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CHAPTER T

INTRODUCTION

The following functions are needed mainly in our work:

The hypergeometric function is defined and represented in the following form:

F(a b C:Z ) Z(a) (b)n n (11)
@, (),
Where ¢ is neither zero nor a negative integer, where in (1.1), the pochhammer’s symbol
employed is defined as

(o), =a(a+)(a+2).... a+n-1),n>1, (a), =1

In the year 1908, Branes defined the hyper geometric function in terms of a Mellin-type integral
deviating from the conventional method of defining a special function in terms of an infinite series, in the
integral form:

rec) 1 ”°°1“(—s)1“(a+s)1“(b+s)zs ds

F(a,b,c;-2) = - 1.2
gt ) [(a)(b) 27i . C(c+5s) (1.2)
Where i=V-1.
Where the pole of"(-s), at the point s=0,1,2,3,............... , are separated from those of

I'(a+s), at the  points s=-a-v,(v,=0,12,....)and I'(b+s)at  the  points
s=-b-v,(v,=0,12,....) And

|-:|1ﬂrr.-" 7"\':"'?[

One of the importance of this definition lies in the fact that the Millen transform of ,F,(.) is the
coefficient of z™° in the integrand of (1.2.), that is

re)rs)r@-s)yr(b-s)
r@Irm)I(c-s)
Where  Re(s)>0,Re(a—s)>0,Re(b—s)> 0.

Swaroop (1964) introduced and studied the hypergeometric function transform; that kernel is the

Gauss’s hyper geometric function. Saxena,(1967b) and Kalla and Saxena (1969) used the hypergeometric
function in defining certain fractional integration operators. Mathai and saxena (1966) introduced the

probability function associated with a ,F, (a,b;c; .).
Generalized hypergeometric function is defined in the form:

. H(“) i
. q[? ’;p’z} F{Eﬁ; }—Z"; —; (1.4)
10 nOH(ﬂJ)n

(1.3)

Izs‘lel(a,b,c;—z)dz =
0

www.discoveryjournals.org | OPEN ACCESS



In which no denominator parameter is allowed to take zero or a negative integer value. If any of
the parameter «, is zero or a negative integer, the series terminates. The function defined by (1.4) will be

denoted briefly by | F (z) .
The Mellin-Branes integral for  F, (z) is

Ay Ay
oF By By 1=

F(,B ) i f[l"(aj +5)I'(-s)

—z)°ds
27Z'i (-2)

r(aj) i f[r(ﬂj +5)

o el

1
N

) (1.9)
Where i= v -1and for convergence, p < qor(p =q + l1and |z < 1), |arg (-z)|<7

When p>q+1the series in (1.4) diverges. The path of integration is indented, if necessary, in

such a manner that the poles of TI'(-s) at the points $=0,12, ...; are separated from those of
[(a; +s),atthe points a; =-s-v, ; v;=012,...;j =1 ....,p.Anempty product is interpreted
as unity.

It is a matter of common knowledge that the Gaussian hypergeometric function
I'(c)I'(c—a-h)
I'(c-a)l'(c—b)
one of the simplest case of an assumable hypergeometric series which has found much use in the
simplification of many problems.

In order to give a meaning to the symbol  F () Whenp> g+1, MacRobert (1937-1941) defined

and studied his E-function in the form
I'(a, +1)

F .(a, b; ¢; 1)can be summed up as , when Re(c—a—b)>0 and that this formula is

E(pi r’q /O )_
o [(p,—2a)l(p, -&,)..I'(p, —a,)
q o0
1A= a+4)"d4,
u=l o
pl_[lTe A d;tqw.Te"’
a,—1 2’ -¢-2/’L +3"" ﬁ“ e
A7 14 a+2q dA (1.6)
P 1+ A) A+ 2,)...(A+ A,)x P

A detailed account of this function can be found in Erdelyi et al. (1953).
Meijer (1946) introduced a generalization of the E - function in the form:

m,n (ap) _ ~mn al""’ap
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1 ﬁl‘(bi —s)ﬁl“(l— a; +s)

_ j=1 j=1 s
= 27Z'i‘[ L - z°ds (1.7)
LT ra-b;+9) [ T(a;-s)
j=m+1 j=n+1
Where L is a suitable contour separating the poles of I'(b, —s)for j =1, ....,m
From those of I'(1-a;+s) forj =1, ...., n. The poles of theintegrand are assumed to be

simple.

In an attempt to discover, the solution of certain integral equations Saxena, V. P. (1982)
introduced the | - function in the following form:
The I-function introduced by Saxena [6] will be represented and defined as follows :

IZ1=174,120= 175 2

(@)1 (8ji i D, i _ 1

T A } = J. x(8)dg (1.8)
L

where @ =+-1

HF(b ﬁg)nr(l a, +a,)
x(&)= {

(1.9)
I T(l-b, ,B)HF(aJ,, }

—y j=m+1

p.0;(i=1...,r),m,nare integers satisfying 0<n<p,, 0<m<gq;,(i=1,...,r),risfinite o}, B,

i By are

realand a;b;,a;,b; are complex numbers such that

a;(b, +v) = B, (a; —v—k)for v,k =01,2,...

L is a contour which runs from o-Wto 0+Ww(0 is real),
s=(@;-1-v)e;; J= 12, ...,n;0v=0,12,....

s=(,+v)/p;;j=1 2, ....m.v=0,12 ....

Lie to the L.H.S. and R.H.S. of L, respectively.
| -function reduces to H -function, when r = 1.

The relation between | -and H -function IS given below:
{(a]’a )1n} {(ajl’ajl n+l, p,}
pl ql {(bj’ﬂ )1m} {(bj|’ﬂj|)m+lq,}

:leq1|: |(a1 ), (8, ), .. (a apl)j| (1.10)

©,, 8), (05, 5,), . (0, )

Viashya, Jain and Verma (1989) found certain identity, multiplication theorems differentiation
formulae and some integrals involving the | -function (1.8).
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Agarwal (1965) extended the Meijer’s G -function to G -function of two variables. The work of
agarwal, (1965) and Sharma, (1965) gave a fresh impetus to numerous workers to further generalize the
G -symbol to G - function of n- variables due to Khadia(1970). The G -function of n-variables was
further converted to the H -symbol of n- variables by Saxena (1974,77) further generalized the H -
function of n- variables into the multivariable |- function .

In all these, aforesaid G -, H - and | - type function of one two and -nvariables, the coefficients of
the variable of integration in the gamma function products of the integrand (of the integrals defining the
functions) were taken to be real positive. Considering these multipliers as complex number quite a few
papers have appeared in the literature.

The aforesaid generalised hypergeometric function have also been studied by Gupta and Rathie
(1968), Khadia and Goyal (1975), Love (1967), Srivastava and Buschman (1972), Bora and Saxena
(1971), Barnes (1908), Bajpai and AL-Hawaj (1989) through various important results with generalized
hypergeometric functions.

Pandey and Pandey (1985) have obtained power series expansion for the modified H - function of
several variables, which by assigning suitable value of the parameters give rise to the power series
expansions given by Lawricella and other.

MULTIVARIABLE H-FUNCTION
When n,=n,=....=n_,=0=p, =p;, =.... =P, and
q, =0, =.... =0,, = 0; multivariable I - function reduces to the H - function of several variables

due to Srivastava and Panda (1976) defined in the following manner, which it self is a generalization of
the H - function of several variables due to Saxena, (1974).

H [Z]_l veny ZI’] = H O'n:.mlrnlﬁ--;mr,nr

PGPy, G- Pr O
z ' r . ! ! r r
! @ A A), 1 (€5,C))y g (657,87,
(05 By0-0sB”)q 1 (A}, D)y 5 (A7, D),

r

(27m)) j j D(S,,....,)0,(5,)..6,(5,)2,%...2,% .ds,...ds, (1.11)
Where o=V -1 ;
HF(l—aj +z AVs,)
(s, .., ,) = (1.12)
HF(a —ZA("S)HF(l b, +ZB")5)
j=n+1 =1 i
Hr(d<'> D, )HF(l ¢ +Cs))
ei(si): (:._1 )
[ ra-d-00s) [T ree? ~cis)
j=m;+1 j=n+1

Vie{l, ..., (1.13)

In (1.11) the superscript (i)stands for the number of prime, e.g., b® = b', b® = b" and so on;
and an empty product is interpreted as unity. Further it is assumed that the parameters
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i— ORI .
ai’!: 1,----,p.,C,-(i),J_: 1"""pij , ‘v’ie{l, r}
b;,j=1....,qd",j=1....,q;

Are complex numbers, and the associated coefficients

Agi)ij 11"--1p;C(i)!j= 11"'-1pi; -
j(i) i . J(i) s . VIE{]" ....,I’}
B>, J=1....a:0;,]=1....,q;

i

Avre positive real number such that

0,-3 A7+ 3c) -3 80 -3 0 <0
j=L j=1 j=L j=1

(1.14)
and
p . N . Pi . q .
D I L]
j=n+1 j=1 j=n+1 j=1
il . G -
+>. D= > DY>0, vie{l,....,r} (1.15)
j=1 j=m;+1
Where  the  integrals n, p,m,n,, p;and q; are  constrained by  the
inequalitesO <N < p,q>0,1<m, <q; andO<n <p, Vie{l,....,r} and the equalities in

(1.2.4) hold for suitably restricted values of the complex variables z,, ..., z, . The poles of the integrand
in (1.11) are assumed to be simple. The contour L, in the complex s, -plane is of the Mellin-Branes type

00

which runs from ®™ to @™ with indentations, if necessary, to ensure that all the poles

of ((d{"-D{"s;),j =1, ....,m, are separated from those of F(1-z{"+C{s),j =1 ....,n, and
rl-a;+> Al), j=1.....,n; Vie{,....,r}
i=1

The multivariable H - function (1.11) converges absolutely under the conditions (1.2.5) for
larg zi|<%Ai7z, Viefl, ....,r}, (1.16)

The asymptotic expansion of algebraic order for the multivariable H -function, which will need in
the analysis, is given below:

A A
H[szr]{ o<|;1| ...Lzr| ) max(a. ... 2,0 } w17
0(z|"...|z,[").,n=0,min{|z],....|z,[} > O

Fori=1, ....,r,with
=minRe(d® /DM), j=1,......... m
A I ( j- J ) J ) I (118)
B, = maxRe[(c{" -1)/C{"], j=1,...,n,

Provided that each of the inequalities in (1.14), (1.15) and (1.16) hold.

IfA=.=A" j=1....,p; B;=.=B",j=1....,g in (L1l)we get a special
multivariable H -function studied by Saxena, (1974). On the other hand, if all of the capital letters are
chosen to be one, the H -function of several variables defined by (1.11) reduces to the corresponding G -
function of several variables studied by Khadia and Goyal (1970).
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Generalized H -function as a symmetrical Fourier Kernel has been studied by Saxena and Modi
(1975).

MULTIVARIABLE | -FUNCTION
The multivariable |- function introduced by Prasad (1986) will be defined and represented in the
following manner:

(r) p(r)
| 7 _ Oq2 50,n, {(m',n ). (m ()
[z, 2,]= Pz Gt PGP 1 )i (P,0(7)

YA . A N e A (D)
:1 (302110 )1 ,, 1 (A ...,ozrrj)l’pr .(aj,ozj)l]p‘,...,(ajr e )1,p"’

| ' " r ' ' r r
7 (ij;ﬂZj;lBZj)l,q2 :"':(brj’ﬁrj""’ﬂrj)l,qr (b],ﬁj)lyq,,(b]( )lIBj( ))Lq(r)

(2 1) ¢ (S )l//(sl’ Sr) 'lel"'zrsrdsl"'dsr (119)
Wherea)=\/—1,
m® RO)
[Tr®6,® -5 (')s(,))HF(l a®+a0s,)
ﬂ(si) = q(uj) = (I) ’
H F(l b. (I)+,B(I)S(,)) H F(a i _ j(i)s(i))
j=m® 1 j=nM 41
Vie{l .....1} (1.20)
n, 2 ® n, 3
1_[1“(1—a2j +Za si)l_[F(l—aej +Za3].("si)
w(sy,...s) = e
H N C Z“ S)H I(ay; - Z“sj(l)s)
j=ny+1 2j j=nz+1
....l_r[l“(l—arj +> a;"s)
j i=1
® % 2 )
H F(al‘j Za Si)HF(l_sz +Zﬁ2j(l)si)
j=n+1 rj j=1 i=1
: L (1.21)
~JIra-b, +>8,%s)
j=1 i-1
oV B0, B (i=1.....1)(k=2,....,r) are positive
numbers,a,”, bV, (i=1,....,r) agb, (k=2 ....,r)are  complex numbers and
herem®,n®, p® q® (i=1,....,r) ,n,p.0a (k=2 ....,r) are non negative integers where

0<m®<q® ,0<n® < p® q >0, 0<n <p,.Here (i) denotes the numbers of the contours.

