j na   Represents the set of n  pairs of parameters the A -function was defined by Gautam G.P. and 

Goyal   as 

1,

,

1

( , ) 1
( )

( , ) 2

j j pm n s

p q

j j q L

a
A x f s x ds

b i



 

 
= 

  
                                                   (3.3.1) 

Where  

1 1

1 1

( ) (1 )

( )

(1 ) ( )

m n

j j j j

j j

p q

j j j j

j m j n

a s b s

f s

a s b s

 

 

= =

= + = +

 +  − −

=

 − −  +

 

 
                                                (3.3.2) 

The integral on the right hand side of (3.3.1) is convergent when 0f   and   arg( )
2

f
ux


 , where  

   
1 1 1 1

Re(
p qm n

j j j j

j j m j j n

f    
= = + = = +

= − + −   
, 1 1

j j

p q

j j

j j

u
 

 
−

= =

=                         (3.3.3) 

(3.3.1) reduces to H -function given by Fox the following relation  

          
1 1, ,

, ,

1 1

(1 , ) ( , )

(1 , ) ( , )

j j p j j pn m m n

p q p q

j j q j j q

a a
A x H x

b b

 

 

   −
=   

−                                      (3.3.4)

 

It is assumed that ( ) ( )A XY A YX= for real symmetric m m positive definite matrices X and Y , ( )A X is 

defined by the following integral equation: 

1
1 12

0

1 1

1
(1 ) (1 )

2| | ( )
1

(1 ) (1 )
2

i i

m n

m m j j m j j
j j

q p

X
m ji ji m j ji

j m j n

m
b a

X A X dX
m

b a


   

   

+
− = =



= + = +

+
  − −   − + +

=
+ 

  − + +   − − 
 

  (3.3.5) 

Sethi discussed the following fractional integral operators involving H -function of matrix arguments: 

1, 1,( , ) ,( , )

, ,[ ( )] ; ( )j j r j j sa b
R f X R f X

 

  
 =
 

 

= 1,

1,

1
( , ), 12

, ( , )

0

| |
| | | | ( ) ( )

( )

j j r

j j s

m
ap q

r s b

m U X

X
U X U H I UX f U dU

 
 




+− −
−

−

 

 − −
        (3.3.6) 

1, 1,( , ) ,( , )

, ,[ ( )] ; ( )j j r j j sa b
K f X K f X

 

  
 =
 

= 

1,

1,

1
( , ), 12

, ( , )

| |
| | | | ( ) ( )

( )

j j r

j j s

m
ap q

r s b

m U X

X
U U X H I XU f U dU


  




+
−

− − −



 − −
         (3.3.7) 
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Where 11 1 21( ) ( ,..., , ,..., )m mmf X f x x x x= be a real bounded function of a complex parameter. 

(1.2) Matrix transform 

A generalized matrix transform or M-transform of a function ( )f X of a m m real symmetric positive 

definite or strictly negative definite matrix X is defined as follows: 

1

2

0

( ) | | ( ) ( 0)
m

s

f

X

M s X f X dX X
+

−



=                                                   (3.3.9) 

Whenever ( )fM s exists. Also ( )f X is assumed to be a symmetric function i.e. 

( )
1 1

2 2( ) ( )f BX f XB f B XB= = for ' 0B B=  . When 0X  replace X by X− in M -transform. 

(1.3) Integral operators involving A -function 

1

1

( , )

( , )
[ ( )] ( ) , , ; j j p

j j q

a

b
Y f X Y f X




   =

 
= 

1

1

1
( , ), 12

, ( , )

0

| |
| | | | (1 ) ( )

( )

j j p

j j q

m
aM N

P Q b

m U X

X
U X U A UX f U dU

 
 




+− −
−

−

 

 − −
       (3.3.10) 

1

1

( , )

( , )
[ ( )] ( ) , , ; j j p

j j q

a

b
N f X N f X




   =

 
= 

1

1

1
( , ), 12

, ( , )

| |
| | | | ( ) ( )

( )

j j p

j j q

m
aM N

P Q b

m U X

X
U U X A I XU f U dU


  




+
−

− − −



 − −
  

       (3.3.8)

 

The above defined operators exists under the following conditions: 

(i) 
1 1

1, , 1,| arg( 1 ) |P Q I a
P Q

   + = − +   

(ii) (
1 1 1

Re( ) ,Re( ) ,Re( )
2

m

Q P
  

+
    

(iii) 
1

1 1
Re( min )

2

j

j M
j

a m


 

− +
+  , (iv) ( ) (0, )Pf X L  . 

The last condition ensures that [ ( )]Y f X and [ ( )]N f X both exist and also both belong to (0, )PL  . 

 Main Results 

The following theorems of the operators defined by (3.3.9) and (3.3.10) have been established in the 
expression of matrix transform: 

Theorem 1: If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP orf X M and P     where 

1

1 1
Re( min )

2

j

j M
j

a m


 

− +
+  ,

1 1 1
Re( ) ,Re( ) ,Re( 1)

2 2

m m
t t

Q
 

+ +
 −  − +  and | arg( 1 ) |I a − +  then  
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 

1

2
[ ( )]

( )

m

m

m
t

M Y f X





+ 
 − + 

 
=



1

1

1
1 ,1 , ( , )

, 1 2

1, 1 1
( , ) , 1 ,1

2

[ ( )]
j j p

j j q

m
a

M N

P Q m
b t

A I M f U


  


+ 
− +  

+ + + 
− + + + 

 

 
 
  

                              (3.4.1) 

Where I is m m identity matrix. 

Proof: Taking the matrix transform of equation (3.3.9), we get 

 [ ( )]M Y f X =

1

2

0

| |
| |

( )

m
t

mX

X
X

 



+ − −
−







  

1

1

1
( , ), 12

, ( , )

0

| | | | ( ) ( )j j q

j j q

m
aM N

P Q b

U X

U X U A I UX f U dU dX
 


+

−
−

 


 − −  


  

Changing the order of integration which is permissible under the conditions stated with the theorem, we 
obtain 

 [ ( )]M Y f X =
1

( )m 
0

| | ( )
X

U f U dU



  

1

1

1 1
( , ), 12 2

, ( , )

0

| | | | ( ) j j q

j j q

m m
t aM N

P Q b

U X

X X U A I UX dX
   


+ +

− − − −
−

 


 − −  


  

On evaluating X -integral with the help of the result given by Mathai and Saxena, 

1,

1,

1 1 1
( , ),2 2

, ( , )

0

| | | | | | j j r

j j s

m m
ap q

r s b
X I X H XZ dX

  



+ +
− −

 − =
   

1,

1,

1
,1 ,( , )

, 1 2

1, 1 1
( , ) , ,1

2

( ) | |
j j r

j j s

m
a

p q

m r s m
b

H Z
 

  


+ 
− +  

+ + + 
− − 

 

 
  

  

                                                        (3.4.2)                     

Where 
1

1
Re( min )

2

j

j M
j

b m


 

+
+  and 

1
Re( ) 1

2

m


+
 − . 

We obtain the required result. 

Theorem 2: If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP or f X M and P     where 

1

1 1
Re( min )

2

j

j M
j

a m


 

− +
+  ,

1 1 1
Re( ) ,Re( ) ,Re( )

2 2

m m
t t

Q
 

+ +
 −  +  and | arg( ) |I a −  then  

 
( )1

[ ( )]
( )

m

m

M N f X




 +
=



1

1

1
1 ,1 , ( , )

, 1 2

1, 1 1
( , ) , 1 ,1

2

[ ( )]
j j p

j j q

m
a

M N

P Q m
b

A I M f U
 

  


+ 
− + +  

+ + + 
− + + 

 

 
 
  

         (3.4.3) 

Where I is m m identity matrix. 

Proof: Taking the matrix transform of equation (3.4.2), we get 
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 [ ( )]M N f X =

1

2

0

| |
| |

( )

m

mX

X
X






+
−







  

1

1

1
( , ), 12

, ( , )| | | | ( ) ( )j j q

j j q

m
aM N

P Q b

U X

U U X I I XU f U dU dX
  


+

−
− − −




 − −  


  

And changing the order of integration and evaluation X -integral with the help of (3.4.2), we obtain the 
required result. 

Theorem 3: If ( ) (0, ), ( ) (0, )P Pf X L g X L    where 

1

1 1
Re( min )

2

j

j M
j

a m


 

− +
+  ,

1 1 1 1
Re( ) ,Re( ) ,Re( ) max

2

m

Q P Q
  

 +
 −   + 

 
and | arg( ) |I a −  then 

1

1

( , )

( , )

0

( ) ( ) , , ; j j p

j j q

a

b

X

f X Y g X dX



  



 
  = 1

1

( , )

( , )

0

( ) ( ) , , ; j j p

j j q

a

b

X

g X N f X dX



  



 
                   (3.4.4) 

Proof: Equation (3.4.4) immediately follows on interpreting it with the help of equations (3.3.9) and 
(3.3.10). 

Special Cases 

(i) If we put 1, 1, 2, 2, 1 ; 1 , 1j j j jM N P Q a a b b = = = = = − = − = ,then the operators (3.3.9) and (3.3.10) 

reduce to their Mellin transforms in the following form: 

1

1,2 12
2,2

0

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
Y f X U X U H I UX f U dU

 






+− −
−

−

 

 = − −    

Here     
1 1 2 2

1 1 2 2

( ; ),( ; )

( , ),( , )
[ ( )] ( ) , ,1;

a a

b b
Y f X Y f X

 

 
  =

 
 

And   
1 1 2 2

1 1 2 2

( , ),( , )
1,2 1 1,2 1

2,2 2,2 ( , ),( , )
( ) ( )

a a

b b
H I UX H I UX

 

 

− −  − = −    
 

Then 

( ) 1

1

12
1 1 12

2 1

0

| |
[ ( )] | | | | ; ( ) ( )

( )

m

m

m

m U X

X
Y f X U I UX F I UX f U dU



 




+
− −

+
− −

− −

 


 = − − −    

Where 

( )
1 1 2 2

1

1 2 1 2

1 1

2 2

1

2

m m

m

m m

m

   



   

+ +   
 − +  − +   

    =
+ 

 − − + + 
 

 

( )1

2 1

1

2 1 1 1 2 2 1 2

;

1 1 1
, ; ; ( )

2 2 2

F I UX

m m m
F I UX     

−

−

 − − =
 

+ + + 
− − − − − − − − 

 
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By virtue of the result . 

Taking M -transform on both sides, we get 

  1 2
3 2

( ) ( )
( ( ) ( ; ) [ ( )]

( )

m m

m

M Y f X F I M f U
 



 
= −


 

Where ( )
( )1

2

1

1

2

1

2

m m

m

m

m

  



  

+ 
 +  + 

  =
+ 

 + + + 
 

 

And  

3 2 3 2 1 1 2 2

2 1 1

1 1 1
( ; ) , , ;

2 2 2

1 1
, ;

2 2

m m m
F I F

m m
I

    

    

+ + +
− = − + − + +



+ + 
− + + + + 



, 

1

1,2 12
2,2

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
N f X U U X H I XU f U dU








+
−

−



 = − −    

Where   
1 1 2 2

1 1 2 2

( ; ),( ; )

( , ),( , )
[ ( )] ( ) , ,1;

a a

b b
N f X N f X

 

 
  =

 
 

And         
1 1 2 2

1 1 2 2

( , ),( , )
1,2 1 1,2 1

2,2 2,2 ( , ),( , )
( ) ( )

a a

b b
H I XU H I XU

 

 

− −  − = −    
 

Then 

( ) 1

1

12
1 1 12

2 1

0

| |
[ ( )] | | | | ; ( ) ( )

( )

m

m

m

m U X

X
N f X U I XU F I XU f U dU

 

 
 



+
+ −

+
+ −

− − − −

 


 = − − −    

Where 

( )1

2 1

1

2 1 1 1 2 2 1 2

;

1 1 1
, ; ; ( )

2 2 2

F I XU

m m m
F I XU     

−

−

 − − =
 

+ + + 
− + − + + − − − 

 

 

Taking M -transform on both sides, we get 

 

1

2
1 2

2 1

( 1) ( ) ( )
( ( ) ( ; ) [ ( )]

( )

m

m m

m

M N f X F I M f U



 



+
−

−  
= −


 

(ii) Putting 0, 1, 1, 0, 1, 1 , 1j j j jP Q M N a a b b= = = = = = − = − , then operators (3.3.9) and (3.3.10) reduce 

to their Mellin transform in the following forms: 
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1

1,0 12
0,1 ( ,1)

0

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
Y f X U X U H I UX f U dU

 







+− −
−

− −

 

 = − −
    

Where       
( ,1)

[ ( )] ( ) , ,1;Y f X Y f X


 
− =

 
 

And   
11,0 1 1 ( )

0,1 ( ,1)( ) | | tr i UXH I UX I UX e



−− − − − − − = −
 

 

1

1
12

1 (1 )2

0

| |
| | | | ( )

( )

m
m

tr UX

m U X

X
U I UX e f U dU


 





−

+
− −

+
+ −

− − −

 

= −
   

By virtue of the result . Taking M -transform on both sides, we get 

 
( )

( ( ) [ ( )]
( )

m

m

M Y f X M f U
 



 +
=


 

Also 

1

1,0 12
0,1 ( ,1)

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
N f X U U X H I XU f U dU




 




+
−

− − − −



 = − −
    

Where      
( ,1)

[ ( )] ( ) , ,1;N f X N f X


 
− =

 
 

And         
11,0 1 1 ( )

0,1 ( ,1)( ) | | tr i XUH I XU I XU e



−− − − − − − = −
 

 

1
1 1

1 (1 )2 2
| |

| | | | ( )
( )

m m

tr XU

m U X

X
U I XU e f U dU


  



−
+ +

− − + −
− − −



= −
   

Taking M -transform on both sides, we get 

 
( )

1

2
[ ( )] [ ( )]

m

m

m

M N f X M f U

  



+ 
 − + − 

 =


 

If we put 1;( 1,..., ; 1,..., )j j j P j Q = = = = the operators reduce to G -function given by Vyas . 