L, In the complexs; -plane of the Mellin Barnes type which runs from —w”to + w”
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With indentation, if necessary to ensure that all the poles of T'(b{"-"s) (=1, ....,m")are

separated from those of ra-a +al’s) (=1, . n('))

F(l—a21.+22:a§‘j)si)(j= L....,n),..... , T-a, +Za(')s,) =1 ....,n).

According to the asymptotic expansion of the gamma function, the counter integral (1.19) is
absolutely convergent provided that

|argzi|<%;zui,ui>0 N A (1.22)
Where
U, =ia§” Zi; a(')+Zﬂ(') g; IBJ_(i)
=1 j=nM 41 o
+(Za(" ilaé'J))Jr(Za(') Zlas(lj)
j=ny+ et
+.. +(Za('> Z 0y
j=n+1

_(Z (l) Z (|)+"'+Z:Br(ji)) (1.23)

The asymptotic expansion of the | -function has been discussed by Prasad (1986). His results
run as follow:

1[z,,..., sz ™), max{]zy),... |z >0
Where
a;=minRe(b® /"), j=1, ..., m" ;i=1, ... .r (1.24)

And 1[z,...2,]1=0(z|* ..|z,|" ), min{z],...|z, [} > =
0 _1
Where A3 = max Re( ’(i) ) j=1 . n® i=1 .....r
o
J
n=n=...=n =0 (1.25)
In the contracted notation, this function can be written in the following way:

Zl
0,n,:..:0,n,:M (" . Pr : P(r)

I[z,,....2,]= e N Z 0 Q" 2"..2,%ds,..ds, (1.26)

Where M® =(m'n");...;(m", n"); (1.27)
N =(p"q):...(p".q"); (1.28)
I:)r = (a‘Zj;aIZj’a;j)l,p2 (arj’ it (r))l p? (129)
Qr = (ij;ﬂéj’ﬂgj)l,qz :"":(brj’ﬂr" ﬂ(r))lqr1 (130)
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PO =(a;,a;), ;- (@l", a}r))lyp(,); (1.31)
Q" = (by, B)rgr (07, B, s (1.32)
And the conditions and notations are similar to those given explicitly with (1.19).

H -FUNCTION OF THREE VARIABLES

Whenr = 3, (1.11) reduces to the H -function of three variables defined and represented by
means of triple Mellin-Barnes integral in the form:

X
0,n:my ng;m;, Ny ;Mg Ng
H y|= Hpqplql P2,02; P3Oz
Z

vl (@5 A AL A DL T (€5,C )15 (€5,C)1p, 1 (€5, Cap,
, (03B By By (0, D) i (d Dy, (5, D)y,

(27[&)) I I J(D(S S,153)61(5,)0,(8,)05(S;) x> y*=z%ds,ds,ds, (1.33)
LL L,

Where w=vV-1:

HF(l a, +2A(')S)

(s,.5,.5,) = (1.34)

p

[T, —Z ADs, )Hra b, +ZB(')S)

j=n+1

F(d 0 _pWs )HF(l 0 1+C0s))

gi(si): -

Gi ) ) _ _ )
[T ra-d?+00s) [] e -cs)
j=m;+1

j=n;+1

vie(l 2 3. (1.35)

The conditions of existence of the H -function of three variables can be obtained from (1.14),
(1.15) and (1.16) on settingr = 3.

H-FUNCTION OF TWO VARIABLES
Mittal and Gupta (1972) defined the H -function of two variables. In the notation of Srivastava

and Panda (1976), the H -function of two variables is defined and represented by means of double
Mellin-Barnes integral in the form:

H {X} - H 22?21?232 X|(aj;A}’A})1,p 1(65.C i (€5.C)u,
y STy (b;;Bj,Bj)iq 1 (d}, Dj)yq i (d), D)y,
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1 s
—- s [ (s 8560y dss (1.39)

LbL

The functions ¢(&,77) and [€,(&) andé,(77)] Can be obtained on setting r = 2 in (1.12) and
(1.13) respectively.

We mention below some interesting and useful special cases of the H-function of two variables.

@ If A =A(j=1....,p),B,=B;(j=1 ....,0) in (1.5.1),We obtain the special H -function of two
variables studied by a number of workers such as Munot and Kalla(1971), Bora and Kalla(1970),
Chaturvedi and Goyal(1972), Saxena, (1971,b),Pathak(1970),Shah(1973),Verna,(1971) and others.

(it) If we assume all capital letters with their dashes as unity, we obtain a relationship of H -function of
_ _ _ I x @51, (e D), , 5 (c,

two variables and G-function of two variables. H " (8551, - ! i ) s

Y ' y (bJ !1! 1)1,q : (dJ 1:|')1,q1 ’ (dj ’:I')l,q2

. GO,n:ml‘nl;mz‘nz lxl(ap) : (Cpl); (sz):| (137)

T Urenan |y (bq);(d;h);(d;z)

The G-function of two variables appearing on the R.H.S. of (1.5.2) was introduced by
Agarwal,(1965). In the notation of Srivastava and Joshi [(1969), p. 471], G[x,y] is represented as

follows:

| |-emany e e
y LY (by) i (dg)i(dy,)

1
=——— [ [ @&+ &y, ()X y'dedn (1.38)
4ri L
Where an empty product is interpreted as unity,

f[l"(l— a; +p)

D(p) = ———— (1.39)
H ['(a, —p)HF(l—bj +p)
J n:: J—ri
Hr(ol'j —5)1_[1“(14j +&)
vy (£) = —— = (1.40)
_H rA-d;+&) ] r';-9)
j=my+1 j=n+1

And with w,(n7) defined analogously to w; (&) in terms of the parameter sets (r;)z) and (d;z).
Here x andy are not equal to zero, p,, ,, h,andm,, p, g, n are non —negative integers such
thatp>n>0,q=0,p, 2n,; 20, ¢, 2m, >0,(i=12)

For the details of this function one can refer to the original papers by Agarwal, (1965).
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GENERALIZED KAMPE DE FERIET FUNCTION

n=p,z=-z,m=1n=p,q =9, +la; =1-a,,b =1-b,

When
(i=1.....pk=1....,q),cP=1-cdP =1-d"(@=1,....,p;h=1....,0q),
Viefl, .....1}

in multivariable H -function (1.11), an interesting relationship obtained as

H 0L Pl Pyl Py
P,q:py, G 1 po 0 415 Py 40y +1

—Z ' r . ' ' .o r r
@-ap AL AR -0, Ch)y s =7, C),

|, @=b;iBj. By (10}, D))y s (=07, DY), ,

A (r) . ' ' . (r) (r) .
p:pl;pz;_“;pr (aJ,AJ,,AJ )1p(CJ,CJ)1p1,,(CJ ,CJ )1’pr,z 7

HVAT PRI S : ; Lo 0o , (1.41)
Lo (0,:B},... B{) 4 1(d},D})y 0 5: (A7, D), !

= S[z; z,]
WhereS[z, z,] is the generalized Kampe de Feriet function of variables defined and
represented as follows:

© ZISI

Stz 2]= Y A(sl,---,sr)ﬂ{emsi)(SA)!} (1.42)

Where, for the convenience,

p roo
[IT@;+> AYs)
A(s,,...,8,) =2 =

f[r(bj +3 BYs)
j=1 i=1

(1.43)

Pi . .
[T +cPs)

And 6,(s;) =+ Viefl, ....,r} (1.44)
[Ir@® +DPs))
j=1

The r —tuple series given by (1.42) converges absolutely, if
q i Gi . p i bi i
1+ BP+> D> AV - CO>0,vieft,....,1} (1.45)
j=1 j=1 =1

=t i=

Where each of the equalities holds when the variables are suitably constrained.
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If we set r =2, then (1.42), reduces to the generalized Kampe de Feriet function of two variables
defined and studied by Srivastava and Daust (1969), represented as

S[x, yl= Z ¢(51:5,)6,(5))0, (s, )

51,82 = 2'

(1.46)

Where £(s;,s,) and 6,(s;) (i=1,2) can be easily found by (1.43) and (1.44) respectively on
settingr = 2. The double series involved in (1.46) convergent if

1+ZB<'>+ZD“> ZA(') Zc}”zo, (i=12) (1.47)

j=1
Further, if we take all capital letters with dashes in (1.46) equal to unity, it reduces to the Kampe
de Feriet function.

FOX’S H -FUNCTION

When n = p = q = 0, (1.19); the multivariable H -function break up into the product of r Fox’s
H -function.

1 “(c. C "
HOOrnln1 amen | _'(Cj’Cj)l,p’ (C Cj )1,pr
PGPy, Gy 55 Pr Oy : . ' ' (r) (I’)
=00y i (@, D),

r

.0,
_H{ s |: (d(') D}i))lq jl} (1.48)

Fox (1961) has introduced the H -function in the field of special function while investigating the
most generalized Fourier Kernel in one variable. The H -function is defined in terms of Mellin-Branes
type integral as

m,n (ap’Ap) o gmn (@, A),-. (ava) 1 .
Hoa {zl(bq’Bq)}_Hp,q{ I(bl 8o (b B q)} - w_[;((s)z ds  (1.49)

Wherew = -1:

Hr(b ﬂs)HF(l a;+a,s)

2(8)=— (150)
[1r@a-b,+4s) H I'(a; - ;s)
j=m+1 j=n+1
n m q
WhereD =) A - Z A +ZBJ - > B;>0 (1.51)
=1 j=n+1 j=1 j=m+1
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q P
And ﬂ=ZBj—ZA,- >0 (1.52)

=

A detailed account of the analytic continuation and asymptotic expansion of the H -function has
been given by Braaksma (1963).

G - and H -function have found a large number of applications in Mathematical physics and
chemistry,biological, sociological and statistical sciences. In this connection, one can refer to the
monographs by Mathai and Saxena (1973, 78).

Gupta, K.C. (1965) evaluated some integrals involving Bessel, Whittaker and H -functions. Gupta
and Jain (1966) also evaluated an integral of product of two H -functions generalizing Saxena’s formula
for the integral of product of two G -functions (1960). Goyal (1970) has evaluated some finite integrals
involving the H -function. Anandani (1969, a, b) evaluated integrals associated with generalized
associated Legendre function and the H - function.

Gupta, (1965), Jain, (1968) and Rathie (1979, 80) evaluated certain integrals involving H -
function.Bajpai (1971, 80), Sharma, (1965) and Shah (1969) have given certain series expansions of H -
function in terms of orthogonal polynomails and the H -function.

An integral transformation associated with the H -function is defined and stuided by Gupta and
Mittal (1970, 71) and Rattan singh (1968,70).

Mathai and Saxena (1966) used the H -function in the study of certain statistical distributions. A
detailed account of the applications of H -function in statistical distributions is available from the
monograph by Mathai and Saxena (1978).

Nair and Samar (1971) obtained the differential properties of the H -function. Saxena and
Kumbhat (1974) defined certain operators of fractional integration associated with H -function.
Buschman (1972) derived some relations of contiguity for the H -function.

THE GENERAL TRIPLES HPERGEOMETRIC SERIES F®[x,y, 7]

Following srivastava,[(1967), p.428], a general triple hypergeometric series F®[x,y,z] is defined
as:

e R ORI OHCHCIROHCOHC N Z}
(e) (9);(9 () (s (h);(h);

Z A(m,n, p)——l% (1.53)

Where for convenlence,

A

H(a,)mmpH(b )mml_[(b )n+pH(b Vpem

A(m,n, p) = ‘E

H(e )m+n+pH(g )m+nH(9 )n+pH(g Doem

=
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<c,>mH<c,>nH(c",-)p
(h,)mﬁ<h'j)nﬁ<h"j)p

1=

(1.54)

SI E:l"

1]
=

i
The triple hypergeometric series F®[x,y, z] defined by (1.53), converges absolutely, when

1+E+G+G +H-A-B-B -C>0:1+E+G+G +H -A-B-B -C >0;
1+E+G +G +H —-A-B -B' -C >0.
THE MULTIVARIABLE A-FUNCTION

The multivariable A -function introduced by Gautam et.al. [1986] will be define and represent it in the
following manner :

A[Zl, vy zr] — AN )

D.0:( Py )i Py G )
|:Zl’ " Zr

o1 | XC X177 COER P s W X (1.55)

@A) A )@y ) p (a7 ), )
(0581B{ g (05 a0 A7),

(2zw)"?

Where w=,/(-1)

TTr (b - ﬁ("s)HF(l a4 s,

$(s) = (;_‘1 Vie®2,...,r) (1.56)
H r( b(l) +IB(I)S|) H F(a(" J(i)si)
j=m;+1 j=nj+1

n

r( EOWIE jHF(b zsmsj

j=1

w(S,,...S,) = (1.57)
(') (1)
Hr( ZA ]Hf[l j+ZBj sij
j=m+1 i=1
(') ,B(') (') ﬂgi) (i=1,...,r) are positive numbers, a") b(') a;,b;(i=1,...,r) are complex numbers and here
m;,n;, p;, 0 (I =1.., I’) are non-negative integers where 0 <m, <¢,,0<n, < p,. Here (i) denotes the

numbers of dashes. The contours L;in the complex S; -plane is of the Mellin-Barnes type which runs from

—Wooto +Weowith indentations, if necessary, to ensure that all the poles of F(b;i) — ,B}‘)si )( i=1...m )are

r .
separated from those of F(l—aj +Za§')sij(j =1,..,n,).

i=1
For further details and asymptotic expansion of the A -function one can refer by Gautam et.al. [1986].

In what follows, the multivariable A -function defined by [1986] will be represented in the contracted
notation:
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] RS

P,a:( Pyt ) Pr G ) (158)

Or simply by A[Zl,...zr].

If we take A;s,B;s,C;s and D;s as real and positive andm = 0, the A-function reduces to

multivariable H -function of Srivastava and Panda (1976).
We are using the multivariable A -function in the following concise form throughout the text.

“opipw
Nz,...2,]= Ao ElQ:Qr‘”
S 55
(27ra)) j j 0,(5,)...6,(5,)D(S,, ..., §,) 23...2% ds,...ds, (1.62)
Where a)Z\/_l , r:ml’nl’ mranr1 :pllq]_; ;pr1qr;
. r = b, B y r r r .
P=(a;A,..A), 2O Dt PO 2 (c,C)), 1 (€,C),

And the definition of the functionsé.(s;) i=1 ....,r;®(s,..,S,) and the condition of
existence of the multivariable A -function are the same as mentioned by Gautam and Goyal (1981).

A-FUNCTION

,(a;,a;), Represents the set of n pairs of parameters the A -function was defined by Gautam and
Goyal as

1(aj,aj)p} 1 s

AT X =——| f(s)x’ds

l: l(bj’lgj)q 272"]‘: (1.63)
HF(a +a. s)HF(l b, - 5;s)

Where f(s)=—= (1.64)
H r(l-a, —ajs)H I'(b; + B;9)

f
The integral on the right hand side of (1.63) is convergent when f >0 and |arg(ux)| < 77[ where

f:Re(iaj—Za+z,B Z,B u= Ha H,Bﬂ‘(165)

j=m+1 j=n+1

(1.63) reduces to H -function given by Fox the following relation
A |y (A-aj.ap), | _ H™o | (8, 2),
p.q 1(1_bj 7ﬁj)q p.q

(1.66)
1(bjiﬂj)q
THE H -FUNCTION
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ioo
TG _gMN @ap AN @padnae | 1 7 3
Heo [z]=Hro [z <bj,ﬂj>m,(bj,ﬁj;spmJ == j P(E)z°dE (1.67)

—ioo

) [1re, -] r@-a,+a,0))"
where  §(&)=—g~ s (1.68)
II {ra-b+p2}" [ T(a-a9

Which contains fractional powers of the gamma functions. Here, and throughout the paper a, (J=1...,p)
and b;(j=1..,Q)are complex parameters, «a;=0(j=1..,P),5,=20(j=1..,Q) (not all zero

simultaneously) and exponents A;(j =1...,N) and B;(j=N +1,...,,Q) can take on non integer values.

The following sufficient condition for the absolute convergence of the defining integral for the H -function
given by equation (1.67) have been given by (Buschman and Srivastava[1]).

M N Q P

QEZ‘ﬂi‘+Z‘AiaJ -2 \ﬂij\—_Z o[> 0 (1.69)
j=1 j=1 j=M+1 j=N+1

and [arg(z)| < %nQ (1.70)

The behavior of the H -function for small values of |Z| follows easily from a result recently given by (Rathie
[1997],p.306,eq.(6.9)). We have

—M,N y ) b.
Heaq [z]:0(|z| )’7:1r<r}'<r.l{Re(%jﬂ’|Z|_)o (1.71)

If we take A =1(j =1.., N), B; =1(j =M +1,...,Q)in (1.66), the function ﬁﬁ”@N reduces to the Fox’s H-
function [1961].

FRACTIONAL INTEGRAL OPERATORS
The definition of fractional integral of order a studied by Riemann-Liouville (1832, a, 76) as
follows:

f(a,x) = ﬁj FO(X-t)*"dt (Right hand) (1.72)
£-(x,b) = %T F(O)(t—x)*"dt  (Left hand) (1.73)

Where a < x < b, @ > 0 andis I"a gamma function.
Weyl (1917) defined the fractional integral of order « in the form:

: _ 1 _pet
f * (o0, X)_F(a) L f(t)(x—t)* Ldt (1.74)
fa‘(x,+oo)=$ [ -t (1.75)

Erdelyi (1940) defined the fractional integral of order « as
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1 £ (%) :ﬁj(x—t)“ ()t

1°F(x) = f(X) (1.76)
Ko f(X) = —— j (t—x) f (t)dt,
KOf (x) = f(X) (1.77)

Kober (1940) defined and studied the following fractional integrals of order « (using Erdelyi’s
notation):

ST =S e, B.yim, um,a; f(X)]= ( _ )fF(a ﬂ+m,y,—)t’7f(t)dt
174F(x) = x 719X £ (x), 17°F(x) = f(x) (1.78)
K2 f(x) = xKIX 7 f(x), Kf(x)=f(x) (1.79)

Saxena,(1967b) introduced and studied the operators associated with a hypergeometric associated
with a hypergeometric function in the following form:

S[E)] =< e Biyim; £ ()]

_ r?l_y_l )iF(a, B+m: Bt )t  (t)dt (1.80)
Y
SR[f(x)]: [a B;sm; f(x)]
r(1— )jF(a B+m; Bt )t (t)dt (1.81)

Where F(a,f;y;x) is the ordinary hypergeometric function, and «,f,y,8 are complex
parameters, if m =0, these operators reduce to the operators due to Kober (1940).

Kalla and Saxena (1969) generalized the operators (1.80) and (1.81) by means of the following
equations:

SLfM]=¢ e Byim un,a; f(X)]

X

_ px " . ax_ﬂ n
“t @ ! F(a, f+m;y; o Y7 f (t)dt (1.82)

R[f ()] =R[a, B, 7;m, 1,6,8; T (x)]

r(1 o j F(a, B+m; y,—)t“"lf(t)dt (1.83)

Where «, B,7,1,0 and a are complex parameters.

Lowndes (1970) generalized the Kober operators as well as Hankel operators and also derived
their inverses.

Saxena, (1966) obtained an inversion formula for the Verma transform by the application of
fractional integration operators.

Fox (1963) studied the integral transform in the light of the theory of fractional integration.

Fox (1971, 72) has enumerated the application of L and L™ operators defined below, in solving
the integral equations.
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XL ()} = e, B; f(X)] (1.84)
XEe AL XA f (%)}], (X =1/ X)
= Rla, B; T (X)] (1.85)

Saxena and Kumbhat (1973) introduced a generalization of Kober operators, and further in
1973, they introduced two new fractional integration operators associated with generalized H-function,
and also derived their important properties. In another paper (1973), they established some theorems
connecting L L™ and fractional integration operators, which is an extension of the work of Fox (1972).
Saxena and Modi (1980, 85) defined and studied the multidimensional fractional integration operators
associated with hypergeometric functions. Gupta and Garg (1984) studied certain multidimensional
fractional integral operators involving a general multivariable function in their karnel and also established
a relationship between multidimensional fractional integral operators and multidimensional integral
transforms. The operators involving multivariable H-function as kernal were defined by Banerji and Sethi
(1978).

This subject has also been enriched by the researches of workers like Love (1967, 70), Saigo
(1984), Srivastava et al. (1990), Hardy and Littlewood (1925), Gupta and Rajani (1988, 90), Kalla (1966,
71), Mathur and krishana (1977), Pathak and Pandey (1989), Lowndes (1985) and several others.

A detailed account of this subject can be found explicitly in the various monographs notably by
Nishimoto (1982, 84, 87, 91), Ross (1975), Samko and Kilbas (1987), Mcbride and Roach (1985),
Oldham and Spanier (1974) and many others.

H -FUNCTION OF TWO VARIABLES

The H -function of two variables introduced by Singh and Mandia (2013) will be defined and represented in
the following manner:

— — —0,n: M,,Nyimg, N,y
H [Xa y] = H I:);/] = H P1:01:P2.42: P20 |:);/

(@5i:A), {ei7iiK; iy {ei7 Doyt (6 iR (81
(by35:81 ), o (505, (505305 ) o o(FF ) o Fi5S) g

1

=== [ [#(Em &g mxydsdn (1.86)
) F(l—aj +a; &+ Ajn)
Where ¢1(§,77)= o = T (1.87)
1 F(a;-a;g-An)[[T(1-b;+55+Bm)
=1 L
) {F<1‘Cj+715)}Kjﬁr(dj‘5j§)
() =— — - (1.88)
1 F<CJ_7J§) H {F(l_dj+5J§)}J
T{r(-e,+ )" TIT(f,-Fyn)
¢ (n)=—= — - (1.89)
1 r'(e, _Ei”)__l_[ {F(l_ f; +Fj77)} ]
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The general class of polynomials is defined by Srivastava and Panda [1976,1976] as

[m/m] [n/m] ( n,) (-n),
......... (Xl )_ z Z kl |mlk1"' k |rkr
k,=0 k. =0 1" r-

FIng, Kppoosn, K X x5 (1.90)

A generalized matrix transform or M-transform of a function f(X)ofa mxmMmreal symmetric positive
definite or strictly negative definite matrix X is defined as follows:

m+1
M ()= [ IX] 2 f(X)dX (X >0) (1.91)

X>0
Whenever M, (S) exists. Also f (X)is assumed to be a symmetric function i.e.
f(BX) = f(XB) = f (B%XB%)for B=B'>0.When X <Oreplace X by —X in
M -transform.
The Mellin transform of f (t) will be defined by M[f (t)]. We write S = p~* +it where p and tare real. If

p>1 f(t)eL,(0,), then

p=1 M[f({t)]= Tt“f (t)dt (1.92)

p>1, M[f(t)]= I.i.m..X[ts‘lf (t)dt (1.93)

1/x

Where |.i.m. denotes the usual limit in the mean for L, -spaces.

The generalized multidimensional integral transform T , defined as:

T{F(X);S0,5, } j Tk (506,5,% ) F (x)bx,...dx, (1.94)

0
Where k( S Xp ey S X, ) is the kernel of the transform T and the multiple integral occurring is assumed to be
convergent.

The type-1 Beta integral is defined as

O ey

x @ (1_ X )ﬂ—ldx :J‘ y p-1 (1_ y )a—ldy _ 1;((0;)2(15))
0 (1.95)

Re(a) > 0,Re(S) >0 .

The type-2 Beta integral is defined as
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jx “L4+x ) ““Pdx :j y 4y ) ““Pdy :—I;((a)l;%)
0 0 a

Re(a) >0,Re(B) >0

(1.96)

T(t —a)*(b—t)"dt = (a—b)***B(x, y);Re(x) > 0,Re(y) >0,b<a

Vandermonde’s theorem Mathai and Saxena ([1973], p.110 (4.1.2)):

,F.(-n,b,c;1) = (c-b)

L.c#01,2,..
(©),
The following result:
n F(l_a)
a), =(-1)" ——=—
@ =D o

Appell’s Functions of two variables

Fl(a,b,b';c; X, y) = i (a)m+n (b)m(b I)n ﬁy_n

m,n=0 (C)m+n m! n!
= i (2;‘(:1);“ ;Rla+mbyc+m;y]x" (1.97)
m=0 m .
(IxI<Llyl<1)

i (a) (b)m

,F[a+m,b"c’ y]x" (1.98)
(Ix[+]yl<D)

F(aa'b,b’c;x,y) = z—(a) (E:t))) (bl)”%%

_ i (a) (b)

noF[a'\b;c+m;y]x" (1.99)

(Ixl<ilylD)
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:i(a)m(;)m Fla+m,b+m;c’;y]x" (1.100)

NEEN R

Confluent Hypergeometric Functions of Two Variables

¢.(a,b;c;x, ) _mzn:O (a)(g'; Ek:) )r;l )rlll (1.101)
(Ixl<1)
¢, (b,b'cix,y) = Z O (07, Xy (1.102)

m,n=0 (C)m+n ml n'

gy (b;c;x, y) = Z (0, (1.103)

m,n=f O(C)m n ml n'

Z (@) (0)y X" ¥"

v, (a,b;c,cx,y) = 2700, poviey (1.104)
(Ix|<1)
(a;c,chx,y) = i (@mn X" Y" (1.105)
V/Z B ’y m,n:O(C)m(C')n ml n! .
@ (a,a'b;c;x,y) iﬂ;{)% o (1.106)
(Ix|<1)
»,(a,b;c; X, y) = mznlo (2):&2 )r;l )r/” (1.107)
(Ix|<1)

Lauricella Functions of n-Variables

FM(@,by, .0 5C e, €y Xy ey X ) =
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S (a)n11+...+mn(b1)ml“'(bn)mnﬁ er]n” 1108
T o), miTm (1.108)
(% |+.+] X% <2
FB(n)(ai""'a”’ yerey n'C Xiyeeny )_

c @)y @) BBy X -
ml"Zm"O (C)nll+...+mn mllmnl ( ' )
(%1% % <D

= (a b Moy
O @b CynCyitr) = S Omem Onim X230 4

(X [+t 1%, [ <D)

> (a ..(b My
F(n)(a bl " n’C Xii"'ixn) = Z ( )mlerern (bl)ml ( n)mn Xl_ * Xﬂ (1 111)
my,...,m,=0 (C)n'h+...+mn ml' mn'
(% <L....|x, <1
Also we have
F"(a,b,...,b,;C;X,....x) = ,F(a,b +...+b,;C; X) (1.112)
Confluent Hypergeometric Functions of Several Variables
n - (bl) ml X
OBy B G X X)) = Y S (1.113)
m,...,m,=0 (C)nll+...+mn rnl mn'
n c (a) +..+M, E an
W (R,C G X X)) = Y mem X X (1.114)

my,...,my O(Cl) (Cn)mn mllmnl

Srivastava (1976) introduced the general class of polynomials (see also Srivastava and Singh (1976a)

[n/m]

SM[x ]_Z( n)mw X, n=0,1,2,.. (1.115)

Where Mand Nare arbitrary integers the coefficients A , (n,k > 0) are arbitrary constants real or complex.