Theorem4. If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP orf X M and P     where 

1
Re( )

2

m


+
 ,

1 1 1
Re( ) ,Re( ) ,Re( )

2 2

m m

Q
   

+ +
 −  −  and | arg( ) |I a −  then  

 , ,

1
( )

2
[ ; ( )]

1
( )

2

m m

a

m m

m
s

M R f X
m

s



 

  

   

+ 
 − +  + 

 =
+ 

 − + + +  
 
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1 1

1
; ; [ ( )]

2

m
F s I M f U    

+ 
+ − + + + 

 
                                              (3.3.5) 

Proof: Using the Mellin transform of  

( ),( )

, ,[ ( )] ; ( )r ra b

aR f X R f X 
 =   = 

1

( ), 12
, ( )

0

| |
| | | | ( ) ( )

( )
r

r

m

ap q

r s b

m U X

X
U X U G a I UX f U dU

 






+− −
−

−

 

 − −
                  (3.3.6) 

We get 

 , ,[ ; ( )]aM R f X

  =  

1

1
12

1,0 12
0,1 ( )

0 0

| | | |
| | | | ( ) ( )

( )

m
s

m

b

mX U X

X X
U X U G a I UX f U dU dX

 






+
−

+− −
−

− −

  

 
 − −    

   

Changing the order of integration which is permissible under the conditions stated with the theorem, we 
obtain 

1 1

1,0 12 2
0,1

0

| | | | ( )
m m

s

U X

X X U G a I UX dX
  

+ +
− − − −

−

 


 − −  


 =

1
| | ( )

( )m U X

U f U dU




   

1
1 1

(1 )2 2| | | |
m m

S
tr UX

X U

X X U e dX
     −

+ +
− − − − + −

− −



−  

On evaluating X -integral with the help of result given by Mathai 

1 1 1

( ) 2 2

0

| | | |
m m

tr XZe X I X dX
  

+ +
− − −

− − =
1 1

( ) ( )
[ ; ; ]

( )

m m

m

F Z
  

 


  −
−


    (3.3.7)                        

For 
1 1 1

Re( ) ,Re( ) ,Re( )
2 2 2

m m m
   

+ + +
  −   

We obtain the required result. 

Theorem5. If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP or f X M and P     where 

1
Re( )

2

m


+
 ,

1 1 1 1 1
Re( ) ,Re( ) ,Re( ) , 1

2 2

m m

P P Q
   

+ +
 −  −  + = and | arg( ) |I a −  then  

 , ,

1
( )

2
[ ; ( )]

1
( )

2

m m

a

m m

m
s

M K f X
m

s



 

  

   

+ 
 + +  + 

 =
+ 

 + + + +  
 

 

        
1 1

1
; ; [ ( )]

2

m
F s I M f U    

+ 
+ + + + + 

 
                                            (3.3.8)                        
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Proof: Using the Mellin transform of  

( ),( )

, ,[ ( )] ; ( )r ra b

aK f X K f X 
 =   = 

1

( ), 12
, ( )

| |
| | | | ( ) ( )

( )
r

r

m

ap q

r s b

m U X

X
U X U G a I XU f U dU








+
−

−



 − −
                   (3.3.9) 

We get       , ,[ ; ( )]aM K f X

  =  

1

1
12

1,0 12
0,1 ( )

0

| | | |
| | | | ( ) ( )

( )

m
s

m

b

mX U X

X X
U U X G a I XU f U dU dX




 



+
−

+
−

− − − −

 

 
 − −    

     (3.3.10) 

Changing the order of integration and evaluating X -integral with the help of (3.3.5), we obtain the required 
result. 

When 1, 0, 0, 1, 1M N P Q a= = = = = in (3.3.6) and (3.3.9) reduces to the following from of operators: 

,

, ,1[ ( )] ; ( )R f X R f X 

 
 =   = 

1

1,0 12
0,1

0

| |
| | | | ( ) ( )

( )

m

m U X

X
U X U G a I UX f U dU

 


 




+− −
−

−

 

 − −
                (3.3.11) 

And       
,

, ,1[ ( )] ; ( )K f X K f X 

 
 =   = 

1

1,0 12
0,1

| |
| | | | ( ) ( )

( )

m

m U X

X
U U X G a I UX f U dU

 


  




+− −
−

− − −



 − −
             (3.3.12) 

Theorem6. If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP or f X M and P     where 

1
Re( )

2

m


+
 ,

1 1 1 1 1
Re( ) ,Re( ) ,Re( ) , 1

2 2

m m

Q P Q
   

+ +
 −  −  + = and | arg( ) |I a −  then  

 
( )

( )
, ,1

( )
[ ; ( )] [ ( )]

( ) ( )

m m

m m m

s
M R f X M f U

s



 

    

     

 + − −  +
=

 − + +   −
       (3.3.13)                        

Proof: Using the Mellin transform of (3.3.11), we get 

 , ,1[ ; ( )]M R f X

  =  

1
12

1,0 12
1,1

0 0

| | | |
| | | | ( ) ( )

( )

m
s

m

mX U X

X X
U X U G a I UX f U dU dX

 


 




+
−

+− −
−

−

  

 
 − −    

   

Changing the order of integration which is permissible under the conditions stated with the theorem, we 
obtain 
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 , ,1[ ; ( )]M R f X

  =
0

1
| | ( )

( )m U

U f U dU




   

1 1

1,0 1 2 2
1,1 ( ) | | | |

m m
s

G I XU X X U dX
  





+ +
− − − −

− − −
   

Using the result given by Mathai . 

1

1,0 2
1,1

1
| | | |

( )

m

m

G X X I U
 

 


 

+
− −

  = −
   −

                                            (3.3.14) 

Provided      
1

0 ,Re( )
2

m
X I  

+
  −   

We get    ,

, ,1[ ; ( )]M R f X 

  =
1

2

0

1
| | ( )

( )

m

m U

U f U dU
  



+
− − −


   

1

2
1

| | | |
( )

m

s

m X U

X X U dX
 

 

 

+
+ −

− −



−
 −   

On evaluating X -integral with the help of the following result 

1 1 1

2 2

0

| | | |
m m

X I X dX
 

+ +
− −

− =
( ) ( )

( )

m m

m

 

 

 

 +
                                                (3.3.15) 

For 
1

Re( ) 0,Re( )
2

m
 

+
   

We arrive at the required result. 

Introduction 

Fractional integration is an immediate generalization of repeated integration. Fractional integral operators 
occur in the solutions of linear differential equations, partial differential equations and in the integral 
representations of hypergeometric functions of one or more variables. Riesz  and Garding respectively 
introduced Riemann-Liouville integral of vector and matrix variables and applied them in the solution of 
differential equation associated with Cauchy’s problem. 

 

(a) H -function with matrix argument 

Let X is a p p real symmetric positive definite matrix of functionally independent variables. Let the H -

function of X be denoted by 

  1, 1,

1, 1,

, , ( ; ; ) ,( ; )
, ,

( , ) ,( , ; )

j j j N j j N P

j j M j j j M Q

M N M N a A a
P Q P Q

b b B
H z H z

 

 

+

+

 =
 

1
( )

2

i

i

z d
i

  




− 

=             (3.4.1)                                      
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where        

 

 

1 1

1 1

( ) (1 )

( )

(1 ) ( )

j

j

M N
A

j j j j

j j

Q P
B

j j j j

j M j N

b a

b a

   

 

   

= =

= + = +

 −  − +

=

 − +  −

 

 
            (3.4.2)  

Which contains fractional powers of the gamma functions. Here, and throughout the paper ( 1,..., )ja j p=  

and ( 1,..., )jb j Q= are complex parameters, 0( 1,..., ), 0( 1,..., )j jj P j Q  =  = (not all zero 

simultaneously) and exponents ( 1,..., )jA j N=  and  ( 1,..., )jB j N Q= + can take on non integer values.  

The following sufficient condition for the absolute convergence of the defining integral for the H -function 
given by equation (3.4.1) have been given by (Buschman and Srivastava[1]). 

1 1 1 1

0
QM N P

j j j j j j

j j j M j N

A B   
= = = + = +

  + − −                    (3.4.3) 

and 
1

arg( )
2

z               (3.4.4) 

The behavior of the H -function for small values of z  follows easily from a result recently given by (Rathie 

,p.306,eq.(6.9)). 

We have  

  ( )
,

,
1

0 , min Re , 0
M N

j
P Q

j N j

b
H z z z




 

  
= = →  

  
                       (3.4.5) 

If we take ( ) ( )1 1,..., , 1 1,...,j jA j N B j M Q= = = = + in (1.1), the function 
,

,

M N

P QH  reduces to the Fox’s H-

function [2]. 

It is assumed that ( ) ( )H XY H YX= for real symmetric m m positive definite matrices X and Y , ( )H X is 

defined by the following integral equation: 

1
1 12

0

1 1

1
( ) ( )

2
| | ( )

1
( ) ( )

2

j

j

AM N

m j j m j jm
j j

BQ P
X

m j j m j j

j M j N

m
b a

X H X dX
m

b a



   

   

+
− = =



= + = +

+ 
 −  − + 

 
=

+ 
 − +  − 

 

 


 

     (3.4.6) 

Sethi  discussed the following fractional integral operators involving H -function of matrix arguments: 

1, 1,( , ) ,( , )

, ,[ ( )] ; ( )j j r j j sa b
R f X R f X

 

  
 =
 

 

= 1,

1,

1
( , ), 12

, ( , )

0

| |
| | | | ( ) ( )

( )

j j r

j j s

m
ap q

r s b

m U X

X
U X U H I UX f U dU

 
 




+− −
−

−

 

 − −
          (3.4.7) 

1, 1,( , ) ,( , )

, ,[ ( )] ; ( )j j r j j sa b
K f X K f X

 

  
 =
 

= 
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1,

1,

1
( , ), 12

, ( , )

| |
| | | | ( ) ( )

( )

j j r

j j s

m
ap q

r s b

m U X

X
U U X H I XU f U dU


  




+
−

− − −



 − −
           (3.4.8) 

Where 11 1 21( ) ( ,..., , ,..., )m mmf X f x x x x= be a real bounded function of a complex parameter. 

(b) Matrix transform 

A generalized matrix transform or M-transform of a function ( )f X of a m m real symmetric positive 

definite or strictly negative definite matrix X is defined as follows: 

1

2

0

( ) | | ( ) ( 0)
m

s

f

X

M s X f X dX X
+

−



=                                                   (3.4.9) 

Whenever ( )fM s exists. Also ( )f X is assumed to be a symmetric function i.e. 

( )
1 1

2 2( ) ( )f BX f XB f B XB= = for ' 0B B=  . When 0X  replace X by X− in M -transform. 

(c) Integral operators involving H -function 

1, 1,

1, 1,

( ; ; ) ,( ; )

( , ) ,( , ; )
[ ( )] ( ) , , ; j j j N j j N P

j j M j j j M Q

a A a

b b B
Y f X Y f X

 

 
   +

+

 =
 

= 

1, 1,

1, 1,

1
, ( ; ; ) ,( ; )12

, ( , ) ,( , ; )

0

| |
| | | | (1 ) ( )

( )

j j j N j j N P

j j M j j j M Q

m
M N a A a
P Q b b B

m U X

X
U X U H UX f U dU

 
  

 


+

+

+− −
−

−

 

 − −
     (3.4.10) 

1, 1,

1, 1,

( ; ; ) ,( ; )

( , ) ,( , ; )
[ ( )] ( ) , , ; j j j N j j N P

j j M j j j M Q

a A a

b b B
N f X N f X

 

 
   +

+

 =
 

= 

1, 1,

1, 1,

1
, ( ; ; ) ,( ; )12

, ( , ) ,( , ; )

| |
| | | | ( ) ( )

( )

j j j N j j N P

j j M j j j M Q

m
M N a A a
P Q b b B

m U X

X
U U X H I XU f U dU


   

 


+

+

+
−

− − −



 − −
  

 (3.4.11)

 

The above defined operators exists under the following conditions: 

(i) 
1 1

1, , 1,| arg( ) |P Q I a
P Q

   + = −   

(ii) (
1 1 1

Re( ) ,Re( ) ,Re( )
2

m

Q P
  

+
    

(iii) 
1

1
Re( min )

2

j

j M
j

b m


 

+
+  , (iv) ( ) (0, )Pf X L  . 

The last condition ensures that [ ( )]Y f X and [ ( )]N f X both exist and also both belong to (0, )PL  . 

 Main Results 

The following theorems of the operators defined by (3.4.10) and (3.4.11) have been established in the 
expression of matrix transform: 
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Theorem 1: If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP orf X M and P     where 

1

1
Re( min )

2

j

j M
j

b m


 

+
+  ,

1 1 1
Re( ) ,Re( ) ,Re( 1)

2 2

m m
t t

Q
 

+ +
 −  − +  and | arg( ) |I a −  then  

 

1

2
[ ( )]

( )

m

m

m
t

M Y f X





+ 
 − + 

 
=


 

1, 1,

1, 1,

1
,1;1 ,( ; ; ) ,( ; ), 1

2
1, 1 1

( , ) ,( , ; ) , ,1;1
2

[ ( )]
j j j N j j N P

j j M j j j M Q

m
a A aM N

P Q m
b b B t

H I M f U
 

   


+

+

+ 
+  

 
+ + + 

− − − 
 

 
 
  

                                   (3.5.1) 

Where I is m m identity matrix. 