The generalized Struve’s function is defined as (2008):
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(_l)m (Zjv+2m+l
Hyy (z):i 2 (1.116)
T =T (km+ y)L(V+Am+ u)

Where Re(k) >0,Re(1) >0,Re(y) >0,Re(v+ u) >0.

When u = 2’ (1.116) reduces to the generalized Struve’s function defined by Singh(1989) as

7 v+2m+1
()
1.k
Hv,y (Z) = Z 3
m=0"(km+ y)I" (v +Am+ 2)

(1.117)

Where Re(k) >0,Re(1) >0,Re(y) >0,Re(v+ g) >0.

3
Put k =1,y =— = in (1.116) to get the generalized Struve’s function defined by as (2008)

v+2m+1
Zj
(1.118)

EE
Hi (D)=

"=0"(m + 3)1“(v +Am+ 3)
2 2

When A=1=Kk,y= > = 4, (1.116) reduces to the generalized Struve’s function defined by Watson (1961)

as:
7 v+2m+1
. e[
H (z)= 1.119
@=2—— 3 (1119)
I'(m+)Cv+m+—
2 2
3
Where Re(v+5] >0.
The Beta function is defined as:
(1.120)

a1 14y C(a)I(B).
X“T1-x)"dx = Taip) Re(a) >0,Re(B) >0

The well known multiplication formula for Gamma functions :

F(mz):(Zﬁ)LTmmmZ%F(z )F(z +ij...l“[z L _1J,m =12,...
m m

O ey
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Fujiwara (1966) defined a class of generalized polynomials by means of the following

Rodrigues formula:

_ (_1)nkn dn _ p+n _y)atn _ _
Rn(x)_n!(x_p)ﬂ(q_x)a dxn[(x p)"(@-x)" |, p<x<qanda>-1,8>-1

(1.121)

We denote these polynomials by Ry (B a:x) and call them extended Jacobi
polynomials .

Thakare (1972) obtained the following form of Ri(X) =F.(8.a:x) :

1+ !

Fn(ﬂ,a;X): (_1)nkn(q;'x)n(l+ﬂ)n 2F1|:n,na. p—X:|, p<x<q

Generalized Hypergeometric Functions Involving Two Variables

Kampe de Feriet Function

H(a)mmH(C)H(e) oy

wvip [ (@)1 )i(ep) = y
Fwtqp[(zunzv)(f)’x y] O — (1122)

S0 N (CON p (PR ) (EP

=1

The above series is absolutely convergent for all values of xand vy, if

u+v<w+t+land u+p<w+q+1. Also, if u+v=w+t+1 , we must have any one of the following
sets of conditions:

1 1

(i) u<w, formax{| x|l y[} <1, (i) u>w, for | x|" +|y|**<1

The Kampe de feriet function has been generalized by Srivastava and Daoust (1969a). Their general
function is defined and represented as follows:

(@5ei:m), (CJlVJ)l,pz’(eJ'Ej)l,pi'

Y|(o;.8: ,) (d; 5]),q2’(fi’Fj)1,q3

siyl=s[;]=sezz

) ﬁ I'(a;+a;m+An) ﬁl‘(cj+yjm)ﬁl“(ej+Ejn)
Z j-1 j-1

m,n=0

- - X_.y_| (1.123)
r(b,+gm+8;n) []r(d;+sm)[]r(f;+Fn) m-

=L =t

.:_Q u

1
LN

J

The series given by (1.123) converges absolutely, if

G s Py )
1+ Bi+2.0;-2 ;-2 720
e R
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And l+iBj+iFj—iAj—iEjzo
j=L j=1 j=1 j=L

The following relations are used in the sequal:

F(;+k+mj 1
Hiv;-|:x (]rk,l) :|:—e 2 Mk]m(x)l

(G+mD,(G-m) r(2m+1) 124
1
HZ2P [x (5’1) } = ﬂfée%XK (—1 xj (1.125)
12 (b.1),(~b.1) o| T %) .
.
HEP| x| =e* W, . (x),
' ~+m,1),(Z=-m,1 '
Gemb,G-ma) 1126)

Sethi et. al. discussed the following fractional integral operators involving H -function of matrix arguments:

2,05 Pis . X|[7”
R[f(x)]:R[(J (b ﬁ)',f(X)]zl |

0 L (o)
m+1
j|UrWX—UrF77HK{7U—UX4)%ﬁﬁ}fﬂ”du
0<U<X
a, )12 (05. 8 s . _ X °
KL (X)] = K[ e o) 1f<X>]—r|m(L)
m+1
j|u|”71u-X|““?’Hff[yU-XU‘5EE?&!Jf(U)dU

U>X

Where f(X)=f(X,,.... X;s Xp15.-s X ) b€ @ real bounded function of a complex parameter.

The fractional (arbitrary) order integral of the function f of order & > 0 is defined by

ﬁf®:£gﬁgéihma

a-1

When a =0, we write 1. f(t) = f(t)*¢,(t), where (*) denoted the convolution product ¢, (t) = ) >0
a

and ¢, (t)=0,t<0 and ¢, —> J(t) as a — 0 where 5(t) is the delta function.
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The fractional (arbitrary) order derivative of the function

t-2" .
“f(t) = dtjm_ f(r)dr

4
— 17 f(t
it (t).

From above Definitions , we have

Dat,u = F(/u+1) H—o
INu—-a+l)
u>-1,0<a<l1
and
Iat,u - r(lu+1) t,u+a
IM'u+a+1l)
u>-1a>0.

f

of order

0<axl

is defined by

The goal of this work is to find the exact solution for different kind of fractional differential equations, in terms of
H-functions. We consider the non-linear fractional differential equation

Dgu(t) = f(t,u(t)),
where 0 < & <1, subject to the initial values

[Dyu(t)]<, = [D5 u(t)]—,
=[1lut)].,, =0, f=1-c.

Where f(t,u(t)):[0,T]xR — R isa continuous function. Also the exact solution for the linear case

Du(t) - Au(t) = f (t).

Furthermore, The multi-term fractional differential equation

Deu(t) = f (t,u, D“u(t),..., D u(t))

The function F(s) on the complex variable S defined by
F(s)= AT (t);sh= [ e f @t

is called the Laplace transform of the function f(t).

The Mellin transform of the function f (t) is

M{f (t)}(s) = jo“’ts-lf (t)dt.

The Fourier transformation for one dimension is defined as
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FLF(N}a) = [ € f(r)dr.

The fractional derivative of order « is defined, for a function f(z) by

agin. 1 de f(J)
D" f (2):= St W d¢,

where the function f(z) is analytic in simply-connected region of the complex z-plane C containing the

origin and the multiplicity of (z—¢)™ is removed by requiring log(z —¢") to be real when (z—-¢) > 0.

The fractional integral of order & > 0 is defined, for a function f(z), by

1) ﬁ Ozf () (z-4)"dSa >0,

where the function f(z) is analytic in simply-connected region of the complex z-plane (C) containing the

origin and the multiplicity of (z—¢)*" is removed by requiring 10g(z —¢) to be real when (z—¢) > 0.
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2

ON THE DERIVATIVES , PARTIAL DERIVATIVES ,DOUBLE INTEGRAL TRANSFORMATION AND
FRACTIONAL INTEGRAL OPERATORS OF A CERTAIN GENERALIZED HYPERGEOMETRIC FUNCTIONS
OF ONE AND SEVERAL VARIABLES

In this chapter, methods involving derivatives and the Mellin transformation are employed in obtaining

finite summations for the H -function of two variables and certain special partial derivatives for the H -
function of two variables with respect to parameters.

Introduction

The H -function of two variables defined and represented by Singh and Mandia (2013) in the following
manner:

Hxy]-A[:]- ﬁ:;%;ﬁ;;:(?;z';‘;::;[;

(@5.isA), , (61:CiiR ) ei:Ch), 8 7R (87),
(6385383), g @105}y (0505515 o (15:67) o (F5085381),

- [ [ (e 0@y yded (211)
Where
ﬁr(l—aj +aj§+Aj77)
#(&m)=— = - (212)
11 I(a-ag-An)[[T(1-b;+ 55 +Bn)
j=n+1 j=1
ﬁ{r(l—cj +Cié)l” ﬁr(dj -D¢)
0(¢)=—- T - (21.3)
H F(Cj ‘Cjé) I1 {F(l_di +Dj§)} J
j=ny+1 j=m,+1
ﬁ{l‘(l—ejﬂf,-ﬂ)}R' Tng r(f;-on)
w(n)=— — - (2.1.4)
H T (e —yjn)__H {r(l— f, +5j77)} j

Where Xand Y are not equal to zero (complex or real), and an empty product is

interpreted as unity p;,q;,n;, M, are non-negative integers such that

O<nm <p,0<sm; <q;(i=123;j=2,3).All the
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aj(j =12,.., pl)!bj(j :1521""q1)’cj(j =12,.., p2)ldj(j =1’21---'Q2)l
e;(J=12,...,p,), f;(=12,...,q;) are complex

parameters.C; >20(j=12,.., p,),D; 20(j =1,2,...,9,) (not all zero simultaneously),
similarly y; 20(j=12,...,, p;),5; 20(j =1,2,...,0,) (not all zero simultaneously). The

exponents

K;(1=12,..,n,),L;(j=m,+1,...,0,),R;(] =1,2,...,n,),S;(j =m; +1,..., q;)

can take on non-negative values.

The contour L, isin ¢-plane and runs from —icoto +ico . The poles of

F(dj — chf)(j =1,2,...,m,) lie to the right and the poles of

"
FKL4%+C§»'(j=LZHHWLF@—arH%§+Anﬂj=L2w”mﬁomebﬁﬁﬂw

contour. For Kj (1 =1,2,...,n,) not an integer, the poles of gamma functions of the numerator in (2.1.3) are

converted to the branch points.

The contour L, is in 7-plane and runs from —icoto +ioo . The poles of

F( f, —§j77)(j =1,2,...,m,) lie to the right and the poles of

R.
F{(l—ej +;/j77)} "(i=12,..., ns),F(l—aj +a;é+ Ajn)(j =12,...,n,) to the left of the

contour. For R; (] =1,2,...,n;) not an integer, the poles of gamma functions of the numerator in (2.1.4) are

converted to the branch points.