Proof: Taking the matrix transform of equation (3.4.10), we get 

 [ ( )]M Y f X =

1

2

0

| |
| |

( )

m
t

mX

X
X

 



+ − −
−







  

1, 1,

1, 1,

1
, ( ; ; ) ,( ; )12

, ( , ) ,( , ; )

0

| | | | ( ) ( )j j j N j j N P

j j M j j j M Q

m
M N a A a
P Q b b B

U X

U X U H I UX f U dU dX
  

  +

+

+
−

−

 


 − −  


  

Changing the order of integration which is permissible under the conditions stated with the theorem, we 
obtain 

 [ ( )]M Y f X =
1

( )m 
0

| | ( )
X

U f U dU



  

1, 1,

1, 1,

1 1
, ( ; ; ) ,( ; )12 2

, ( , ) ,( , ; )

0

| | | | ( ) j j j N j j N P

j j M j j j M Q

m m
t M N a A a

P Q b b B

U X

X X U H I UX dX
    

  +

+

+ +
− − − −

−

 


 − −  


  

On evaluating X -integral with the help of the result given by Mathai and Saxena , 

1,

1,

1 1 1
( , ),2 2

, ( , )

0

| | | | | | j j r

j j s

m m
ap q

r s b
X I X H XZ dX

  



+ +
− −

 − =
   

1,

1,

1
,1 ,( , )

, 1 2

1, 1 1
( , ) , ,1

2

( ) | |
j j r

j j s

m
a

p q

m r s m
b

H Z
 

  


+ 
− +  

+ + + 
− − 

 

 
  

  

   

Where 
1

1
Re( min )

2

j

j M
j

b m


 

+
+  and 

1
Re( ) 1

2

m


+
 − . 

We obtain the required result. 
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Theorem 2: If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP orf X M and P     where 

1

1
Re( min )

2

j

j M
j

b m


 

+
+  ,

1 1 1
Re( ) ,Re( ) ,Re( )

2 2

m m
t t

Q
 

+ +
 −  +  and | arg( ) |I a −  then  

 
( )1

[ ( )]
( )

m

m

M N f X




 +
=


 

1, 1,

1, 1,

1
,1;1 ,( ; ; ) ,( ; ), 1

2
1, 1 1

( , ) ,( , ; ) , ,1;1
2

[ ( )]
j j j N j j N P

j j M j j j M Q

m
a A aM N

P Q m
b b B

H I M f U
  

   


+

+

+ 
−+  

 
+ + + 

− − 
 

 
 
  

                                (3.5.2) 

Where I is m m identity matrix. 

Proof: Taking the matrix transform of equation (3.4.11), we get 

 [ ( )]M N f X =

1

2

0

| |
| |

( )

m

mX

X
X






+
−







  

1, 1,

1, 1,

1
, ( ; ; ) ,( ; )12

, ( , ) ,( , ; )| | | | ( ) ( )j j j N j j N P

j j M j j j M Q

m
M N a A a
P Q b b B

U X

U U X H I XU f U dU dX
   

  +

+

+
−

− − −




 − −  




     

(3.5.3) 

And changing the order of integration and evaluation X -integral with the help of (3.5.3), we obtain the 
required result. 

Theorem 3: If ( ) (0, ), ( ) (0, )P Pf X L g X L    where 

1

1
Re( min )

2

j

j M
j

b m


 

+
+  ,

1 1 1 1
Re( ) ,Re( ) ,Re( ) max

2

m

Q P Q
  

 +
 −   + 

 
and | arg( ) |I a −  then  

1, 1,

1, 1,

( ; ; ) ,( ; )

( , ) ,( , ; )

0

( ) ( ) , , ; j j j N j j N P

j j M j j j M Q

a A a

b b B

X

f X Y g X dX
 

 
   +

+



 
  = 

1, 1,

1, 1,

( ; ; ) ,( ; )

( , ) ,( , ; )

0

( ) ( ) , , ; j j j N j j N P

j j M j j j M Q

a A a

b b B

X

g X N f X dX
 

 
   +

+



 
                                    (3.5.4) 

Proof: Equation (3.5.4) immediately follows on interpreting it with the help of equations (3.4.10) and 
(3.4.11). 

 

 

Special Cases 

(i) If we put 1, 1, 2, 2, 1 , 1j jM N P Q A B = = = = = = = ,then the operators (3.4.10) and (3.4.11) reduce to 

their Mellin transforms in the following form: 

1

1,2 12
2,2

0

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
Y f X U X U H I UX f U dU

 






+− −
−

−

 

 = − −    
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Here  1 1 2 2 1,2

1 1 2 2 1,2

( ; ;1),( ; )

( , ),( , ;1)
[ ( )] ( ) , ,1;

a a

b b
Y f X Y f X

 

 
  =

 
 

And  

1 1 2 2

1 1 2 2

( , ;1),( , )
1,2 1 1,2 1

2,2 2,2 ( , ),( , ;1)
( ) ( )

a a

b b
H I UX H I UX

 

 

− −  − = −    
 

Then 

( ) 1

1

12
1 1 12

2 1

0

| |
[ ( )] | | | | ; ( ) ( )

( )

m

m

m

m U X

X
Y f X U I UX F I UX f U dU



 




+
− −

+
− −

− −

 


 = − − −    

Where     ( )
1 1 2 2

1

1 2 1 2

1 1

2 2

1

2

m m

m

m m

m

   



   

+ +   
 − +  − +   

    =
+ 

 − − + + 
 

 

( )1

2 1

1

2 1 1 1 2 2 1 2

;

1 1 1
, ; ; ( )

2 2 2

F I UX

m m m
F I UX     

−

−

 − − =
 

+ + + 
− − − − − − − − 

 

 

By virtue of the result. 

Taking M -transform on both sides, we get 

  1 2
3 2

( ) ( )
( ( ) ( ; ) [ ( )]

( )

m m

m

M Y f X F I M f U
 



 
= −


 

Where ( )
( )1

2

1

1

2

1

2

m m

m

m

m

  



  

+ 
 +  + 

  =
+ 

 + + + 
 

 

And  

3 2 3 2 1 1 2 2

2 1 1

1 1 1
( ; ) , , ;

2 2 2

1 1
, ;

2 2

m m m
F I F

m m
I

    

    

+ + +
− = − + − + +



+ + 
− + + + + 



, 

1

1,2 12
2,2

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
N f X U U X H I XU f U dU








+
−

−



 = − −    

Where        1 1 2 2 1,2

1 1 2 2 1,2

( ; ;1),( ; )

( , ),( , ;1)
[ ( )] ( ) , ,1;

a a

b b
N f X N f X

 

 
  =

 
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And 
1 1 2 2

1 1 2 2

( , ;1),( , )
1,2 1 1,2 1

2,2 2,2 ( , ),( , ;1)
( ) ( )

a a

b b
H I XU H I XU

 

 

− −  − = −    
 

Then 

( ) 1

1

12
1 1 12

2 1

0

| |
[ ( )] | | | | ; ( ) ( )

( )

m

m

m

m U X

X
N f X U I XU F I XU f U dU

 

 
 



+
+ −

+
+ −

− − − −

 


 = − − −    

Where 

( )1

2 1

1

2 1 1 1 2 2 1 2

;

1 1 1
, ; ; ( )

2 2 2

F I XU

m m m
F I XU     

−

−

 − − =
 

+ + + 
− + − + + − − − 

 

 

Taking M -transform on both sides, we get 

 

1

2
1 2

2 1

( 1) ( ) ( )
( ( ) ( ; ) [ ( )]

( )

m

m m

m

M N f X F I M f U



 



+
−

−  
= −


 

(ii) Putting 0, 1, 1, 0, 1, 1j jP Q M N A B= = = = = = = , then operators (3.4.10) and (3.4.11) reduce to their 

Mellin transform in the following forms: 

1

1,0 12
0,1 ( ,1)

0

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
Y f X U X U H I UX f U dU

 







+− −
−

− −

 

 = − −
    

Where      
( ,1)

[ ( )] ( ) , ,1;Y f X Y f X


 
− =

 
 

And    
11,0 1 1 ( )

0,1 ( ,1)( ) | | tr i UXH I UX I UX e



−− − − − − − = −
 

 

1

1
12

1 (1 )2

0

| |
| | | | ( )

( )

m
m

tr UX

m U X

X
U I UX e f U dU


 





−

+
− −

+
+ −

− − −

 

= −
   

Taking M -transform on both sides, we get 

 
( )

( ( ) [ ( )]
( )

m

m

M Y f X M f U
 



 +
=


 

Also 

1

1,0 12
0,1 ( ,1)

| |
[ ( )] | | | | ( ) ( )

( )

m

m U X

X
N f X U U X H I XU f U dU




 




+
−

− − − −



 = − −
    

Where          
( ,1)

[ ( )] ( ) , ,1;N f X N f X


 
− =

 
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And  
11,0 1 1 ( )

0,1 ( ,1)( ) | | tr i XUH I XU I XU e



−− − − − − − = −
 

 

1
1 1

1 (1 )2 2
| |

| | | | ( )
( )

m m

tr XU

m U X

X
U I XU e f U dU


  



−
+ +

− − + −
− − −



= −
   

Taking M -transform on both sides, we get 

 
( )

1

2
[ ( )] [ ( )]

m

m

m

M N f X M f U

  



+ 
 − + − 

 =


 

If we put 1;( 1,..., ; 1,..., )j j j P j Q = = = = the operators reduce to G -function given by Vyas . 

Theorem4. If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP orf X M and P     where 

1
Re( )

2

m


+
 ,

1 1 1
Re( ) ,Re( ) ,Re( )

2 2

m m

Q
   

+ +
 −  −  and | arg( ) |I a −  then  

 , ,

1
( )

2
[ ; ( )]

1
( )

2

m m

a

m m

m
s

M R f X
m

s



 

  

   

+ 
 − +  + 

 =
+ 

 − + + +  
 

 

        
1 1

1
; ; [ ( )]

2

m
F s I M f U    

+ 
+ − + + + 

 
                                         (3.5.5) 

Proof: Using the Mellin transform of  

( ),( )

, ,[ ( )] ; ( )r ra b

aR f X R f X 
 =   = 

1

( ), 12
, ( )

0

| |
| | | | ( ) ( )

( )
r

r

m

ap q

r s b

m U X

X
U X U G a I UX f U dU

 






+− −
−

−

 

 − −
            (3.5.6) 

We get       , ,[ ; ( )]aM R f X

  =  

1

1
12

1,0 12
0,1 ( )

0 0

| | | |
| | | | ( ) ( )

( )

m
s

m

b

mX U X

X X
U X U G a I UX f U dU dX

 






+
−

+− −
−

− −

  

 
 − −    

   

Changing the order of integration which is permissible under the conditions stated with the theorem, we 
obtain 

1 1

1,0 12 2
0,1

0

| | | | ( )
m m

s

U X

X X U G a I UX dX
  

+ +
− − − −

−

 


 − −  


 =

1
| | ( )

( )m U X

U f U dU




   

1
1 1

(1 )2 2| | | |
m m

S
tr UX

X U

X X U e dX
     −

+ +
− − − − + −

− −



−  
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On evaluating X -integral with the help of result given by Mathai 

1 1 1

( ) 2 2

0

| | | |
m m

tr XZe X I X dX
  

+ +
− − −

− −  

=
1 1

( ) ( )
[ ; ; ]

( )

m m

m

F Z
  

 


  −
−


                                                                   (3.5.7) 

For 
1 1 1

Re( ) ,Re( ) ,Re( )
2 2 2

m m m
   

+ + +
  −   

We obtain the required result. 

Theorem5. If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP orf X M and P     where 

1
Re( )

2

m


+
 ,

1 1 1 1 1
Re( ) ,Re( ) ,Re( ) , 1

2 2

m m

P P Q
   

+ +
 −  −  + = and | arg( ) |I a −  then  

 , ,

1
( )

2
[ ; ( )]

1
( )

2

m m

a

m m

m
s

M K f X
m

s



 

  

   

+ 
 + +  + 

 =
+ 

 + + + +  
 

 

        
1 1

1
; ; [ ( )]

2

m
F s I M f U    

+ 
+ + + + + 

 
                            (3.5.8)                        

Proof: Using the Mellin transform of  

( ),( )

, ,[ ( )] ; ( )r ra b

aK f X K f X 
 =   = 

1

( ), 12
, ( )

| |
| | | | ( ) ( )

( )
r

r

m

ap q

r s b

m U X

X
U X U G a I XU f U dU








+
−

−



 − −
                (3.5.9) 

We get         , ,[ ; ( )]aM K f X

  =  

1

1
12

1,0 12
0,1 ( )

0

| | | |
| | | | ( ) ( )

( )

m
s

m

b

mX U X

X X
U U X G a I XU f U dU dX




 



+
−

+
−

− − − −

 

 
 − −    

     (3.5.10) 

Changing the order of integration and evaluating X -integral with the help of (3.5.6), we obtain the required 
result. 

When 1, 0, 0, 1, 1M N P Q a= = = = = in (3.5.6) and (3.5.9) reduces to the following from of operators: 

,

, ,1[ ( )] ; ( )R f X R f X 

 
 =   = 

1

1,0 12
0,1

0

| |
| | | | ( ) ( )

( )

m

m U X

X
U X U G a I UX f U dU

 


 




+− −
−

−

 

 − −
                  (3.5.11) 



www.discoveryjournals.org  l   OPEN ACCESS 

P
ag

e5
2

9
 

And  
,

, ,1[ ( )] ; ( )K f X K f X 

 
 =   = 

1

1,0 12
0,1

| |
| | | | ( ) ( )

( )

m

m U X

X
U U X G a I UX f U dU

 


  




+− −
−

− − −



 − −
              (3.5.12) 

Theorem6. If ( ) (0, )Pf X L  1 2[ ( ) (0, ) 2]PP orf X M and P     where 

1
Re( )

2

m


+
 ,

1 1 1 1 1
Re( ) ,Re( ) ,Re( ) , 1

2 2

m m

Q P Q
   

+ +
 −  −  + = and | arg( ) |I a −  then  

 
( )

( )
, ,1

( )
[ ; ( )] [ ( )]

( ) ( )

m m

m m m

s
M R f X M f U

s



 

    

     

 + − −  +
=

 − + +   −
        (3.5.13)                        

Proof: Using the Mellin transform of (3.5.11), we get 

 , ,1[ ; ( )]M R f X

  =  

1
12

1,0 12
1,1

0 0

| | | |
| | | | ( ) ( )

( )

m
s

m

mX U X

X X
U X U G a I UX f U dU dX

 


 




+
−

+− −
−

−

  

 
 − −    

   

Changing the order of integration which is permissible under the conditions stated with the theorem, we 
obtain 

 , ,1[ ; ( )]M R f X

  =
0

1
| | ( )

( )m U

U f U dU




   

1 1

1,0 1 2 2
1,1 ( ) | | | |

m m
s

G I XU X X U dX
  





+ +
− − − −

− − −
   

Using the result given by Mathai . 

1

1,0 2
1,1

1
| | | |

( )

m

m

G X X I U
 

 


 

+
− −

  = −
   −

                                        (3.5.14) 

Provided  
1

0 ,Re( )
2

m
X I  

+
  −   

We get      ,

, ,1[ ; ( )]M R f X 

  =
1

2

0

1
| | ( )

( )

m

m U

U f U dU
  



+
− − −


   

1

2
1

| | | |
( )

m

s

m X U

X X U dX
 

 

 

+
+ −

− −



−
 −   

On evaluating X -integral with the help of the following result 

1 1 1

2 2

0

| | | |
m m

X I X dX
 

+ +
− −

− =
( ) ( )

( )

m m

m

 

 

 

 +
                                                  (3.5.15) 
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For 
1

Re( ) 0,Re( )
2

m
 

+
   

We arrive at the required result. 
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ON A GENERALIZED PROBABILTY DISTRIBUTION,BOUNDARY VALUE PROBLEM AND EXPANSION 
FORMULA IN ASSOCIATION WITH A CERTAIN GENERALIZED HYPERGEOMETRIC FUNCTION WITH 
APPLICATION 

In the present paper, a probability function ( )P x has been introduced in terms of the H -function and its 

properties are studied. It is shown that the classical non-central distributions such as, non-central chi-
square, non-central Student- t , non-central F and almost all classical central continuous distributions can 
be obtained as special cases of this general density function. This general density function ( )P x is 

introduced with the hope that any density function, which can be represented in terms of any known special 
function as well as the density of the ratio of any two independent stochastic variables whose density 
functions can be represented in terms of any known special functions, is contained in ( )P x as a special case. 

The properties of ( )P x , discussed in this paper, include the characteristic function, moments, recurrence 

relationship among moments and the distribution function. 

Introduction 

The H -function occurring in the paper will be defined and represented by Inayat-Hussain  as follows: 

  1, 1,

1, 1,

, , ( ; ; ) ,( ; )
, ,

( , ) ,( , ; )

j j j N j j N P

j j M j j j M Q

M N M N a A a
P Q P Q

b b B
H z H z

 

 

+

+

 =
 

1
( )

2

i

i

z d
i

  




− 

=           (4.1.1)                                      

where        

 

 

1 1

1 1

( ) (1 )

( )

(1 ) ( )

j

j

M N
A

j j j j

j j

Q P
B

j j j j

j M j N

b a

b a

   

 

   

= =

= + = +

 −  − +

=

 − +  −

 

 
           (4.1.2)  

Which contains fractional powers of the gamma functions. Here, and throughout the paper ( 1,..., )ja j p=  

and ( 1,..., )jb j Q= are complex parameters, 0( 1,..., ), 0( 1,..., )j jj P j Q  =  = (not all zero 

simultaneously) and exponents ( 1,..., )jA j N=  and  ( 1,..., )jB j N Q= + can take on non integer values.  

The following sufficient condition for the absolute convergence of the defining integral for the H -function 
given by equation (4.1.1) have been given by (Buschman and Srivastava). 

1 1 1 1

0
QM N P

j j j j j j

j j j M j N

A B   
= = = + = +

  + − −              (4.1.3) 

and 
1

arg( )
2

z                 (4.1.4) 

The behavior of the H -function for small values of z  follows easily from a result recently given by (Rathie 

,p.306,eq.(6.9)). 

We have  
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  ( )
,

,
1

0 , min Re , 0
M N

j
P Q

j N j

b
H z z z




 

  
= = →  

  
                    (4.1.5) 

If we take 1( 1,2,..., ), 1( 1,..., )j jA j N B j M Q= = = = + in (1.1), the function 
,

, [.]
M N

P QH reduces to the Fox’s 

H -function . 

The following series representation for the H -function will be required in the sequel (see Rathie, pp.305-
306,eq.(6.8)): 

( ) ( )

( ) ( )
1, 1,

1, 1,

, ; , ,,

,
, , , ;

j j j j jN N P

j j j j j
M M Q

a A aM N

P Q
b b B

H z
 

 

+

+

 
= 

 
 

   

( ) ( ) 

( )  ( )

,

, ,

1 0 1 1

, ,

1 1

1 ( 1)

1 !

j
h r

j

M NM A
r

j j h r j j h r

h r j j
j h

Q PB

j j h r j j h r h

j M j N

b a z

b a r


   

    



= = = =


= + = +

 −  − + −

 − +  −

 

 
                     (4.1.6) 

Where        
( )

,

h

h r

h

b r




+
= . 

 Some Definitions and Preliminary Results 

Result 1.  

1
, *
, *1

0
(1 ) (1 )

s
k

m n A
p q Bk k

x ax
H dx

bx bx





 −

−

  
=  

+ +   
  

1 1kk b
k





−

−  
 − − 

 

1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s
s Am n

k
p q B s

a
H

b





 
− −+  

 
+ + − −

  
  
   

                                           (4.2.1) 

Where Re 0
j

j

b
ks



 
−   

 

for 1,2,..., ;Re( ) 0, 0, 0j m k k k b = − +    and Re(.) means the real part of 

(.) . 

This result follows easily from the fact that, 

1

1 1

0

1

(1 )
(1 )

k

k

k b
k k

x bx dx



 

 




−
−



− −

   
  − −   

   + =
 −                                           (4.2.2) 

Where ( ), 0,0 Re ,Re 1b k
k




 
  − 

 
 on employing (4.1.1). 

Result 2 
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1
, *
, *1

0
(1 ) (1 )

s
k

m ndx A
p q Bk k

x ax
e H dx

bx bx





 −
−

−

  
=  

+ +   
  

( )

1

0

( 1)
1

!

rr r

k

r

d r
k b

r k





+ −

−

=

− + 
 − − 

 


1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s r
s Am n

k
p q B s

a
H

b





+ 
− −+  

 
+ + − −

  
  
   

        (4.2.3) 

Where ( )Re( ) 0,Re Re 1 ,Re 0, 0
j

j

b
d ks b

k


 



  
  − −         

.  

The result follows by expanding dxe− and integrating term by term by applying result 1. 

Result 3 

1
,

1 *
, *

0

1
m n

v A
p q B

x
x H ax dx

y





−

−  
 − =   

 
 ( ) ( ) ( ), 1 1 , ;1 , *

1, 1 *,(1 , ;1)

m n v Av
p q B vy H ay



 
+ − −

+ + − − −
 
 

  (4.2.4) 

Where Re 0
j

j

b
v



 
−   

 

for 1,2,..., ;Re( ) 0j m =  . 

 A General Probability Function 

Here, we introduce a general probability density function ( )P x by using the most generalized function, 

namely the H -function. Such a generalized form is not necessary to obtain all the classical central and non-
central distributions as special cases form this general distribution. Special cases which can be expressed in 
more compact form are given later. Without any loss of generality the function ( )P x is assumed to be non-

negative since the parameters can always be chosen in such a way that ( )P x is always non-negative and still 

several parameters will be left to our choice so that several classes of non-negative functions can be 
obtained as special cases and the general nature of ( )P x is not lost either. 

 

1
,

*
, *1(1 ) (1 )

( )
( )

s
k

m n
dx A

p q Bk k

x ax
e H

bx bx
P x

C d





−
−

−

  
  

+ +   =                                                     (4.3.1) 

For 0x  and ( ) 0P x = elsewhere, where 

( )

1

0

( 1)
( ) 1

!

rr r

k

r

d r
C d k b

r k





+ −

−

=

− + 
=  − − 

 


1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s r
s Am n

k
p q B s

a
H

b





+ 
− −+  

 
+ + − −

  
  
   

 (4.3.2) 

It should be pointed out the factor 1 1(1 )kx bx − −+ can be absorbed inside the H -function but it is written 

outside for convenience of manipulation later and when 0, ( )d C d= can be written in a simple compact 

form as, 
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1(0) 1kC k b
k





−

−  
=  − − 

 

1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s
s Am n

k
p q B s

a
H

b





 
− −+  

 
+ + − −

  
  
   

                        (4.3.3) 

Then the probability function ( )P x reduces to 

1
,

*
, *1(1 ) (1 )

( )
(0)

s
k

m n
A

p q Bk k

x ax
H

bx bx
q x

C





−

−

  
  

+ +   =                                                  (4.3.4) 

Almost all the classical central and non-central distributions can be obtained from ( )q x which will be seen 

later. In order to obtain all the useful classical central and non-central distributions as special cases it is not 
necessary to take  general density function in the form of ( )P x . In the light of the result 2 and 3 of section 2 

it is easily seen that  

0

( ) 1P x dx



=  

 Special Cases 

If we put 1j jA B= =  in (4.2.1), (4.2.3) and (4.2.4), we get the result given by Mathai and Saxena  with a little 

simplification as: 

1,

1,

1
( , ),

, ( , )1

0
(1 ) (1 )

j j p

j j q

s
k

am n

p q bk k

x ax
H dx

bx bx






 −

−

  
=  

+ +   
  

1 1kk b
k





−

−  
 − − 

 

1,

1,

1 , ,( , )
, 1

1, 1 ( , ) ,(2 , )

j j p

j j q

s
s a

m n k

p q b s

a
H

b




 

 
− − +  

+ + − −

  
  
   

                                              (4.4.1) 

With the conditions given in (2.1). 

1,

1,

1
( , ),

, ( , )1

0
(1 ) (1 )

j j p

j j q

s
k

adx m n

p q bk k

x ax
e H dx

bx bx






 −
−

−

  
=  

+ +   
  

( )

1

0

( 1)
1

!

rr r

k

r

d r
k b

r k





+ −

−

=

− + 
 − − 

 


1,

1,

1 , ,( , )
, 1

1, 1 ( , ) ,(2 , )

j j p

j j q

s r
s a

m n k

p q b s

a
H

b




 

+ 
− − +  

+ + − −

  
  
   

          (4.4.2) 

With the conditions given in (4.2.3). 

1,

1,

1

( , )1 ,

, ( , )

0

1 j j p

j j q

am n v

p q b

x
x H ax dx

y







−

−    − =    
 ( ) ( ) ( ) 1,

1,

1 , ,( , ), 1

1, 1 ( , ) ,(1 , )
j j p

j j q

v am n v

p q b vy H ay
 

  
− −+

+ + − − −
 
 

(4.4.3) 

With the conditions given in (4.2.4). 

Non-central Chi-square Distribution: The density function for the non-central chi-square is given by  
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2
12

22 12 2
2

0

1 1
0

22
!

2

0,( )

kr r
x

r k

r

e e x for x
k

r r

elsewherem x








 
+−   −  + −

=

   
          + 

 



=                                              (4.4.4) 

Put 
2

1 2 1 2 2

1
, 1, , 1, 0, 0, 1 , 1, , 1

2 2 2 4
j j

k k
d s k b b b a A B


   


= = = = = = = = − = = = = = in ( )P x .Using the 

formula, 

2 2
1,0

0,2 0 12 2
0,1 ;

2 4 2 2 4

k k k x
G F

 

 

      
 − − =      

      
                                           (4.4.5) 

And letting 0, ( )b P x→ reduces to ( )m x after a little simplification. In order to obtain the non-central F , 

non-central Beta, Student- t and a number of classical central distributions we need consider only ( )q x or 

( )P x when 0d = and it may be noticed that ( )q x is in a compact form. 

Non-central F   Distribution : The density function for non-central F is given by 

2 1
2 2

2

0 2

1 2
0

2 !
(1 )2 2

0;( )

k
rr

k m
rm

k m
r

x
e for x

k mr
r x

elsewhereg x




+ −−

+
+=

+ 
 +      

            +     +
   



=                                                        (4.4.6) 

By putting 

1 2 1 2 10, 1, , 1, 1, 1, 1 , 1, 1 ,
2 2 2 2

k m k k k m
d s k b b b a   

+ +
= = + = = = = = = − = = = −

1 1 21 , 1, 1, 2j jA B m n p q  = = = = = = = = = , the H -function reduces to the G -function of the desired 

form here. Then by using the general properties that, 

( )1,1 (1 ) 1 1
1,2 (0,1 )

( ) ( ; ; )

( )

a

c

a F a z x
G x

c

−

−

 −
=


and ( )1,0

0,1 0 xG x e−=                               (4.4.7) 

( )P x Reduces to ( )g x . By a simple change of variables we get the non-central Beta distribution, with the 

density function, 

2
21 1

2 2 2
1 1

2
(1 ) ; ; ; 0 1

2 2 2

2 2

1 0;( )

k m
m k

k m k x
e x x F for x

m k

elsewhereg x


− − −

+ 
   + 

−             
   =                                                 (4.4.8) 

It may be noted that the conditional distribution of the multiple correlation coefficient under the condition 
of given values of the observations on the variables in a multivariable normal case, is a non-central Beta 
distribution. 