The functions defined in (2.1.1) is an analytic function of Xand VY, if

P P2 % 2

U=>a;+>.C,-> B->.D;<0 (2.1.5)
j=1 j=L j=1 j=1
b Ps % s

V=Y A+>7->B->6<0 (2.1.6)
j=1 j=1 j=1 j=1

The integral in (2.1.1) converges under the following set of conditions:

A= nlaj— iaj”LiDj_ qzz DJ.LJ.+
=1

i j=m+1 =L j=my+1
N2 P2 %
D riKi= > =D p,>0 (2.1.7)
j=1 j=ny+l j=1
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inAj iA+Z§— > 58+

j=1 j=n+1 j=my+1
%
ZE R, - Z E,-> B,>0 (2.1.8)
j=n,+1 j=1
1 1
|arg x |< EA”’ largy |< EQn (2.1.9)

The behavior of the H -function of two variables for small values of | z |follows as:

HIX, y1=0(x [ y 1), max {| x|, y [} -0 (2.1.10)

d. f.
Where o = min | Re| - S =min|Re| - (2.1.11)
1< j<m, Dj 1< j<m, 5]_

For large value of | z|,

HIx yI=0{Ix[",] y "}, min{| x| y [} -0 (2112)
Where
c. -1 e -1
a'=maxRe| K, = , f'=maxRe| R, — (2.1.13)
1<j<n, Cj 1<j<ng ]/j

Provided that U <0 and V < 0.If we take K, =1(j=12,..,n,), L, =1(j=m,+1,...,0q,),
R, =1(j=12,..,n,),5; =1(j =m; +1,...,q;)

in (2.1.1), the H -function of two variables reduces to H -function of two variables due
to (1961).

Ifweset n,=p, =q, =0, the H -function of two variables breaks up into a product of two H -function of

one variable namely

—0,0:m,,n,:mg, N,
H 0,0:p2,02:P3,0s y

(¢5.Ci KJ) (CJ ’Ci)n . 3 M
Kooy o) [Foa] ¥
1,mp

(dJ 17 )mzﬁ,qz

~(D1:95), (dJ D5l ) gy {1781y (1106538

G L T R R R CRZAL ) B R N }

ot @110

(f;.6) )1,m3 (1368 )mga,qg

If A >0, we then obtain

0,n: my,nyimg,n
2 7Nl 3
Z/leqipzqu3q3|:

# (@ 20y ), (03281 ), L (€5:C74), (e A7iiRs), (e 27s),
(bi ‘/I'Bi ;BJ )lrULl ’(di ’/‘{'Dj )1\"”2 ’(dj ’]'Di ;LJ )m2+1‘q2 '( fJ ’1'51 )1,m3 '( fJ ’Aé‘l ;Sj )m3+l‘q3
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p—

(2.1.15)

=ﬁ0vnl:.m2v”2.:m3v”3 X aj’ai;Aj)lypl'(ci'ci;Kj)lynz’(ci’Cj)nzﬂ‘pz’(ej’yi;Rl‘)lyna'(ej’}/j)n?’ﬁyps
PGP GiPes |y () BBy, o (40:01) (5P} (587)(105583), e |

ﬁovnl:.mZvnz.:mavnB 4 (ajvaj?Aj)l‘pl'(Cj'Cj?Kj)anv(cjvcj)nzﬂ‘pzx(ejvﬂ’i?Rj)LnS'(ej:7j)n3+1,p3 ]
P10 P2, 0ot P3.0s % (bj,ﬂj;Bj)lvql,(dj,Dj)l,mz,(dj,Dj;Lj)mzﬂqu,(f,.,aj)Lms,(fj,aj;s,-)mgw_

(10,78 ), o (1-0;.05), (14,051, ol ‘”Sj)msﬂvqs} (2.1.16)

(1_aJ @A )1‘,,1'(1_(:1 CiiK;j )an ’(1_CJ Cj )n2+1,p2 ,(l—e]— ViR )l‘ns ’(1_61 7 )n3+1‘p3

1—fj,5,-)l 1-1;.6,

mp+1,0p Y(

_ﬁo,nl: My.NpiMg,Ng | o
= P10 P2. G20 P33 |y

In next section the following differentiating formulas are also used:

Formula 1

D! {xlﬁ[zlx“1 ,2,X™ ]} -

—0,n+Lm,,n,:mg,n h1
d-r 2:M2:M3, N3 7 X
X H P10+ Py, 051 3,03 |: '

Ay hy).C.E
elsiinor 2117)
For h,h,>0and A€l .

Formula 2

(XD, —k;)...(xD, —k,){x*ﬁ[zlxhl,zthzj} =

—0,n+r:m,,ny:mg,n 3 h1 (k-—ﬂ,hl,hz) r,C,E
x* p1+r'q1+r:p2,q3219331% |::;h2 B,J(1+kj—l,hil,hz) ,D,F:| (2.1.18)
Where A, kj el (j=12,...,k)and h,h, are real and positive.
Formula 3
(Dxx—kl)...(Dxx—kr){x‘ﬁ[zlxhl,zthZJ} -
—0,n;+r:m,,n,:ms,n h1 (k~—l—l,hl,h )“,C,E
Xi p1+ryq1+2r:p22,q3;:;3yq3 |:§2);h2 B,](kj—l,hl,hz)y ,D,F:| (2119)
1r

Where A, kj ell (j=L12,...,k)and h;,h,are real and positive.

Main Results
If t be an arbitrary parameter and « ', & " be positive real numbers, then it can be verified that

—o,n+L  my,Nyimg,N,

D' {ﬁl:zlt“'1 Zzta“} =t*°H p+L 0y +1 Py 0z P 0

o 2.2.1
gre |(A-ermata )'(ai'ai;Ai)Lpl’(ci'71';Ki)lvnz’(ci'7i)n2+1,p2’(ei'Ej;Ri)l,rB’(ei*Ei)n3+1,p3 ( )
2t | (by.8538; ), (e (dop) o (ddity) (TR (RS ) g

And
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—0,0:m,,n,:mg,Nn a'
e-1 22T L gt
tH 0,0:p,,0,:P3,05 |:22t"‘"

—(cj 753K iy 71, b (e i Ry s (88 )n3+1‘p3 } _

—(dj.5; )Lm2 (d.65:L; )mz+l,qz (5. F; )1,m3 (f5.Fp8; )maﬂ’q3

€Y, ,
t 2 Hp.q|zt"

(d5:8), (959581

(Coc B .
t 2 Hpq | Zt"

(ej'Ej;Rj )1,n3'(ej’Ej )ﬂ3+1-93 i| (2 2 2)

(F5 P (5 F381)
Differentiating (2.2.2) two times w.r.t. t and simplifying, it follows by induction that

—0,1m,,ny:mg,ng 3t
1Lp,.0:P3.03 2t

-esma @, 73Ky ) (671),,., (60 R, 0B, }

(e a")(d;.5; )1'm2 (d.65:L )mvm (.5 )1’m3 (15.F558; )m3+1.q3

3 Nl —o,0m,,n,+my,ny+1
= n 1 0,0:p,+1,0p +1: p3+1,05+1
nmeo Nn,!
n+n,=n

(2.2.3)
. e+l . . e+l . .

2t ——.[lJrnl—T,a ,lj(cj YAHS) N (TR 7) N .(1+n277,a ,1)(ej R, )M3 GRSV

7t | . e+l ). . e+l ..

018 0100 g (55 H L) 10581 (5571
(2.2.3)readily admits an extension and we have

: Nl —on: myn+L myny+1

= Z Ty PP LA+ g+, ¢

oo Ny In, !

N +ny,=n (2 2 4)

1, 1 .
2t (aj.a;:A; )1,pl’(1+nl_%'a :1j,(<:j,;/J;K,)LnZ,(cJ Y3 . ,(1*'”2—%,0! ;1J,(e,r,E,r:RJ G .
o 1. 1 .
) (051381 ) g 9100, 0191501y (1S (1.5 (15 8)) g (50

Considering various other forms that (2.2.1)admits, similar other results can be obtained. In the next place,

in view of (2.2.1) we note that the 2-dimensional Mellin-transformation ([1950],11.2) M “of the H -function
of two variables is given by

M "(H) =Q(~¢&,-7)

. d; c,-1
Provided —min Re| — |<& <maxRe| K.
1< j<m, 5]_ 1<j<n, ! }/J_

: f; € -
—min Re| =+ |<ny<maxRe| R, -
1< j<m, Fj 1<j<ng ! Ej

We also note that, since (1.7 (30) of Erdelyi [1953]) for a positive integer N ,

(DN () _I'(a)
w(a+N)—w(a)—kZ_1:k(N_k)!w(aJrk), (a)—r(a),

Partial differentiation of the gamma product
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F(l— % +a'$+a "77)1“(1+ % +a'$+a "77) w.r.t. the arbitrary parameter € at

e = N can be expressed as a finite sum

%{F(l—%+a'§+a"njl“[l+g+a'§+a"nj}

N 1 n
N, (L1)IN | F(1+2+a S+a 77)

i k(N _k)!F(1+l;|—k+a'§+a"77j

e=N

1 N
= T|l-—+a'é+a"
> ( > g 77)

Where «', « "are positive real numbers.

Thus for n>0, N > 0, we have

—0,Mm+2: My,Ny:mg,n,
n 21
M {H PL+2,01:P2,02;5 P2,z [

Z

1, 1,
(03538 ), g (d5:85),, (dj055L5), '[1‘%'“ ;1]'( g (T Fi580) e ’(1‘%"" 31)

(g;a a j,[g;a a j,(aj i) o) (67 ,(nnz%,a ;1),(e,- ER ) (6B }
e=N

NI (—1)“N!F(l+|;|_“'5_“"’7jr(1‘|;—“'5—0!"77)

~ 2 Zk(N-k)!

F[lJrN—k—a'g”—a"nj
2
xQ(=¢,-n)

N1 N (_1)"‘1 —o0,m+3  My,n,img,n,
M" - —H 1 +3,0+1P,,05; P20 il
{zék(N—k)! p3qquF’Q|:2

2.2.5
(‘%?“'*“"}(‘%?“'*“"}(g?“"“")’(aj @A) (S5 )y (01 71) oy (B ERY ),  (oE) }} ( )

N o . .
(b;.5;:8; )Lodv(*j*k?“ o )‘(di ) T IR LML) NS R

But for z =u=" ,1=1,2,(2.2.5) can be written as

0 ——0,N+2: mMy,Ny:mg,n,

Z
—{H P+2,60°P2. 023 P2, 02 [212
oe

(03138 )y g (0505 ) (0505305 ) o o FFi ) (TR

(-%sa'va"}[%a'ﬂ"}(aj @A) (575K )y (0171) oy (B ETRY ), (e E) :l
e=N

N ey

2 & K(N—K)!
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N
N—k ? —0,N+2: My,N,:My,N, Z
Dy " qu? Hopvoamaing| o

NN (2.2.6)
(—?0‘ a ]y(?“ o j,(aj apihA )Lpln(ci 7 ?Kj)l,nz (e57; )nzﬂ,pz'(ej Ej ;Ri)lm'(ei :Ej)nyl,pg
(03538 )y o (505 (505305 ) () (RS

If we express the derivative into a sum, carry out the differentiations, interchange the order of summation
and simplify, we obtain

H P1+2,01: P20z P2, 02

0 {—0 My +2: My, Nyimg, Ny I:Zl

oe
( )( ')’(aj apiA ) o7 ) 7)o (6 Ry, (e,
(031381 )y o (505 (505305 ) () (RS

e=N

NI (D) oms2 munimn,
5 ; p!(N — p)! e

N NN
(*53“ o jv(j*p?“"" ]v(ajﬂi?AJ)l,pl”(CivVi?Kj)anv(Cjvh)nzﬂ‘pzv(erEj?Ri)Mgv(eifj)nwm

a 2.2.7
[22 (635381 ), o (5205, (505505 ) (P ) (P58, ( )

Similar other results can be obtained by considering products or quotients of such gamma functions whose
partial derivatives w.r.t. the arbitrary parameter involved can be expressed as a finite sum.For example, for

the quotient
I'l-e—-N+a'é+a"n)
'l-e+a'é+a"n)

We have

0 {—o AL my,nyimg,n, |:z
1

H b 10,420,010, ., z,
oe

(e+N ia':a")l(%“"a"}(aj A )1‘,,1 oo 75K, )an (ei7i Dyt (€1 ERiR )Lng (85 Ei) s
(k)58 )1,qlv(e?“"“")v(dj 9 )l,mz (dj.553L )mzﬂ,qz (5.F; )1,m3 (f5.Fiis; )myl‘qa

Z (l)kl —on1+1 m,,N,:Mg, Ny
p1+1 RN PH O SR
5 P(N-K)!

(e+N;aa’) () a1y Ay )1,,,1'(%'7;?'(1)1,”2'(01vVJ )nzﬁ,pzv(eivEJ?RJ )Lnsv(ejij)nsﬂ,ps (2.2.8)
(0385385, (ki (d.657), L (e03it) (R, (TS o

4
Z;

We establish the methods involving derivatives and the Mellin transformation are employed in obtaining
finite summations for the | -function of two variables and certain special partial derivatives for the | -
function of two variables with respect to parameters.