Non-central Student- t Distribution: The density function for the non-central Student- t distribution is 
given by: 
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( )

2
2 2 2

2 2
2

0

1
2 2

1 2

2 !
( ) ;

2

r
v

r

v

r x
e

r x
h x x

x


 







−

=

+

  + + 
   

+   = −    
 

 + 
 


                      (4.4.9) 

Where  is the non-centrality parameter and k is the degrees of freedom. For convenience we will take the 
distribution in the folded form, that is 

1( ) 2 ( ) 0

0,

h x h x for x

elsewhere

= 

=
                                                                                           (4.4.10) 

Put 1 1 1

3 1
0, 1, 1, 1, 0, 1, ,

2 2

v v
d b b a  

+ −
= = + = = = = =

1

1
1 , , 1, 2

2
j jA B m n p q k= = = = = = = = , 

replace b by 
1

v
and a by 

22

v


. Then ( )P x reduces to 1( )h x . 

The generalized hypergeometric function: The authors in introduced a general probability distribution from 
where the following distributions were obtained as special cases: the general hypergeometric distribution, 
the generalized gamma, gamma, generalized , 'F F , Student- t , Beta, Exponential, Cauchy, Weibull, Raleigh, 

Waiting time and logistic. The density function employed was, 

( )
1

2 1

( ) ( )

, ; ; ; , 0, 0, 0

( )

0;( )

c

ce

e

c
ea x

c ce
F ax for x c

c c c e e

e e e

elsewheref x


 

 
  

 


−− 
   

− − 
−   

− −     
        

     =                                    (4.4.11) 

This can be obtained as a special case from ( )P x by making the following substitutions. Put 

1 2 1 2 1 2 1 2, 0, 0, 1, 1 , 1 , 0, 1 , , 1c d b s a a b b k c       = = = = = − = − = = − = = = = =  

1j jA B= = .Using the formula 

1,2 (1 ,1),(1 ,1)

2,2 (0,1),(1 ,1) 2 1

( ) ( )
( , ; ; )

( )

a b

c

a b
H x F a b c x

c

− −

−

 
  = −
  

                                           (4.4.12) 

We get ( )f x from ( )P x after a little simplification. 

The Ratio Distribution: The ratio distribution can be obtained as: 

, (1 , ;1), *
,1 2 *,(1 , ;1)

( ) ( ) 0
2

2 0,( )

m n m n b Aq qr
p q p q B ap p

x
r H x for x

elsewheref x





   

−
+ + −
+ + −

  
  =                                                        (4.4.13) 

Where 

1 1

1 1

1

( )

1

j

j

B
q p

j j

k k k k

k m k n

j A
pn

j j

k k k k

k k n

b a
r r

a b
r r

 
 

 
 

 

= + = +

= = +

    
 − −  +    

    =
    

 − −  +    
    

 

 
                           (4.4.14)
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From the structure of 2 ( )f x itself it is evident that 2 ( )f x can be obtained from ( )P x by making suitable 

changes in the parameters. Thus ( )P x also contains the density function of the ratio of two independent 

stochastic variables whose density functions can be expressed in terms of any known special function. 

The Characteristic Function and Moments 

Since the characteristic function is defined as 

( )
0

( ) ( )itx itxt E e e P x dx


= =                                                                                    (4.5.1) 

Where ( 1)i = − , it can be easily obtained by replacing the parameter d by d it− and 

hence
( )

( )
( )

C d it
t

C d


−
=                                                                                               (4.5.2) 

Where ( )C d is given in (4.3.2). Hence the moments and cumulates can be evaluated without much difficulty. 

Moments: The thv moment about the origin, vM is obtained by replacing  by v + in (4.3.1) and then 

taking the ratio of the normalizing factors in ( )P x . That is 

( , )

( , )
v

C d v
M

C d





+
=                                                                                                       (4.5.3) 

Where 

1

0

( 1)
( , ) 1

!

rr
r k

r

r
C d d k b

r k




 
+ −

−

=

− + 
=  − + − 

 
  

1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s r
s Am n

k
p q B s

a
H

b





+ 
−+  

 
+ + −

  
  
   

  (4.5.4) 

And if 0d = , this reduces to 
(0, )

(0, )

C r

C





+
, where 

1(0, ) 1kC k b
k




 
−

−  
=  − + − 

 

1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s
s Am n

k
p q B s

a
H

b





 
−+  

 
+ + −

  
  
   

                                       (4.5.5) 

A Recurrence Relationship: A recurrence relationship among 1,v vM M − and 1vM + can be obtained by using 

the recurrence relationships for the H -function. 

1

,

0

1 ( 1)
1

( ) !

r vr
r k

v

r

r v
M d k b

C d r k








+ + −
−

=

− + + 
=  − + − 

 
   

1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s r v
s Am n

k
p q B s

a
H

b





+ + 
−+  

 
+ + −

  
  
   

 (4.5.6) 

Where ( )C d is given in (4.3.2) . On applying the recurrence formula for the H -function. 

( ) 1, 1,

1, 1, 1 1

, ( ; ; ) ,( ; )
,1 ( , ) ,( , ; ) ,( , ; )1 j j j N j j N P

j j M j j j M Q Q Q

M N a A a
P Qq b b B b Ba b H x

 

  
+

+ −

 − +
 

= 

1 1 1 2, 1, 1, 1,

1, 1, 1 1 1, 1, 1 1

, ,( 1, ; ),( ; ; ) ,( ; ) ( ; ; ) ,( ; )
, ,( , ) ,( , ; ) ,( , ; ) ( , ) ,( , ; ) ,( 1, ; )

j j j N j j N P j j j N j j N P

j j M j j j M Q Q Q j j M j j j M Q Q Q

M N M Na A a A a a A a
P Q P Qb b B b B b b B b BH x H x

    

     
+ +

+ − + −

−

+
   −
   

   (4.5.7) 
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To vM of (4.5.3), we see that vM is equal to 

 1

0

1 ( 1)
2 2

( ) !

r vr
r k

r

r v r v
d k b

C d r k k


 

 
+ + −

−

=

− + + + +   
− + −  − + −   

   
  

1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s r v
s Am n

k
p q B s

a
H

b





+ + 
−+  

 
+ + −

  
  
   

 

= 1

0

1
( 1) 2

( )

r v

r r k

r

r v
d k b

C d k





+ + −

−

=

+ + 
−  − + − 

 
  

1 , ;1 , * , ;1 , *, 1 , 1

1, 1 1, 1*,(3 , ;1) *,(2 , ;1)

s sr v r v
s A s Am n m n

k k
p q p qB s B s

a a
H H

b b

 

 

+ + + +   
− −+   +  

   
+ + + +− −

        
−       

           

 

Hence, we obtain 

, 1, , 1v v vM M bM  − += −                                                                                                     (4.5.8) 

The Distribution Function 

The distribution function or the emulative density function 

0

( ) ( )

y

F y P x dx=   

Can be obtained foe some special forms of ( )P x . By putting 1s = and taking the limit 0d → and 

0, ( )b P x→ reduces to the form 

,1 *
, *( ) 0

1 0,( )
m n v Ar
p q Br x H ax for x

elsewhereP x


   −   

 =                                                                                         (4.6.1) 

By using result (2.2), we get 

,
(1 , ;1), *

,1 *,( , ;1)

0

( ) ( )

y
m n

v v Ar
p q B vP x dx r y H ay


 

   −

−
 =
                                                                (4.6.2) 

Where Re 0; 1,2,...,
j

j

b
v j m



 
+  =  

 

and ( )  is defined in (4.4.13). By using ( )F y we can obtain the 

distributions of order statistics and other related statistics which we will not discuss here. 

In the present paper, a probability function ( )P x has been introduced in terms of the A -function and its 

properties are studied. It is shown that the classical non-central distributions such as, non-central chi-
square, non-central Student- t , non-central F and almost all classical central continuous distributions can 
be obtained as special cases of this general density function. This general density function ( )P x is 

introduced with the hope that any density function, which can be represented in terms of any known special 
function as well as the density of the ratio of any two independent stochastic variables whose density 
functions can be represented in terms of any known special functions, is contained in ( )P x as a special case. 
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The properties of ( )P x , discussed in this paper, include the characteristic function, moments, recurrence 

relationship among moments and the distribution function. 

 Introduction 

1( , )j j na   Represents the set of n  pairs of parameters the A -function was defined by Gautam  as 

1,

,

1

( , ) 1
( )

( , ) 2

j j pm n s

p q

j j q L

a
A x f s x ds

b i



 

 
= 

  
                                             (4.7.1) 

Where        

 
1 1

1 1

( ) (1 )

( )

(1 ) ( )

m n

j j j j

j j

p q

j j j j

j m j n

a s b s

f s

a s b s

 

 

= =

= + = +

 +  − −

=

 − −  +

 

 
                                          (4.7.2) 

The integral on the right hand side of (4.7.1) is convergent when 0f   and   arg( )
2

f
ux


 , where  

    
1 1 1 1

Re(
p qm n

j j j j

j j m j j n

f    
= = + = = +

= − + −   
, 1 1

j j

p q

j j

j j

u
 

 
−

= =

=                 (4.7.3)                                                                   

(4.7.1) reduces to H -function given by Fox the following relation  

          
1 1, ,

, ,

1 1

(1 , ) ( , )

(1 , ) ( , )

j j p j j pn m m n

p q p q

j j q j j q

a a
A x H x

b b

 

 

   −
=   

−                

 

 Some Definitions and Preliminary Results 

Result 1.  

1
1,

,1
10

( , )

( , )(1 ) (1 )

s
k

j j pm n

p qk k
j j q
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Where 
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Re 0
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−   

 

for 1,2,..., ;Re( ) 0, 0, 0j m k k k b = − +    and Re(.) means the real part 

of (.) . 

This result follows easily from the fact that, 
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. The result follows by expanding dxe− and 

integrating term by term by applying result 1. 
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Where 
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j
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

 −
−   

 

for 1,2,..., ;Re( ) 0j m =  . 

A General Probability Function 

Here, we introduce a general probability density function ( )P x by using the most generalized function, 

namely the A -function. Such a generalized form is not necessary to obtain all the classical central and non-
central distributions as special cases form this general distribution. Special cases which can be expressed in 
more compact form are given later. Without any loss of generality the function ( )P x is assumed to be non-

negative since the parameters can always be chosen in such a way that ( )P x is always non-negative and still 

several parameters will be left to our choice so that several classes of non-negative functions can be 
obtained as special cases and the general nature of ( )P x is not lost either. 
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For 0x  and ( ) 0P x = elsewhere, where 
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 (4.9.2) 

It should be pointed out the factor 1 1(1 )kx bx − −+ can be absorbed inside the A -function but it is written 

outside for convenience of manipulation later and when 0, ( )d C d= can be written in a simple compact 

form as, 
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                (4.9.3) 

Then the probability function ( )P x reduces to 
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Almost all the classical central and non-central distributions can be obtained from ( )q x which will be seen 

later. In order to obtain all the useful classical central and non-central distributions as special cases it is not 
necessary to take  general density function in the form of ( )P x . In the light of the result 2 and 3 of section 2 

it is easily seen that  

0

( ) 1P x dx



=  

 Special Cases 

If we put 1 , 1j j j ja a b b= − = −  in (4.8.1), (4.8.3) and (4.8.4), we get the result given by Mathai and Saxena 

with a little simplification as: 
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With the conditions given in (4.8.1). 
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With the conditions given in (4.8.3). 
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(4.10.3) 

With the conditions given in (4.8.4). 

Non-central Chi-square Distribution: The density function for the non-central chi-square is given by  
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                                          (4.10.5) 

And letting 0, ( )b P x→ reduces to ( )m x after a little simplification. In order to obtain the non-central F , 

non-central Beta, Student- t and a number of classical central distributions we need consider only ( )q x or 

( )P x when 0d = and it may be noticed that ( )q x is in a compact form. 

Non-central F   Distribution : The density function for non-central F is given by 
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By putting 1 2 1 2 10, 1, , 1, 1, 1, 1 , 1, ,
2 2 2 2
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= = + = = = = = = − = = =

 

1 1 21 , 1 , 1, 1, 2j j j ja a b b m n p q  = − = − = = = = = = = , the A -function reduces to the G -function of 

the desired form here. Then by using the general properties that, 
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a F a z x
G x

c

−

−

 −
=


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0,1 0 xG x e−=                              (4.10.7) 

( )P x Reduces to ( )g x . By a simple change of variables we get the non-central Beta distribution, with the 

density function, 
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It may be noted that the conditional distribution of the multiple correlation coefficient under the condition 
of given values of the observations on the variables in a multivariable normal case, is a non-central Beta 
distribution. 

Non-central Student- t Distribution: The density function for the non-central Student- t distribution is 
given by: 
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Where  is the non-centrality parameter and k is the degrees of freedom. For convenience we will take the 
distribution in the folded form, that is 
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                                                                                     (4.10.10) 
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
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1( )h x . 

The generalized hypergeometric function: The authors in introduced a general probability distribution from 
where the following distributions were obtained as special cases: the general hypergeometric distribution, 
the generalized gamma, gamma, generalized , 'F F , Student- t , Beta, Exponential, Cauchy, Weibull, Raleigh, 

Waiting time and logistic. The density function employed was, 
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This can be obtained as a special case from ( )P x by making the following substitutions. Put 
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                                                   (4.10.12) 

We get ( )f x from ( )P x after a little simplification. 
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The Ratio Distribution: The ratio distribution can be obtained as: 
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From the structure of 2 ( )f x itself it is evident that 2 ( )f x can be obtained from ( )P x by making suitable 

changes in the parameters. Thus ( )P x also contains the density function of the ratio of two independent 

stochastic variables whose density functions can be expressed in terms of any known special function. 

The Characteristic Function and Moments 

Since the characteristic function is defined as 
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Where ( )C d is given in (3.2). Hence the moments and cumulates can be evaluated without much difficulty. 

Moments: The thv moment about the origin, vM is obtained by replacing  by v + in (3.1) and then taking 

the ratio of the normalizing factors in ( )P x . That is 
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A Recurrence Relationship: A recurrence relationship among 1,v vM M − and 1vM + can be obtained by using 

the recurrence relationships for the A -function. 
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1

( ) !

r vr
r k

v

r

r v
M d k b

C d r k








+ + −
−

=

− + + 
=  − + − 

 
   

                                   
1, 1

1, 1

1

, , ( , )

( , ) , ( 1 , )

s

j j pm n

p q

j j q

s aa
kA

b
b s




 

+

+ +

  
−   

   
  − + −

 

                            (4.11.6) 

Where ( )C d is given in (4.9.2) . On applying the recurrence formula for the A -function. 

( ) 1,

1 ,

1 1 1

( , )
1

( , ) , ( , )

j j pm n

q p q

j j q Q

a
a b A x

b b



 −

 
− +  

  

= 

1 1 1 1 1 1, 1 1

1 1 1 1

( 1, ; ), ( ; ) ( ; ; ) , ( ; ), ,

, ( , ) ,( , ) , ( , ) ,( 1, )
j j P j j j N j j P

j j Q Q j j Q Q

a A a a A aM N M N

P Q b b P Q b bA x A x
   

   
− −−

+
   −
   

                               (4.11.7) 

To vM of (5.3), we see that vM is equal to 

 1

0

1 ( 1)
2 2

( ) !

r vr
r k

r

r v r v
d k b

C d r k k


 

 
+ + −

−

=

− + + + +   
− + −  − + −   

   
  

1, 1

1, 1

1

, , ( , )

( , ) , ( 1 , )

s

j j pm n

p q

j j q

r
s aa

kA
b

b s




 

+

+ +

 + 
−   

   
  − + −

 

 

= 1

0

1
( 1) 2

( )

r v

r r k

r

r v
d k b

C d k





+ + −

−

=

+ + 
−  − + − 

 
  

1 1, 1 , 1

1, 1 1, 1

1 1

, , ( , ) , , ( , )

( , ) , ( 1 , ) ( , ) , ( 1 , )

s s

j j p j j pm n m n

p q p q

j j q j j q

r v r v
s a s aa a

k kA A
b b

b s b s

 
 

   

+ +

+ + + +

    + + + +   
− −          

−          
       − + − − + −

    

 

Hence, we obtain 

, 1, , 1v v vM M bM  − += −                                                                                      (4.11.8) 

The Distribution Function 

The distribution function or the emulative density function 

0

( ) ( )

y

F y P x dx=   
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Can be obtained foe some special forms of ( )P x . By putting 1s = and taking the limit 0d → and 

0, ( )b P x→ reduces to the form 

,1 *
, *( ) 0

1 0,( )
m n v Ar
p q Br x H ax for x

elsewhereP x


   −   

 =                                                                           (4.12.1) 

By using result (2.2), we get 

1,

1 ,

10

( , ), ( , )
( ) ( )

( , ) , ( , )

y
j j pm n vr

p q

j j q

v a
P x dx r y A ay

b v




 
  

 

 
=  

  
                                    (4.12.2) 

Where 
1

Re 0; 1,2,...,
j

j

b
v j m



 −
+  =  

 

and ( )  is defined in (4.10.13). By using ( )F y we can obtain the 

distributions of order statistics and other related statistics which we will not discuss here.In this chapter, a 
probability function ( )P x has been introduced in terms of the I -function and its properties are studied. It 

has shown that the classical non-central distributions such as, non-central chi-square, non-central Student- 
t , non-central F and almost all classical central continuous distributions can be obtained as special cases of 
this general density function. This general density function ( )P x is introduced with the hope that any 

density function, which can be represented in terms of any known special function as well as the density of 
the ratio of any two independent stochastic variables whose density functions can be represented in terms 
of any known special functions, is contained in ( )P x as a special case. The various properties of ( )P x , 

discussed in this paper, include the characteristic function, moments, recurrence relationship among 
moments and the distribution function. 

 Introduction 

The I-function introduced by (Saxena (1982)) will be represented and defined as follows  

   1, 1,

, 1, 1,

( , ) ,( , ), ,

: , : ( , ) ,( , )[ ] [ ] j j n ji ji n pi

i i i i j j m ji ji m qi

a am n m n

p q r p q r b bI Z I Z I z
 

 
+

+

 = =
 

    
1

( )
2

L

s ds


=      (4.13.1)                                                                                                                      

    where 1 = −  

1 1

1 1
1

( ) (1 )
( )

(1 ) ( , )
i i

m n

j j j j
j j

r q p

ji ji ji ji
j m j n

i

b s a s
s

b s a s

 


 

= =

= + = +
=

  −   − +
=

 
  − −   

 


                    (4.13.2) 

 , ( 1,..., ), ,i ip q i r m n= are integers satisfying 0 , 0 , ( 1,..., ),i in p m q i r r    = is finite , , ,j j ij ji     are 

real and , , ,j j ji jia b a b  are complex numbers such that 

( ) ( )j h h jb v a v k +  − − for , 01, 2,...v k =  

We shall use the following notations: 

* *

1, 1, 1, 1,( , ) , ( , ) ; ( , ) , ( , )
i ij j n ji ji n p j j m ji ji m qA a a B b b   + += =  

Some Definitions and Preliminary Results 
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Result 1.  

1
, *

, : *1

0
(1 ) (1 )i i

s
k

m n A

p q r Bk k

x ax
I dx

bx bx





 −

−

  
=  

+ +   
  

1 1kk b
k





−

−  
 − − 

 

1 , , *
, 1

1, 1: *,(2 , )i i

s
s A

m n k

p q r B s

a
I

b





 
− − +  

+ + − −

  
  
   

                                             (4.14.1) 

Where  

Re 0; 1,2,...,
ji

ji

b
ks i r



 
−  =  

 

for 1,2,..., ;Re( ) 0, 0, 0j m k k k b = − +    and  

Re(.) means the real part of (.) . 

Re(.) This result follows easily from the fact that, 

1

1 1

0

1

(1 )
(1 )

k

k

k b
k k

x bx dx



 

 




−
−



− −

   
  − −   

   + =
 −                                    (4.14.2) 

Where  ( ), 0,0 Re ,Re 1b k
k




 
  − 

 
 on employing (4.13.1). 

Result 2 

1
, *

, : *1

0
(1 ) (1 )i i

s
k

dx m n A

p q r Bk k

x ax
e I dx

bx bx





 −
−

−

  
=  

+ +   
  

( )

1

0

( 1)
1

!

rr r
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r

d r
k b

r k





+ −

−

=

− + 
 − − 

 


 

1 , , *
, 1

1, 1: *,(2 , )i i

s r
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p q r B s

a
I

b





+ 
− − +  

+ + − −

  
  
   

                                                      (4.14.3) 

Where    ( )Re( ) 0,Re Re 1 ,Re 0, 0
ji

ji

b
d ks b

k


 



  
  − −         

.  

The result follows by expanding dxe− and integrating term by term by applying result 1. 

Result 3 

1
,

1 *
, *

0

1
m n

v A
p q B

x
x H ax dx

y





−

−  
 − =   

 

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( ) ( ) ( )1 , , *, 1

1, 1: *,(1 , )i i

v Am n v

p q r B vy I ay


 
− −+

+ + − − −
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 

                                 (4.14.4) 

Where   Re 0; 1,2,...,
ji

ji

b
v i r



 
−  =  

 

for 1,2,..., ;Re( ) 0j m =  . 

A General Probability Function 

Here, we introduce a general probability density function ( )P x by using the most generalized function, 

namely the I -function. Such a generalized form is not necessary to obtain all the classical central and non-
central distributions as special cases form this general distribution. Special cases which can be expressed in 
more compact form are given later. Without any loss of generality the function ( )P x is assumed to be non-

negative since the parameters can always be chosen in such a way that ( )P x is always non-negative and still 

several parameters will be left to our choice so that several classes of non-negative functions can be 
obtained as special cases and the general nature of ( )P x is not lost either. 

 

1
, *

, : *1(1 ) (1 )
( )

( )

i i

s
k

dx m n A

p q r Bk k

x ax
e I

bx bx
P x

C d





−
−

−

  
  

+ +   =                                     (4.15.1) 

For 0x  and ( ) 0P x = elsewhere, where 

( )

1

0

( 1)
( ) 1
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rr r
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d r
C d k b

r k





+ −

−

=
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

 

                             

1 , , *
, 1

1, 1: *,(2 , )i i
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m n k

p q r B s

a
I

b





+ 
− − +  

+ + − −

  
  
   

                                              (4.15.2) 

It should be pointed out the factor 1 1(1 )kx bx − −+ can be absorbed inside the I -function but it is written 

outside for convenience of manipulation later and when 0, ( )d C d= can be written in a simple compact 

form as, 

1(0) 1kC k b
k





−

−  
=  − − 

 

1 , , *
, 1

1, 1: *,(2 , )i i

s
s A

m n k

p q r B s

a
I

b





 
− − +  

+ + − −

  
  
   

                      (4.15.3) 

Then the probability function ( )P x reduces to 

1
, *

, : *1(1 ) (1 )
( )

(0)

i i

s
k

m n A

p q r Bk k

x ax
I

bx bx
q x

C





−

−

  
  

+ +   =                                             (4.15.4) 

Almost all the classical central and non-central distributions can be obtained from which will be seen later. 
In order to obtain all the useful classical central and non-central distributions as special cases it is not 
necessary to take general density function in the form of ( )P x . In the light of the result 2 and 3 of section 2 

it is easily seen that  
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0

( ) 1P x dx



=  

 Special Cases 

If we put 1r =  in (4.14.1), (4.14.3) and (4.14.4), we get the result given by Mathai and Saxena (1971) with a 
little simplification as: 

1,

1,

1
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s
s a

m n k

p q b s
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


 

 
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+ + − −

  
  
   

                            (4.16.1) 

With the conditions given in (4.14.1). 
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x ax
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  
=  
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  
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


+ −

−
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1 , ,( , )
, 1

1, 1 ( , ) ,(2 , )
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j j q
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p q b s

a
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b




 

+ 
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  
  
   

                                 (4.16.2)

 

With the conditions given in (4.14.3). 

1,

1,

1

( , )1 ,

, ( , )
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1 j j p

j j q

am n v

p q b

x
x H ax dx

y







−

−    − =    
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( ) ( ) ( ) 1,

1,

1 , ,( , ), 1

1, 1 ( , ) ,(1 , )
j j p

j j q

v am n v

p q b vy H ay
 

  
− −+

+ + − − −
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                                        

(4.16.3) 

With the conditions given in (4.14.4). 

Non-central Chi-square Distribution: The density function for the non-central chi-square is given by  

2
12

22 12 2
2

0

1 1
0

22
!

2

0,( )

kr r
x

r k

r

e e x for x
k

r r

elsewherem x








 
+−   −  + −

=

   
          + 

 



=                                     (4.16.4) 

Put  

2

1 2 1 2 2

1
, 1, , 1, 0, 0, 1 , 1, , 1

2 2 2 4

k k
d s k b b b a r


   


= = = = = = = = − = = = =

 

in ( )P x .Using the formula, 

2 2
1,0

0,2 0 12 2
0,1 ;

2 4 2 2 4

k k k x
G F

 

 

      
 − − =      

      
                                    (4.16.5) 
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And letting 0, ( )b P x→ reduces to ( )m x after a little simplification. In order to obtain the non-central F , 

non-central Beta, Student- t and a number of classical central distributions we need consider only ( )q x or 

( )P x when 0d = and it may be noticed that  

( )q x is in a compact form. 

Non-central F   Distribution : The density function for non-central F is given by 

2 1
2 2

2

0 2

1 2
0

2 !
(1 )2 2

0;( )

k
rr

k m
rm

k m
r

x
e for x

k mr
r x

elsewhereg x




+ −−

+
+=

+ 
 +      

            +     +
   



=                                               (4.16.6) 

By putting 1 20, 1, , 1, 1, 1, 1 ,
2 2 2

k m k k
d s k b b b 

+
= = + = = = = = = −

 

1 2 11, 1
2

k m
a 

+
= = = −

, 1 1 21, 1, 1, 2r m n p q  = = = = = = = = , the I -function  

reduces to the G -function of the desired form here. Then by using the general properties that, 

( )1,1 (1 ) 1 1
1,2 (0,1 )

( ) ( ; ; )

( )

a

c

a F a z x
G x

c

−

−

 −
=


and ( )1,0

0,1 0 xG x e−=                     (4.16.7) 

Reduces to ( )g x . By a simple change of variables we get the non-central Beta distribution, with the density 

function, 

2
21 1

2 2 2
1 1

2
(1 ) ; ; ; 0 1

2 2 2

2 2

1 0;( )

k m
m k

k m k x
e x x F for x

m k

elsewhereg x


− − −

+ 
   + 

−             
   =                                      (4.16.8) 

It may be noted that the conditional distribution of the multiple correlation coefficient under the condition 
of given values of the observations on the variables in a multivariable normal case, is a non-central Beta 
distribution. 

Non-central Student- t Distribution: The density function for the non-central Student- 

t distribution is given by: 

( )

2
2 2 2

2 2
2

0

1
2 2

1 2

2 !
( ) ;

2

r
v

r

v

r x
e

r x
h x x

x


 







−

=

+

  + + 
   

+   = −    
 

 + 
 


              (4.16.9) 

Where  is the non-centrality parameter and k is the degrees of freedom. For  

convenience we will take the distribution in the folded form, that is 

1( ) 2 ( ) 0

0,

h x h x for x

elsewhere

= 

=
                                                                                   (4.16.10) 
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Put 1 1 1

3 1
0, 1, 1, 1, 0, 1, ,

2 2

v v
d b b a  

+ −
= = + = = = = =

1

1
1, , 1, 2

2
r m n p q k= = = = = = = , replace 

b by 
1

v
and a by 

22

v


.  

Then ( )P x reduces to 1( )h x . 