Introduction
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The | -function of two variables introduced by Prasad will be represented and defined as follows:

I 0,ny:(m".n"):(m",n")

— Z
I[Zl' 22] T PG (pha)(p"aY) |:Zz

(i@, py (@, )y pri(@') 0 )y, :|

(0352825 8"2 ) ap (0.8 g (0. B 1qv

1
=—— | | 4.(5)%,(5,)w(s,,8,)z 2y ds,ds
(27ZW)2 'L[L[ 1\21/ %222 1192/ 61 £ U91M9 (2.3.1)
Where = _l,
m® _ W . 4
[Tr (6P -B"s )[Tr(1-aP +af’s;)
___ i j=1 .
¢|(Sl) - q(i) - - p(i) - - VI E{l, 2} (232)
[T r(t-bP+8% )] r(a-as)
j=m41 j=nt1

N,

j=

2 -
1“[1—a2j + Zag'j’si]
w(s,s,)= - 1 i=1

2 . a2 2 )
I r(azj —Zag'j)sijnl“(l—sz L3 ,Bz'jsij
i-1 =1 i-1

j=ny+1

(2.3.3)

Main Results

If t be an arbitrary parameter and « ', @ "be positive real numbers, then it can be verified that

D {1zt 2t | =t

. (2.4.1)

0,n,+L(m".n’):(m",n") 7t [(A-e+nia’a).(ay i@y, ) g, (@@ )y pi(@ 0 )y e

Pa+L 0 +L(pa):(P"0") | 2pt%" | (b2j:825. " 2 gy (I-€i’ @ ):(D1. B D1, (D"f . B g
And
te—llo,o:m',n':m",n" 7t @@ @2 e |

0,0:p%9p"0" | z,t%" [ (018" g0 B g | T
(e-1) ( ) (e-1) ( )
2 o a'|@)a ) T2 mn” a"|(@,a)p

t Ip.’q.[zlt (b.jﬁ.j)m}xt | [zzt <b',-,ﬂ'j>l‘q-} (2.4.2)

Differentiating (2.4.2) two times w.r.t. t and simplifying, it follows by induction that

(l—e+n;a',a"),(a'j ,a'j)l’pv,(a‘j ,a'j )1,p"
(-eia'a”) (b B )1 (0.8 )0

0,Lm',nm"n" | zt*
1Lp'qg:p"q z,t

n
_ Z n! IO,O:m',n'+1:m",n"+l
- 0,0:p'+1,q'+L p"+1,q"+1
o n!n,!

m,n,=
n+n,=n
(2.4.3)
. e+l ), e+l L\ .,
2t ——.(1+n1—7,a ),(aj,a J-)1vp.,[l+n2—7,oz j,(aj,a iup

e+l
a

2 ﬁ'j)l.q"(l_e?ﬂ'a']’(b'i’ﬁ'j)m"’(l_T' )

(2.4.3)readily admits an extension and we have
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n
n! o,n: myn'+L m"n"+1
0o p'+L,q'+L p"+1,q"+1
On!nz!pzqu g+Lp+lq

n,+n'=n

(2.4.4)

+1 e+l
(ayj:a’y @™y p, (1“"1*7‘1)(3 @' p [1”12*70!)(3 @ 1 pe

o232 g O -5 7 B e (155

A t”‘
2t%

Considering various other forms that (2.4.1)admits, similar other results can be obtained.

In the next place, in view of (2.4.1) we note that the 2-dimensional Mellin-transformation M of the | -
function of two variables is given by

M "(H) =Q(~¢&,-7)

b, a',-1
Provided —min Re| — 7 <& <maxRe
i

I<j<m’ I<j<n’ a' j

b", a" -1
— min Re| — |<7 <maxRe| —
1<j<m" ﬂ i 1<j<n" a'.

]

We also note that, since (1.7 (30) of Erdelyi ) for a positive integer N,

(-D“'N! y(a) | _T'(a)
N Ra P e

w(@+N)-p(a) = Z

Partial differentiation of the gamma product F(l— % +a'l+a "77)1“ (1+ % +a't+a "77) w.r.t. the

arbitrary parameter € at € = N can be expressed as a finite sum

0 e " e . "
%{F(l—§+a E+a 77)1"(1+E+a S+a 77)}

N, ’
(1N F(1+2+a S+a 77)
K(N=k)! F(l ';I—k+a'§+a"77j

e=N

N
(1—E+a E+a' njz ,
Where «',« "are positive real numbers.

Thus for n>0, N > 0, we have

P2+2,0,:p%9%p"q"

Mn{lon2+2 m',n“m",n" I:

€ v w|[&. . .
(—E;a . ),(E,a . ),(azj.a 2j: 2J-)Lpz.(a papi@t.ati e

(sz:ﬂlzjvﬂ“zj)l,qz1(bljvﬂ‘j)1,q‘:(blj Bigr

e=N
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Zk(N k)'

XQ(—f, _77)

" N! L (_1)k_l Io,n2+3: my,NyiMa, Ny | 2
7Zm P2 +3,05+1: 0.0y P .0 [Zz

k=1
(N.... N W (N T (At o (At o (2'4'5)
S Sy | ey (O R LA LA
T S (G R WECH W
i _o . .
But for z” =u™",i =12, (2.5) can be written as
g | O:nz+2: mintm’n” [zl
ae p2+2,0,:p%4%P"q"
e (e Vo Lo .o
(—E;a o ),[E;a o ),(azj:a 2@ 2 (@ ) (@, )y e
(sz:ﬂlzjvﬂuzj)l,qzv(bljrﬁ”j)1,q':(b‘jvﬂlj)l,q“
e=N
N
Z( D"u?
<1 (N —k)!
N k
N-k 2 0,n+2 mintm"n" | 7
Du u I P2+2,0,:p%04%5P"q" I:Zz
) " (2.4.6)
(—?;a',a"),(?;a',a"j,(azj:a'zj,a"zj)lvpzi(a'j,a'j)lvp-:(a'j,a'j)lva

(02582582 )1gp (5.8 g (B3 5 gr

If we express the derivative into a sum, carry out the differentiations, interchange the order of summation
and simplify, we obtain

g{ | O:n2+2: mintm’n’ [zl

oe P,+2,0,:p%0%p"q"

(—%;a',a"),[%;a',a"),(azj a'ypatyj )1,pz (@',ay)pi@ali ) pe
(byj:8%; vﬂ“Zj)l,qz (05,8 g (0.8 g

e=N

:_INZf ( 1) on2+2 m'n:m"n"
~ p!(N — p)! pz+2quq p"a"

2

Z (sz:ﬁlzpﬁ"zj)1,q2v(b'jﬁ'j)l,qﬁ(b'jﬁ'j)m" (247)

[Z (—*;0! ,aQ }(72 +pa,a jy(azj-a 2 2])1,p2-(a e j)1,p'-(a IR j)l,p"
1
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Similar other results can be obtained by considering products or quotients of such gamma functions whose
partial derivatives w.r.t. the arbitrary parameter involved can be expressed as a finite sum.

For example, for the quotient

'l-e—N+a'é+a"n)
rl-e+a'é+a'n)

We have

a o,n,+L  m'n"m"n"| z
| 2 1

% po+L0,+Lp'gtp"g”

(e+N;ar'\a ),(E,a a J,(azj.a 25002 g (@@ ) pi(@,0 )y pr

(by5:8'25.B" )1,q1 (e a), (D', 8')1q (B, 8 g

S (_1)k_l 0,n,+L  m'nm"n"

.k—O p(N k)l p,+L,0,+Lp'a’p"g”

(e+Nse'a") (@ i, a2 ) py (@', 1 pr(@f00 )y
(0252825, 8"2j gy (e+Kia, ") (05, B )1, (D', 8 g (248)

4

Z
In this chapter, the authors also established a double integral transform of | -function which leads to yet
another interesting process of augmenting the parameters in the | -function. The result is of general
character and on specializing the parameters suitably, yields several interesting results as particular cases.

Introduction

Rainville ([1960], p.104), Abdul Halim and Al-Salam (1963) have shown that the singleand double Euler
transformations of the hypergeometric function ,F, are effective tools for augmenting its parameters.

Srivastava and Singhal (1968) and Srivastava and Joshi (1967) have discussed some similar interesting
properties of | F, in double | -function and double Whittaker transforms respectively.

In what follows for the sake of brevity, we have used the symbols

(@, a,),A(r,a),A(r,+a), A((r,a,)) to denote the set of parameters

(al,al),...,(ar,ar);%, ar”,..., a*: L. A(r,a), A(r,~a) and

A(r,a),A(r,a,),....,A(r,a,) respectively.

The | -function introduced by Saxena (1982) will be represented and defined as follows:

(aj -aj )1n (ajl aJl)n+l,pi _ 1
I [Z] - I pm(r; [Z] = I ’r)n g r |: (bj rﬂj)l,m (bjl ﬁ]l)mﬂ,q, J - %Ie(s)ds (251)
L

where o = \/—_1
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(b, -B;s)IIT(1-a; +«;s)
j=1 j=1

6(s) = (2.5.2)

- 4 Pi
;{j%lr(l— b, + B;iS) jRll“(aji - %S)}

P, g;(i=1...,r),m nare integers satisfying 0<n<p,, 0<m<gq;,(i=1..,r),ris

finite a;, B;,a;, B; arereal and aj’bj,aji,

b; are complex numbers such that
a;(b, +Vv) = B,(a; —v—k) for v,k =0L2,...

We shall use the following notations:

A = @ ) (@5, 5 n+lp; B = (bj’ﬂj)l,ml(bji'ﬂji)m+l,qi

A" =5 7D (C5in 7 idrany s BT = (01,8716, (A1, 6) s,

If we take I =1in (2.5.1), the | - function reduces to the Fox’s H-function (1961).

Main Result
In this section, we have established the following double integral transform of | -function:

If s,k and r are positive integers, then

Eﬁ} I [txsyk (X+y)

Q:} dxdy =

O3

[xry 2oy [ Al y)
0

u

(1—D)( f Jrg—éu—év}r1 >di=>c +(A—%J(U—V)

(27 22 )zpT

1 1

a-= p-=

sk
m+Dg,n+ p+Df

1 ° pj+p+Dv;,q+p+Du;r

A (s k)

A((D1-A-D; )),A(s 1-a), Ak 1-B), A% A(D 1-A—d; ;),....A(D 1-A—d,,)
A((D1-A-Cy)),B* A(k+s 1-a—5),A(D 1-A~Cg,y),... A(D 1-A-,) (2.6.1)

té‘DD(Vfu)
/le

Where

s°k
o P=S+tK,D=s+k+r,A=a+f+o,

e

0<Dg<Du<Dv<Du+q-pu+v—-2g<2f<2v,0<n<p,

p+g-2n<2m<2q,

| b, o ke
Re[min$+ DminA]> Re(=A) > Re{D(S—a,k—ﬂ,a,J+Ct —D—1}
0. S S k

i ji
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i1=12,..,f;j=12,...ml=12,.nt=12,..,9;u ReminC, + A)—v,

d.
Re[max5—‘+ AJ—UD+V+%D(DV—DU +1)> D(Dv—Du),

]

Remax(s__a’k__ﬂ’al j’
s K

i=12,..,u;j=12,..,v;l :1,2,...,u;|argl|£(f +g—%u—%vjﬂ,

b; b
|argt|<(m+n—£p—1q)7z,Re a+s— |>0,Re|l f+k—L |>0,j=12,...,m
2" 2 Bi B

ji J
And the double integral converges.

Proof: To prove (2.6.1), we start with the following known result Erdelyi([1954), p.
177)

O 3 8

Tqﬁ(x +y)x“y7dxdy = B(«, ﬁ)T¢(z)z“*ﬂ‘ldz (2.6.2)

Which is valid for Re(e) > 0and Re(8) >0.

It is easy to prove by following the technique of reversing the order of integrations, that

Qi} dxdy =

O3

[0y ty? e Tocy (x+y)'
0

az
Ny T — s k. Iqﬁ(z)z“*“l”‘”” [tézD
arpg

P 0.0+
(S+k)

A(s1-a),A(k,1-B), A*
B* A(k+s,1-a—p) :|dz

(2.6.3)

Where S,k and r are positive integers,

W,p:s+k,D=s+k+r, p+qg<2(m+n),
S+

|argt |<(m+n—1 p—ian,
2 2

b, b.
Re| a+s— [>0,Rel p+k—-L [>0,j=12,..
B, B,

In (2.6.3), taking ¢@(z) = Z"qui r [ﬁz\’;:]
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And evaluating the integral on the right hand side using ([1960], p.401) the result
(2.6.1) follows.

Particular Cases

On choosing the parameters suitably in (2.6.1), several known and unknown results are obtained as
particular cases. However, we mention some of the interesting results here.

(a) Taking
1 1
f=v=2g =O,u=1,cl=z,dl=v,d2 =—v,a=/,t+§,ozj =p;=0,=y;=Lr=1

in (2.6.1) and using Erdelyi ([1953], p.216, (5))

1 j 1 1

=1 = —=x 1

2 _

(b,l),(bl)}_ﬂ. ‘e ? Kb(—z Xj,

Hf'z"lx |

We obtain

O —3

R pr ZAey) 1
'[x“’lyﬁ’l(x+ y) 2a? K, {—Ei(x+ y)}
0

Hp oo [0y Oy

’Q:] dxdy =

1 1 1 1 o
(27[)—5(2—D)( f +g—§u—§v)+5 DA_l ,—ﬂ- s 2k 2
a+p+o a+ﬂ—%
A (s+k)

(2.7.1)

p+p+2D,q+p+D ﬂ,D

H m,n+p+2D |:t5DD

A((D,1-AFV),A (s 1), A(K 1 B), A%
B*,A((D,%—A)),A(k+s,l—a—ﬂ) '

Where 6, D and A have the same value as (2.6.1) and

b. b.
A:,u+a+ﬁ+%; p+qg<2(m+n),Re(a+s—+v)>0,Re(S+s—-+v) >0,

I i

b.
Re[a+ﬂ+uiv+ Dﬂ_ﬂ+%J>0’ j=12,...,m;Re(1) >0,
ji
|argt |< m+n—1 p—lq /4

2 2
(b) Further, replacing (,t and (ap,ap )by g+1—tand (l—ap,ap) respectively and then putting

m=1n=p,b =1b,,=b;(j=12,..9), using the result Erdelyi[(1953),p. 215, (1)] and [(1953),p. 4, (11)],
we obtain an interesting result obtained by Srivastava and Singhal (1968):
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O 3 8

< wrr “Lagay) 1
jx“‘lyﬂ‘l(x +y) ?a? K, {—E}L(x+ y)}
0

.F, [EZ;’Z")): ey (x+y)" } dxdy =

\/;F(a+,8+yiv+9

a+ﬂ+,u+£

A T(a+pf+u+l)

St k ir S+k+r
p+3s+3k+2r Fq+25+2k+r t5( ﬂ ]

B(a, p)

1
A(s+K+T,a+B+utv+=,),A(s,a),A(k, B),(a,,1

2 (&) ) (2.7.2)
(bq,1),A(s+k,a+ﬁ),A(k+s,a+ﬁ+y+l)

provided Re(u +« +ﬁiv+%) >0,Re(a) > 0,Re(p) > 0.

(c) Settingv="f =2,g=0,u=0,¢c, =y, d,; :—%—v,dz :—%+V,r =1in (2.6.1)

and using the known formula Erdelyi [(1953),p.216,(6)]

H,? {x

1

(1-k.1) L
=e?W,__(x),
(%+m,l),(%fm,1) k'm( )

We have

0 1

. . —ZA(x+
jx“ 'y (x+y)e 2
0

O 3 8

) m,n S r
W, LA+ y)] HEe [ ocy  (x+y)

Qi] dxdy =

SR
He-D) _urAl s 2k 2

(27)2 D"z

1
A’a+/3+a (S + k)‘”ﬂ_E

p+p+2D,q+p+D /1D B* A(k+s1-a—p),A(D,u-A)

D
H mne+2D [t5D (2.7.3)

A(D,;—Atv),A(s,l—a),A(k,l—ﬂ),A*:|

Where D, p,d and A are given in (2.6.1);

p+Qq< 2(m+n),|argt|<(m+n—% p—%quz, Re(4) > 0,Re(a +sb; >0,
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Re(k +sb;) >0, Re(m+n+a+ Db, iv+%)>o, 1=12,...m.

(d) Further, replacing (,t and (ap ay )by q+1-tand (1-a,,a,) respectively and

then putting m=1n=p,b =1b, , =b;(j=12,...,q) and using the result

[(1965)p.215,(1)], (3.7.3) reduces to a result due to Srivastava and Joshi
[(1968),p.19,(2.3)]

li(x+

jx“‘lyﬂ‘l(x +y)e? y)W#’V {A(x+Y)}
0

O3

F(a+ﬂ+o-iv+;j

F | B sy (x r]dxd =
P q[(bqﬁq) y x4y / AP T (a+ f+o—u+1)

B(a, p)

A(s+k+r,a+,8+crirv+%,),A(s,a),A(k,ﬂ),(ap,1)
(b 1) A(s+k @+ B), Ak +s+1, @+ f+0—p+1)

p+3s+3k+2r l:q+25+2k+r l:t§5

} (2.7.4)

stk s+k+r
Where 5:Lk,§' :(S+k+rJ
(s+K)** 2

Re(a) >0,Re(f) >0,Re(A1) >0, Re(a +f+o0tVv+ %j > 0 and the resulting hypergeometric series

converges.
, 1 1 . . .
With £=0,v= iz and o = —E,(2.7.4) reduces to the earlier results of Jain (1965) and Singh (1965).
(e) Choosing
1 1

f=g=u=1Lv=2,c =1-k,d, :§+M’d2 :E_M’aj =p;=6;=y;=1r=1

in (2.6.1) and using the known result

F(1+k+m) 1
T U e

M X),
(%+m,1),(%—m,1) F(Zm +1) k,m ( )
We obtain

® 1

. . —=A(x+
Ix“ Yy (x+y)Te 2
0

O sy 8

) m,n S r
M LA T HES [ 06y (x+Y)

Qﬁ} dxdy =
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1 1
1 1 2
2(2-D) _keA->  T(2m+1) s 2k

(27)? D 2 1 :
| k+m+= | gose “r
( 2) A9 (5 4 K)

A(k+s1-a—f),A(D,k-A)

H m+D,n+p+D |:t5DD

p+p+2D,q+p+D ﬂD

A(D,%—A—m),A(s,l—a),A(k,l—ﬁ),A( D,%7A+m) }

(2.7.5)
Where D, p,d and Aare given in (2.6.1);

p+q<2(m+n),|argt|<[m+n—%p—%q}ﬁ,Re(ﬂ,)>O,Re(a+sbj)>0,
Re(ﬁ+kbj)>0,Re(a+,B+a+ Dbj+m+%j>0,j=1,2,...,m.

N 1 1
(f) Substituting f =1,9 :U:01V:2’d1:§V'dz :—Ev,rzl

and using the result [(1953),p.216,(3)]
B} ] =J,(2J%),

Ho? {X (20 -]

(2.6.1) reduces to

O 3 8
O sy 8

XYk y) 7, 4 Y H [ 6y

’Bﬂ dxdy

2A-1 a3 s
D*"s 2k 2

=2z

1
ﬂa+ﬂ+a (S + k)‘H/)LE

m,n+p+D D ?
H p+p+/;D,q+p l:té‘(j

Where 6, D, pand A have the same values given in (2.6.1);

A(D,l—A—%v),A(s,l—a),A(k,1—ﬂ),A*,A( D,l—A+%v] }

(2.7.6)

B*A(k+s 1-a—f)

p+q <2(m+n),|argt|<[m+n—% p—%q}r,Re(/l) >0,Re(a +sb;) >0,
Rdﬂ+k@)>0f&(a+ﬂ+a+%v+DQ)>Qj:LZW”m

Re(a+pB+0-D+Da),~,i=12,..,n

Nk
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In view of the numerous properties of | -function, on specializing the parameters suitably, a large number
of interesting results may be obtained as particular case.

In the present chapter, the authors introduce two new fractional integration operators associated with H -
function of two variables. Three important properties of these operators are established which are the
generalization of the results given earlier by several authors.

Introduction

The H -function of two variables defined and represented by Singh and Mandia (2013) in the following
manner:

Axy]=A[;]- H;“qx::s:“:::z[;

(CRY )1,,)1*(% CjiKj ) (61.Ci )nzﬁ,pz {e57iR; . (&7 |- }

(bj ;38 )1,%'((‘1 'Dj )1‘m2 (d.DjiL; )m2+1,q2 {1555 )1,m3'( f5.95:5; )m3+1,q3

- j [ #(&m) 0w (m)x°y"dédn (28.1)

ﬁf(l—aj +aj§+ Ajn)
Where ¢(&,17) = — = (2.8.2)
HF(a —a,f- An)H (1-b; +B,£+Bn)
[T{r(2-c,+c,&) " TIr(d,-D,e)
0(&)=—1 — - (2.8.3)
T1r(e-cé) I1 {r(1-d;+D¢)}
ﬁ{r(l—ej+yjn)}R' i r(f;-on)
v(n)=—" TR . (284)
H I'(e, _7/177)__1_[ {F(l_ fi +5,-77)} J

Definitions

We introduce the fractional integration operators by means of the following integral equations:

Y[ f00 = ””It‘s(xr ) fOH[ % dt (2.9.1)
0
And
N[5 (%) ] rx“It‘“"ﬂ‘l (t"—x") £ @H[ 2 et (2.9.2)
0

Where U and V represent the expressions
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tr m tr n Xf m Xr n

7 1-; and t—r 1—t—r
Respectively, r,m, n are positive integers and
|arg 4 |< %Q;z, |arg u|< %A;z .

The conditions of the validity of these operators are as follow:

() 1<p.q <°0,£+£=1
P g

] ]

d. f. 1 d. f. 1
(i) Re| s +rm—L+rm—L |>-= Re| f+m—L+m-L|>-=,
o F q 0; F q

d. f. 1
Re| a+rm—t+rm— |>——, (i) f(x)eL, (0,x).
0; F, p

The last condition ensures that Y and N both exists and also that both belongs to L, (0,00).

Ifwe set n, = p, = g, = 0, we obtain the operators involving the product of two H -functions.

Ifwetake K, =1(j=12,..,n,),L; =1(j=m, +1,...,4,),R; =1(j =1,2,...,n,),S; =1(j =m; +1,...,0,) we

obtain the operators involving H -function of two variables.

Mellin Transform

The Mellin transform of f (t) will be defined by M[f (t)]. We write S = p~* +it where p and tare real. If
p>1 f(t) eL,(0,x),then

p=1 MLF ()= [t @t .10,
0
p>1 M[f(t)]=lim. j £ (t)dt (2.10.2)
1/x

Where .i.m. denotes the usual limit in the mean for L -spaces.

Theorem 1. If
f(x) eL,(0,00),1< p<2[or f(x) e M (0,0)and p >2]|arg A|< %Qm arg u|< %Aﬂ', (Q,A) >0,
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d. f. 1 d. f. 1
Re| s+rm—2L+rm-L [>-= Re| f+rm—-L+rm— |>-= then
o F q o F q

i i
X
y

Where M (0, ) denotes the class of all functions f (x) of L (0,0) with p >2 which are inverse Mellin

My Ny Mg, Ny

{ Bﬁ;f(x):'} Hp1+2q1+2pzquzqz

-5
(a,-,a,»;A,-)Lpl,[ :S'm)v(civh?"j)anv(Cjv71)nzﬂ,pzv(ejij?Ri)l,n3v(ei~EJ)n3+1,p3

16—
(ijﬁj?Bj)wv(*ﬂ* +r sv"””jx(djﬁj oy (958555 (TP ) (T R8T

]M[f (x)] (2.10.3)

transforms of functions of L, (—o0,).

Proof: From (2.10.1), it follows that

MY [35 1 00]) - I X 1It ) OR[ Jeex

jt f(t)dtjx”f“( t')" FOH] 4 Jox,

The change of order of integration is permissible by virtue of de la Vallee Poisson’s theorem (p.504)under
the conditions stated with the theorems. The theorem readily follows on evaluating the X -integral by means

of the formula

(a5.a53Ay )y, (03753K ) A€3073) g (8 iR ), 85 B ) }dx

(635:83), 4 105 (d5:85505) o o(F3F ) (T F38), e

1

a-1 A1y O MaN2iMgaly | gk (g x)!
IX (1 X) H PG P2,025 P20z LiX (1—x)'
0

(a a; ) ,(1- ak)( i 7j;Kj)1 (cj yl)nylpz (ej,Ej;R ) . (eJ Ej)n3+1p3
A1 (g5 J),ql (I-a- ﬂk+|)(djv5i) (dl 9 J)mzﬂqz( ) ( iFii J)m3+1,q3

} (2.10.4)

ﬁo LR my,Np:mg, Ny |
= PL+2,00+2:P3,0; P20,

d. f. d. f.
Where,Re| a +k—L+k— [>0,Re| f+k—L+k— >0 |arg/1|<EQﬁ,|arg,u|<£A7z,(Q,A) >0, which
fo) j Fj o i Fj 2 2
follows from the definition of the H -function of two variables and Beta function formula.

In a similar manner, the following theorems can be establisded.