The generalized hypergeometric function: The authors in (1966) introduced a general probability 
distribution from where the following distributions were obtained as special cases: the general 
hypergeometric distribution, the generalized gamma, gamma, generalized , 'F F , Student- t , Beta, 

Exponential, Cauchy, Weibull, Raleigh, Waiting time and logistic. The density function employed was, 

( )
1

2 1

( ) ( )

, ; ; ; , 0, 0, 0

( )

0;( )

c

ce

e

c
ea x

c ce
F ax for x c

c c c e e

e e e

elsewheref x


 

 
  

 


−− 
   

− − 
−   

− −     
        

     =                                (4.16.11) 

This can be obtained as a special case from ( )P x by making the following substitutions.  

Put 1 2 1, 0, 0, 1, 1 , 1 , 0,c d b s a a b  = = = = = − = − =
 

2 1 2 1 21 , , 1b k c    = − = = = = = 1r = . 

Using the formula 

1,2 (1 ,1),(1 ,1)

2,2 (0,1),(1 ,1) 2 1

( ) ( )
( , ; ; )

( )

a b

c

a b
H x F a b c x

c

− −

−

 
  = −
  

                                            (4.16.12) 

We get ( )f x from ( )P x after a little simplification. 

The Ratio Distribution: The ratio distribution can be obtained as: 

, (1 , ;1), *
,1 2 *,(1 , ;1)

( ) ( ) 0
2

2 0,( )

m n m n b Aq qr
p q p q B ap p

x
r H x for x

elsewheref x





   

−
+ + −
+ + −

  
  =                                                          (4.16.13) 

Where 

1 1

1 1

1

( )

1

j

j

B
q p

j j

k k k k

k m k n

j A
pn

j j

k k k k

k k n

b a
r r

a b
r r

 
 

 
 

 

= + = +

= = +

    
 − −  +    

    =
    

 − −  +    
    

 

 
                           (4.16.14)

 

From the structure of 2 ( )f x itself it is evident that 2 ( )f x can be obtained from ( )P x by making suitable 

changes in the parameters. Thus ( )P x also contains the density function of the ratio of two independent 

stochastic variables whose density functions can be expressed in terms of any known special function. 

The Characteristic Function and Moments 

Since the characteristic function is defined as 
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( )
0

( ) ( )itx itxt E e e P x dx


= =                                                                              (4.17.1) 

Where ( 1)i = − , it can be easily obtained by replacing the parameter d by d it− and  

Hence 
( )

( )
( )

C d it
t

C d


−
=                                                                                      (4.17.2) 

Where ( )C d is given in (4.15.2). Hence the moments and cumulates can be evaluated without much 

difficulty. 

Moments: The thv moment about the origin, vM is obtained by replacing  by v + in (5.15.1) and then 

taking the ratio of the normalizing factors in ( )P x . That is 

( , )

( , )
v

C d v
M

C d





+
=                                                                                                  (4.17.3) 

Where  1

0

( 1)
( , ) 1

!

rr
r k

r

r
C d d k b

r k




 
+ −

−

=

− + 
=  − + − 

 
   

           
1 , , *

, 1

1, 1: *,(2 , )i i

s r
s A

m n k

p q r B s

a
I

b





+ 
− +  

+ + −

  
  
   

                                                                     (4.17.4) 

And if 0d = , this reduces to 
(0, )

(0, )

C r

C





+
, where 

1(0, ) 1kC k b
k




 
−

−  
=  − + − 

    

1 , , *
, 1

1, 1: *,(2 , )i i

s
s A

m n k

p q r B s

a
I

b





 
− +  

+ + −

  
  
   

                  (4.17.5)

 

A Recurrence Relationship: A recurrence relationship among 1,v vM M − and 1vM + can be obtained by using 

the recurrence relationships for the I -function. 

1

,

0

1 ( 1)
1

( ) !

r vr
r k

v

r

r v
M d k b

C d r k








+ + −
−

=

− + + 
=  − + − 

 
   

                  
1 , ;1 , *, 1

1, 1 *,(2 , ;1)

s r v
s Am n

k
p q B s

a
H

b





+ + 
−+  

 
+ + −

  
  
   

                                                           (4.17.6) 

Where ( )C d is given in (4.15.2) . On applying the recurrence formula for the I -function. 

( ) 1, 1,

1, 1, 1 1

( ; ) ,( ; ),

1 , : ( , ) ,( , ) ,( , )1 j j N ji ji N P

i i j j M ji ji M Q Q

a aM N

q P Q r b b ba b I x
 

  
+

+ −

 − +
 

= 

 

1 1 2, 1, 1, 1,

1, 1, 1 1 1, 1, 1 1

( 1, ),( ; ) ,( ; ) ( ; ) ,( ; ), ,

, : ( , ) ,( , ) ,( , ) , : ( , ) ,( , ) ,( 1, )
j j N ji ji N P j j N ji ji N P

i i j j M ji ji M Q Q i i j j M ji ji M Q Q

a a a a aM N M N

P Q r b b b P Q r b b bI x I x
    

     
+ +

+ − + −

−

+
   −
   

     (4.17.7) 
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To vM of (4.17.3), we see that vM is equal to 

 1

0

1 ( 1)
2 2

( ) !

r vr
r k

r

r v r v
d k b

C d r k k


 

 
+ + −

−

=

− + + + +   
− + −  − + −   

   
  
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p q r B s

a
I

b





+ + 
− +  

+ + −

  
  
     

= 1
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( 1) 2
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r v
d k b

C d k





+ + −

−

=

+ + 
−  − + − 

 
  
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, 1 , 1

1, 1: *,(3 , ) 1, 1: *,(2 , )i i i i

s sr v r v
s A s A

m n m nk k

p q r B s p q r B s

a a
I I

b b

 

 

+ + + +   
− −   

+ +   
+ + − + + −

        
−       

           

 

Hence, we obtain 

, 1, , 1v v vM M bM  − += −                                                                                  (4.17.8) 

The Distribution Function 

The distribution function or the emulative density function 

0

( ) ( )

y

F y P x dx=   

Can be obtained foe some special forms of ( )P x . By putting 1s = and taking the limit  

0d → and 0, ( )b P x→ reduces to the form 

,1 *
, *( ) 0

1 0,( )
m n v Ar
p q Br x H ax for x

elsewhereP x


   −   

 =                                                                           (4.18.1) 

By using result (5.14.2), we get 

, (1 , ), *

1 , : *,( , )

0

( ) ( )
i i

y

m n v v Ar
p q r B vP x dx r y I ay


 

   −

−
 =
                                                   (4.18.2) 

Where Re 0; 1,2,..., ; 1,2,...,
ji

ji

b
v i r j m



 
+  = =  

 

and ( )  is defined in (4.16.13). By using ( )F y we can 

obtain the distributions of order statistics and other related statistics which we will not discuss here. 

Introduction 

The operational techniques are important tools to compute various problems in various fields of sciences 
which are used in the works of Chaurasia , Chandel, Agrawal and Kumar , Chandel and Sengar  and Kumar  to 
find out several results in various problems in different field of sciences and thus motivating by this work, 
we construct a model problem for temperature distribution in a rectangular plate under prescribed 
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boundary conditions and then evaluate its solution involving A -function with product of general class of 
polynomials. 

The general class of polynomials is defined by Srivastava and Panda  as: 

   1 1

1 11 1

1

1

/ /
1,...,

,..., 1 1 1 1

0 0 1

( ) ( )
( ,..., ) ... ... [ , ;...; , ] ...

! !

r r

r rr r

r

r

n m n m
m k r m km m k k

n n r r r r

k k r

n n
S x x F n k n k x x

k k= =

− −
=     ,(4.19.1) 

Where, 1,..., rm m are arbitrary positive integers and the coefficients 1 1[ , ;...; , ]r rF n k n k are arbitrary 

constants real or complex . Finally, we derive some new particular cases and find their applications also. 

1( , )j j na   Represents the set of n  pairs of parameters the A -function was defined by Gautam  as 

1,

,

1

( , ) 1
( )

( , ) 2

j j pm n s

p q

j j q L

a
A x f s x ds

b i



 

 
= 

  
                                                  (4.19.2) 

Where   

 
1 1

1 1

( ) (1 )

( )

(1 ) ( )
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j j j j

j j

p q

j j j j

j m j n

a s b s

f s

a s b s

 

 

= =

= + = +

 +  − −

=

 − −  +

 

 
                                              (4.19.3) 

The integral on the right hand side of (4.19.2) is convergent when 0f   and   arg( )
2

f
ux


 , where  

  
1 1 1 1

Re(
p qm n

j j j j

j j m j j n

f    
= = + = = +

= − + −   
1 1

j j

p q

j j

j j

u
 

 
−

= =

=                    (4.19.4)                                                                               

(4.19.2) reduces to H -function given by Fox the following relation  

          
1 1, ,

, ,

1 1

(1 , ) ( , )

(1 , ) ( , )

j j p j j pn m m n

p q p q

j j q j j q

a a
A x H x

b b

 

 

   −
=   

−                

  

 A Boundary Value Problem 

We consider a rectangular plate such that,                                   

        ( )U f x=                    ,
2 2

a b 
 
 

 

                                y  

     Insulated Insulated 

                                  0   x 

                                        0U =  

Where the boundary value conditions are: 
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2 2

2 2
, 0 ,0

2 2

U U a b
a x y

x y

 
+ =    

 
                                                            (4.20.1) 

0
2

0,0
2a

x x

U U b
y

x x= =

 
= =  

 
                                                                          (4.20.2) 

( ,0) 0,0
2

a
U x x=                                                                                                 (4.20.3) 

1

1

2

,...,

,...., 1

2

1,

,

1

, ( ) cos cos
2

( , )
cos

( , )

r

r

m m

n n

j j pm n

p q

j j q

b x x
U x f x S y

a a

ax
A z

ba





 





      
= =       

       

  
  
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                                   (4.20.4) 

Where, 0
2

a
x  provided that Re( ) 1, 0.  −  ( , )U x y is the temperature distribution in the 

rectangular plate at point ( , )x y . 

Main Integral 

In our investigations, we make an appeal to the modified formula due to Kumar  as, 

2

10

2 ( 1)
cos cos

2 1 1
2 2

a

x m x a
dx

a a
m m





  

 +

 + 
= 

    + + − +  
  

                        (4.21.1) 

Where, m is positive integer and Re( ) 1  − , then we evaluate an applicable integral 
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1
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+
= =
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=
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 
                                      (4.21.2) 

Where, 
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, 1

1, 1

1 1

1 1

( )
4

(1 2 ... 2 ;2 ), ( , )

( , ) , 1 ... ;
2

m n

p q

r j j p

j j q r

z
A k A

k k a

b m k k



    


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+

+ +


= 



+ + + + 


 + + + + +  

                    (4.21.3) 

Provided that 1 1[ , ;...; , ]r rF n k n k are arbitrary functions of 1 1, ;...; ,r rn k n k , real or complex independent of 

, ,x y  , the conditions of (4.20.4) and (4.21.1) are satisfied and  

1
Re 1

j

j

b
 



 −
+  −  

 

, 
1

| arg |
2

z   , 

 Solution of Boundary Value Problem 

In this section, we obtain the solution of the boundary value problem stated in the section (2) as using 
(4.20.1), (4.20.2) and (4.20.3) with the help of the techniques referred to Zill  as: 

0

1

2 2
( , ) sinh cos ,0 ,0

2 2
p

p

p y p x a a
U x y A y A x y

a a

 

=

= +             (4.22.1) 

For 
2

b
y = , we find that  

0

1

2
, ( ) sinh cos ,0
2 2 2

p

p

A bb p b p x a
U x f x A x

a a

 

=

 
= = +   

 
                  (4.22.2) 

Now making an appeal to (2.22.4) and (4.22.2) and then interchanging both sides with respect to x from 

0 to 
2

a
, we  derive, 

1 1 1

1 1

1

[ / ] [ / ]

0 1 1 1 1

0 0 1

2
... ( ) ...( ) [ , ;...; , ] ( ) ...

! !

r r r

r r

r

n m n m k k
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k k r

y y
A n n F n k n k A k

k kb  = =

= − −    (4.22.3) 

Where 
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1 1, 1

1 1
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1
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2
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r j j p

j j q r
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
   


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+

+ +=
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  
 

+ + + +  
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                                                            (4.22.4) 

Where all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. Again making an appeal to (2.22.4) and 

(4.22.2) and then multiplying by 
2

cos
m x

a


both sides and thus integrating that result with respect to 

x from 0 to 
2

a
, we  find, 
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1 0 0 1
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r

n m n m
m k r m k

m r r

k k r

n n
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p b k k

a
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1

( ) ...
4 4
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y y

A k
 

   
   
   

                                                                                    (4.22.5) 

Provided that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. Finally, making an appeal to the 
result (4.22.1), (4.22.3) and (4.22.5), we derive the required solution of the boundary value problem, 

1 1

1

[ / ] [ / ]

1 1

0 0 1

2
( , ) ... ( ) [ , ;...; , ]

!

jr r

j j

r

kn m n m r

j m k r r

k k j j

y y
U x y n F n k n k

kb  = = =

  
= −   

   
     + 

 
1 1

1

[ / ] [ / ]

11 0 0 1

2 2
sinh cos

1
... ( )

4 !
2 sinh

jr r

j j

r

kn m n m r

j m k

m k k j j

m y m x

ya a n
m b k

a




 





−= = = =

   
−        

     

      1 1[ , ;...; , ] ( )r rF n k n k A k                                                                                  (4.22.6) 

Provided that all conditions of (4.22.4), (4.21.1) and (4.21.3) are satisfied. 

 Expansion Formula 

With the aid of (4.20.4) and (4.22.6) and then setting  
2

b
y = , we evaluate the expansion formula 

 1

1

2 2

1,..., ,

,..., ,

1

( , )
cos cos cos

( , )
r

r

j j pm m m n

n n p q

j j q

ax x x
S y A z

ba a a

     



        
        

           

 

=
1 1

1

[ / ] [ / ]

1 1

0 0 1

1
... ( ) [ , ;...; , ] ( )

!

jr r

j j

r

kn m n m r

j m k r r

k k j j

y
n F n k n k A k

k = = =

  
−   

   
    

1 1

1

[ / ] [ / ]

1
1 0 0 1

2
cos

1
... ( )

2 4 !

jr r

j j

r

kn m n m r

j m k

m k k j j

m x

ya n
k 




−
= = = =

   
−        

   
 

1 1[ , ;...; , ] ( )r rF n k n k A k                                                                                     (4.23.1) 

where 0
2

a
x  , provided  that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. 

Particular Cases and Applications 

In this section, we do some setting of different parameters of our results and then drive some particular 

cases as stated here as taking 1 ... rm m = = = and  
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1

1

...

1 1

1 ( ... )

1
[ , ;...; , ]

( ) (1 ... )

r

r

k k

r r

r k k

h
F n k n k

v p n n



+ +

+ +

 
=  

+ − − − 
 in (4.19.1) 

We get, 

1

1

1 1

1

...
/ /,..., ( , , , ) 1/ 1/

,..., 1 1 ,..., 1

...

( )
[ ,..., ] ( ) ...( ) [( ) ...( ) ]

( )

r

r

r r

r

n n
n n h v p

n n r r n n r

n n

v
S x x x x H x x

p

     
− −

− −

+ +

−
=

−
   (4.24.1) 

And thus, we obtain an integral for product of a class of polynomials of several variables and cosine 
functions as 

1 1
1

1

/ /
2 2...2

...,0

2 ( )
cos cos cos ... cos

( )

r

r

a n n
n n

n n

x m x v x x
y y

a a p a a

   
   − − −

+ +

   −     
        

−           


 

1

/
2 2

1( , , , ) ,

,... ,

1

( , )
cos cos

( , )r

r

j j ph v p m n

n n p q

j j q

ax x
H y A z dx

ba a


 


 



              
           

 

    1
1

1

1

.../ /

1
0 0 1

( ) ( )
... ...

2 ! ! ( )

r
r

r

r

k kn n
k k

k k r

n na h

k k v

 
 

 

+ +

+
= =

− −  
=  

− 
                                

     

1

11 ( ... )

1
( ) ...

(1 ... ) 4 4

r

r

k k

r k k

y y
A k

n n   + +

   
   

+ − − −    
                   (4.24.2) 

Provided that all conditions of (4.20.4), (4.21.1) and (4.21.2) are satisfied. 

The solution of the given problem is 

1

1

[ / ] [ / ]

0 0 1

2 1
( , ) ... ( )

( ) !

j
r

j

r

kn n r

j k

k k j j

y hy
U x y n

v kb

 

 
 = = =

   
  = −   −    

      

 

1

1
111 ( ... )

2 2
sinh cos

1
( )

(1 ... )
2 sinhr

mr k k

m y m x

a aA k
m bp n n

a



 





−=+ +

+
+ − − −

  

      

11 ( ... )

1
( )

(1 ... )
rr k k

A k
p n n  + ++ − −

                                                            (4.24.3) 

When 0 ,0
2 2

a b
x y    , provided that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. 

The expansion formula is 

1 1
1

1

/ /
2 2...

...,

( )
cos cos ... cos

( )

r

r

n n
n n

n n

x v x x
y y

a p a a

   
  − − −

+ +

   −     
        

−           
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1

/
2 2

1( , , , ) ,

,... ,

1

( , )
cos cos

( , )r

r

j j ph v p m n

n n p q

j j q

ax x
H y A z

ba a


 


 



−              
           

 

=
1

1 1

[ / ] [ / ]

0 0 1 1 ( ... )

1 1 1
... ( )

( ) ! (1 ... )

j
r

j

r r

kn n r

j k

k k j j r k k

hy
n

v k p n n

 

 

 = = = + +

   
  −   − + − − −    

      

 
1

1

[ / ] [ / ]

1 1
1 0 0 1

2
cos

1
( ) ... ( )

2 ( ) 4 !

j
r

j

r

kn n r

j k

m k k j j

m x

hyaA k n
v k

 

  




−
= = = =

   
  + −   −    

     

      

11 ( ... )

1
( )

(1 ... )
rr k k

A k
p n n  + ++ − −

                                                                            (4.24.4) 

When 0
2

a
x  , provided that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. Further, making 

an use of the result due to Chandel, Agarwal and Kumar (p. 27, wq. (1.4) and (1.5)). 

1

( , ,1, ) 1
,...,lim ,...,

r

h p r
n n

p

x x
H

p p



→

 
= 

 
,  ( )

1 1

( , ,1/ , )

,..., 1 1lim ,..., ( , )... ( , )
r r

h p p

n n r n n r
p

H x x g x h g x h  

→
=               (4.24.5) 

To the results (4.24.2), (4.24.3) and (4.24.4), we get another different relation in similar way. 

Further again, applying the relation 

2 ( , 1/ 4) 2 ( )n

n ng x H x−− =                                                                                     (4.24.6) 

To the above results, we evaluate another result for Hermite polynomials by same techniques. 

Other special cases and applications of our results may be obtained by making use of the work of Chandel 
and Sengar , Srivastava and Karlsson  and Srivastava and Manocha , due to lack of space we omit them.  

Introduction 

The operational techniques are important tools to compute various problems in various fields of sciences 
which are used in the works of Chaurasia , Chandel, Agrawal and Kumar , Chandel and Sengar and Kumar  to 
find out several results in various problems in different field of sciences and thus motivating by this work, 
we construct a model problem for temperature distribution in a rectangular plate under prescribed 
boundary conditions and then evaluate its solution involving A -function with product of general class of 
polynomials. 

The general class of polynomials is defined by Srivastava and Panda as: 

   1 1

1 11 1

1

1

/ /
1,...,

,..., 1 1 1 1

0 0 1

( ) ( )
( ,..., ) ... ... [ , ;...; , ] ...

! !

r r

r rr r

r

r

n m n m
m k r m km m k k

n n r r r r

k k r

n n
S x x F n k n k x x

k k= =

− −
=     , (4.25.1) 

Where, 1,..., rm m are arbitrary positive integers and the coefficients 1 1[ , ;...; , ]r rF n k n k are arbitrary 

constants real or complex . Finally, we derive some new particular cases and find their applications also. 

The I-function introduced by Saxena [1982] will be represented and defined as follows : 
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   1, 1,

, 1, 1,

( , ) ,( , ), ,

: , : ( , ) ,( , )

1
[ ] [ ] ( )

2

j j n ji ji n pi

i i i i j j m ji ji m qi

a am n m n

p q r p q r b b

L

I Z I Z I z d
 

    


+

+

 = = =
          (4.25.2)                                                                                                                        

    where 1 = −  

1 1

1 1
1

( ) (1 )
( )

(1 ) ( , )
i i

m n

j j j j
j j

r q p

ji ji ji ji
j m j n

i

b a

b a

   
 

 

= =

= + = +
=

  −   − +
=

 
  − −   

 


                             (4.25.3) 

 , ( 1,..., ), ,i ip q i r m n= are integers satisfying 0 , 0 , ( 1,..., ),i in p m q i r r    = is finite , , ,j j ij ji     are 

real and , , ,j j ji jia b a b  are complex numbers such that 

( ) ( )j h h jb v a v k +  − − for , 01, 2,...v k =  

We shall use the following notations: 

* *

1, 1, 1, 1,( , ) , ( , ) ; ( , ) , ( , )
i ij j n ji ji n p j j m ji ji m qA a a B b b   + += =

 

  

A Boundary Value Problem 

We consider a rectangular plate such that,                                 

        ( )U f x=                    ,
2 2

a b 
 
 

 

                                y  

     Insulated Insulated 

                                  0   x 

                                        0U =  

Where the boundary value conditions are: 

 
2 2

2 2
, 0 ,0

2 2

U U a b
a x y

x y

 
+ =    

 
                                                                (4.26.1) 

0
2

0,0
2a

x x

U U b
y

x x= =

 
= =  

 
                                                                              (4.26.2) 

( ,0) 0,0
2

a
U x x=                                                                                                    (4.26.3) 

1

1

2

,...,

,...., 1

2

1,

,

1

, ( ) cos cos
2

( , )
cos

( , )

r

r

m m

n n

j j pm n

p q

j j q

b x x
U x f x S y

a a

ax
A z

ba





 





      
= =       

       

  
  

   

                                   (4.26.4) 
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Where, 0
2

a
x  provided that Re( ) 1, 0.  −   

( , )U x y is the temperature distribution in the rectangular plate at point ( , )x y . 

Main Integral 

In our investigations, we make an appeal to the modified formula due to Kumar  as, 

2

10

2 ( 1)
cos cos

2 1 1
2 2

a

x m x a
dx

a a
m m





  

 +

 + 
= 

    + + − +  
  

                            (4.27.1) 

Where, m is positive integer and Re( ) 1  − , then we evaluate an applicable integral 

 

1

1

22
,...,

,...,

0

2

,

, :

2
cos cos cos

*
cos

*

r

r

i i

a

m m

n n

m n

p q r

x m x x
S y

a a a

Ax
I z dx

Ba

 



  



    
    

     

  
  

   


 

    11 1

1 1

1

/ /

1 11
0 0 1

( ) ( )
... ... [ , ;..., , ] ( ) ...

2 ! ! 4 4

rr r

r r

r

k kn m n m
m k m k

r

k k r

n na y y
F n k n k I k

k k  +
= =

− −    
=    

   
                                                        

(4.27.2) 

Where, 

1

, 1

1, 1:

1

( 2 ... 2 ;2 ), *

( )
*, ... ;4

2
i i

r

m n

p q r

r

k k A
z

I k I
B m k k

   


  

+

+ +

− − − − 
 

=   − − − − −   

                                  (4.27.3) 

Provided that 1 1[ , ;...; , ]r rF n k n k are arbitrary functions of 1 1, ;...; ,r rn k n k , real or complex independent of 

, ,x y  , the conditions of (4.26.4) and (4.27.1) are satisfied and  

Re 1
ji

ji

b
 



 
+  −  

 
, 

1
| arg |

2
z   , 

Where   
1 1 1 1

0
i ip qn m

j j ji ji

j j j n j m

   
= = = + = +

  + − −                                                               

Solution of Boundary Value Problem 

In this section, we obtain the solution of the boundary value problem stated in the section (2) as using 
(4.26.1), (4.26.2) and (4.26.3) with the help of the techniques referred to Zill as: 

0

1

2 2
( , ) sinh cos ,0 ,0

2 2
p

p

p y p x a a
U x y A y A x y

a a

 

=

= +                  (4.28.1) 
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For 
2

b
y = , we find that  

0

1

2
, ( ) sinh cos ,0
2 2 2

p

p

A bb p b p x a
U x f x A x

a a

 

=

 
= = +   

 
                    (4.28.2) 

Now making an appeal to (4.26.4) and (4.28.2) and then interchanging both sides with respect to x from 

0 to 
2

a
, we  derive, 

1 1

1 1

1

[ / ] [ / ]

0 1

0 0

2
... ( ) ...( )

r r

r r

r

n m n m

m k r m k

k k

A n n
b  = =

= − − 
 

1

1 1 1

1

[ , ;...; , ] ( ) ...
! !

rk k

r r

r

y y
F n k n k I k

k k
                                                                 (4.28.3) 

Where 

, 1

1 1, 1:

1

1

( )

1
... ; , *

2 2

*, ... ;
2

i i

m n

p q r

r

r

I k I z

k k A

B k k


  


  

+

+ +=

 
− − − − −  

  
 

− − − −  
  

                                                            (4.28.4) 

Where all conditions of (2.26.4), (4.27.1) and (4.27.3) are satisfied. 

Again making an appeal to (4.26.4) and (4.28.2) and then multiplying by 
2

cos
m x

a


both sides and thus 

integrating that result with respect to x from 0 to 
2

a
, we  find, 

1 1

1 1

1

[ / ] [ / ]
1

1 1
1 0 0 1

( ) ( )1
... ... [ , ;..., , ]

! !
2 sinh

r r

r r

r

n m n m
m k r m k

m r r

k k r

n n
A F n k n k

p b k k

a

 − = =

− −
=    

      
1

( ) ...
4 4

rk k
y y

I k
 

   
   
   

                                                                              (4.28.5) 

Provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied. 

Finally, making an appeal to the result (4.28.1), (4.28.3) and (4.28.5), we derive the required solution of the 
boundary value problem, 
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Provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied. 

 

 

Expansion Formula 

With the aid of (4.26.4) and (4.28.6) and then setting  
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1 1[ , ;...; , ] ( )r rF n k n k I k                                                                              (4.29.1) 

where 0
2

a
x  ,provided  that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied. 

 

Particular Cases and Applications 

In this section, we do some setting of different parameters of our results and then drive some particular 
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And thus, we obtain an integral for product of a class of polynomials of several variables and cosine 
functions as 
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Provided that all conditions of (4.26.4), (4.27.1) and (4.27.2) are satisfied. 

The solution of the given problem is 
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When 0 ,0
2 2

a b
x y    , provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied. 

The expansion formula is 
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When 0
2

a
x  , provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied. Further, making 

an use of the result due to Chandel, Agarwal and Kumar (p. 27, eq. (1.4) and (1.5)). 
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To the results (4.30.2), (4.30.3) and (4.30.4), we get another different relation in similar way. 

Further again, applying the relation 

2 ( , 1/ 4) 2 ( )n

n ng x H x−− =                                                                         (4.30.6) 

To the above results, we evaluate another result for Hermite polynomials by same techniques. 

Other special cases and applications of our results may be obtained by making use of the work of Chandel 
and Sengar , Srivastava and Karlsson  and Srivastava and Manocha , due to lack of space we omit them.  
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