Theorem 2. If
f(x)eL,(0,0),1<p<2or f(x)e M (0,:0)and p > 2]|arg 1 |< %Qm arg u|< %Aﬂ', (Q,A)>0,

d. f 1 d f 11 1
Re| p+m—L+m-L |>-= Rela+pr+m—-L+rm-L |>-= =—+==1then
o F q 0; Fj gp q

i i

My ,Np: Mg, Ny

{ [jﬁif(x)]} Hp1+2q1+2pzquzqz
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1-as-
(a,-,aj;A,-)m,( ar S'm)'(ci'yi;KJ)an‘(cJ’7J)n2+1‘p2’(ei'Ej;Ri)1,n3'(ei’Ei)n3+1‘p3

(by.5138 )Lodv(*ﬁ*a%svm*”)v(dj O3y (585555 ) o (B3 (P P58

MIf(X)]  (2.105)

A
H

Theorem 3. If f(x) e L (0,),9(x) €L, (0,)|arg1|< %Qm arg u|< %A;z, (Q,A) >0,

d f, 11 d, f, 1 1
Re| A+rm—L+rm—-L |>max| =,= |, Re| fr+rm—L+rm— |>0,~+==1then
5, Fj pq J F; P q

j gOYY [ 57 F(x) ]dx = j FOON] 527 g(x) ]dx (2.10.6)
0 0
Formal Properties of the Operators

Here, we give some formal properties of the operators which follow as consequences of the definitions
(2.10.1) and (2.10.2).

Xty [j;ﬁ;;,l f(x’l)] =N[ 225 £(x)] (2.11.1)
xIN [jf;;,l f (xfl)] =Y[250£(x) ] (2.11.2)
XY [ﬁ;ﬁ;; f (x)] =Y [jj;;f* X" f (x)] (2.11.3)
XN 200 () | = N[ 507 %7 £ ()] (2114)

If Y [Wff f (x)] = g(x), then

A%

Y58 (ex) | = g(cx) (2.11.5)

Andif N[ 577 £(X)]=@(x), then

N[ 57 (eX) | = d(cx) (2.11.6)

In conclusion, it is interesting to observe that double integral operators associated with H -function of two
variables can be defined in the same way and their various properties, analogous to the integral operators
studied in this paper can be obtained.

In the present paper, we study certain multidimensional fractional integral operators involving a general | -
function in their kernel. We give five basic properties of these operators, and then establish two theorems
and two corollaries, which are believed to be new. These basic theorems exhibit structural relationships
between the multidimensional integral transforms. The one-and -two -dimensional analogues of these
results, which are new and of interest in themselves, can easily be deduced. Special cases of these latter
theorems will give rise to certain known results obtained from time to time by several earlier authors.

Introduction
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Fractional integral operators have been defined and studied by various authors notably by Riemann and
Liouville, Weyl, Erdelyi, Kober, Sneddon, Kalla, Saxena, Srivastava and Buschmann etc.. These operators
play an important role in the theory of integral equations and problems concerning Mathematical Physics. In
this paper, we shell study the following multidimensional fractional integral operators having the general
function ¢ as their kernel. Also, for the sake of brevity, we shall use the symbol f (X) to represent

F (X, X000 X, )

The multivariable | -function introduced by Prasad will be define and represent it in the following manner :

_ O,nz:...:0,nr:(m',n’):...:(m“),n“))
"z ’]_Ipz,qz:.--:pr,q,:(p',q'):--:(p"),q‘”)
[217 7Zr

(aZJ aé; a;])l p2- -(ar] a;j ----- arjr )1 pr -(a‘ .)1p‘ .(a(r) J(r))l’p(r)
(b2] ﬂZ] ﬁZJ)lqz (brj ﬁrj vvvv /Brj )1q,— (b ﬁ])lq (b(r) (r))l,q(r)

1 S,
= 2y J.---j¢1(Sl)---¢r(5r)w(51,...,sr)zfl,..., zds,...ds, (2.12.1)
Where w=,/(-1)

m(® 0

[1r (b - B0, )HF (1-a0 +als))

@ (s)=—21 5 Vie®2,..r) (2.12.2)

q(l)

[T ra-50+p0s) [T r(ap-a's)

j=m 11 j=nM41

ﬁr(l—azj +ia§?s,jﬁr(l—a3j +23:a3('1)slj
W (Sy,emnS,) = ' - '
[1 1y -3afs | [T 124 -3alls)

j=ny+1 j=ng+l

Hr[l a, +Za(')s ]

j=1

- (2.12.3)

11 F(a S jHF(l 5, -3, ;'gs,j...nr(l_bﬂ —Zﬂ")sj

j=n+1 j=1

(') ,B('),akj ,Bkj')(l .,r)(k =1,...,r) are positive numbers, agi),bgi)(i =1..,r),a,,b,(k=2,..,r)are

complex numbers and here m® ,n®, p® q®(i=1,...,r),n, p,,q, (k =2,...,r) are non-negative integers
where 0<m® <q®,0<n® < p®,g“>0,0<n, < p,.Here (i) denotes the numbers of dashes. The
contours L,;in the complex S, -plane is of the Mellin-Barnes type which runs from —Wooto +Woowith

indentations, if necessary, to ensure that all the poles of F(b}i) - ,Bj(i)si )( j=1.., m® ) are separated from

thoseofl—‘(l a. +Za(')sj j 1,...,nr).

i=1

For further details and asymptotic expansion of the | -function one can refer by Prasad.
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In what follows, the multivariable | -function defined by will be represented in the contracted notation:

0,n, :...:0,n,:(m‘,n‘):...:(m(’) ,n(r))

P2 G5 Pr G (P10 ) P07 [Zl’ w2

] Or simply by |[Zl,...Zr].

r

We introduce the fractional integration operators by means of the following integral equations:
Y {00 =Y {F OOty bz e = [T (677)
i-1

t

jo{(x y ¢[%:—J}f (X)dx,...dx, (2.12.4)

0o o i=l

And

r

N { f (X)} =N { f (X);tl,...,tr;§1,...,5r} =H(ti5i )

i=1
© 0 . t
j...j]‘[{(xi) . 1¢(i,...,—rj}f(x)dx1...dxr (2.12.5)
ot i=l X X
Where the kernel ¢ is such that the above integrals make sense. The above operators exist under the

following conditions:

(i) P <10 <00, 4= =1i=12,..,r
b G

(ii) Re(yi)>—i;Re(5i)>—i;i =12,..,r
G P;
(iii) F(X) €L, ((0,20),...,(0,%));i =1,2,...,

(iv) 0<m® <q®,0<n® < p® g*>0,0<n, < p,

The following special case of the multidimensional fractional integral operators involving product of Gauss’s
hypergeometric functions (p.153,eq. (i) and (ii))will be used in Section 3.

H{f(x)}= H{ﬁ}f !H{(X ) zFl[ai,ﬁi +m;,8i;%j}f(x)dx1...dxr (2.12.6)
And
K{f(x)}= : {r(l_ }I TH{ l[ai,ﬁi +m;ﬂi;%j}f(x)dx1...dxr (2.12.7)

The conditions of existence of these operators follow easily from the conditions given in the paper referred
to above.
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The generalized multidimensional integral transform T , defined below, will also be required during the
course of our study:

T{f(x);sl,...,sr}=T...Tk (S%s- 8%, ) £ (Q)dX...dx, (2.12.8)
0 ©

Where Kk(S,X,,...,5,X, ) is the kernel of the transform T and the multiple integral occurring in the equation

(2.12.8) is assumed to be convergent.

The following multivariable | -function transform will also be used in the sequel:

[ -.20,n :(m'n)z.o(m() ("
I { f (X), Sl’ ey Sr} = J‘_“J. I O’nz"'"ovnr-(myn).....(m n )
0 0

P20z Pr 0 (P10 P07
S1%
%

The transform defined above will be denoted symbolically as follows:

' " .. ' (r) (4 . oalr r
(azj 1310 )1,p2"'"(arj 1Dy reens Oy )1 Pr° (a )1 p' (ag )’aj( 1 p(r)

o , 2.12.
(025,525 B2 g -+ (B 1 B oo ﬂr(Jr))u;r (b ﬂ,)1q (b(r) ﬁj(r)) :l f (X)dxl dX ( 9)

{f ( )_O,nz:...:O,nr:(m‘,n'):...:(m('),n(')) (aZJ aZj az;)l pz (ar] !Z” ----- arJr )l pr-(a )lp (a ) (r))1 p(r) . 5%

1
: ! o = 2.12.10
P22 r O (R0 P07 (B oz Py 00 B s B g 07 B0 B, sxr} ( )

Some Basic Properties

Property 1.1f f(X)eL, ((0,%),...,(0,0));1< p, <2 (or
f(x) e M, ((0,%),...,(0,)); p; > 2,where M , ((0,),...,(0,)) denotes the class of all functions

f(x) e L, ((0,2),...,(0,)); p; > 2, which are the inverse Mellin transforms of functions belonging to

L, ((=00,0),...,(—o0,0)); Re(y;) > — ! ,Re(s,) > i %-F%—l(l ,.., ') and the multidimensional Mellin
transform of the function f (X) exis‘;s, then |
@ MY {F OOt ti 7 7 i80S, | =
M[f(X);s,...s IN{Lt, .t 7, =S +1,., 7, —S, +1 (2.13.1)
(B) MN{f ()it 138y 6, 1810, | =
M[f(X);S, .S [Y {Lt, .t ;6 +5,+1,..., 6, +5, +1} (2.13.2)

Where the symbol M occurring in (2.13.1) and (2.13.2) stands for the multidimensional Mellin transform
defined in the following way:

M { (X); 8,0, =j jf(x)H( ") dx,...dx, (2.13.3)

Provided that the multiple integral involved in (2.13.3) exists.

Proof: To prove (2.13.1), we use (2.13.3)and (2.12.4) to obtain
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t

MY { f(x)}:f I(I-l {j JTI0¢)f 0 ¢[ J} LAt (2134)

o i=1

Now interchanging the orders of t.and X, (i =1,2,...,r) integrals in (2.13.4), which is easily seen to be

permissible under the conditions stated with (2.13.1) and interpreting the results thus obtained with the
help of (2.12.5), we arrive at the required result (2.13.1).The result (2.13.2) can be established in a similar
manner.

Property 2.If f(x)elL ,((0,oo),...,(0,oo));1£ p, <2, g(x)e Lqi ((0,0),...,(0,));,

Re(;/,)>max[—i ——] (i=12,...,r), then

0 o0

j [ 10O {g (0} dx...dx, _T gOON { (X)) dx,...dx, (2.13.5)

O‘—.S

Provided that the multiple integrals involved in (2.13.5) are absolutely convergent.

Property 3.
@ Y {FWx);ty, ooty 7, 7 b =Y {E OO W B W5 7, 7, ) (2.13.6)

(b) N{f(wx);t,...t;; 6, 8 =W { F(X)s W, LW 6y, 6, (2.13.7)

Provided that the multiple integrals involved in (2.13.6) and (2.13.7) are absolutely convergent.

Property 4.

@ Y{fQ@/ Xt oty 7 =Y {E OO, L sy +1 sy, +1) (2.13.8)

(b) N{f@/ Xty 6,0, 6, =W { F(x);1/t,..., 171,56, -1,..., 6, -1} (2.13.9)

1t
Provided that the multiple integrals involved in (2.13.8) and (2.13.9) are absolutely convergent.
Property 5.
r
(a) Y{H(xﬁ)f(x):tl,---,tr:n,---,yr}=
i=1

[T )Y {F 00t et + B + B (2.13.10)

(b) N {H( X/ ) f (x);tl,...,tr;@,...,ér} =
]L[(tiﬁi IN{EOity e ts 6= B S, — B} (2.13.11)

i=1

Provided that the multiple integrals involved in (2.13.10) and (2.13.11) are absolutely convergent.
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The proofs of the properties 2 to 5 are straight forward and follow from the definitions (2.12.4) and (2.12.5)
of the multidimensional fractional integral operators involved therein.

Relationship Between Multidimensional Fractional Integral operators and Multidimensional
Integral Transforms

In this section, we shall establish two most general theorems exhibiting interconnections between the
fractional integral operators Y and N defined by (2.12.4) and (2.12.5) respectively and the integral
transform T defined by (2.12.8). Next, we give two interesting corollaries interconnecting the
multidimensional fractional integral operators defined by (2.12.6) and (2.12.7) and the multidimensional | -
function transform defined by (2.12.9).

Theorem 1. If

T(Sl' “ r) {V/(Up)g(u) Spreen }:

T...]gk(su)n//(up)g(u)dul...dur (2.14.1)

And

v (Lt ) =Y {F OOt ot | =

TT(x j j f(x")H X ) [— 1‘-f}}olxl...olxr (214.2)

—l

Then

788 J JFOC) 001008 X X s )X, (2.143)
0 0

l"' r

Where

9( LA r7X1 " r7p1’ ’p):

T YR e
ot =l X1 XI’
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Where p;and o;(i =12,...,r) are non zero real numbers of the same sign and all the integrals involved in

1
equations (2.14.1) to (2.14.4) are assumed to be absolutely convergent. Also in (2.14.4) k [SX" J stands for

1 1
[1)(1 X”fjandsoon.

Proof: Applying the formula (2.13.5) to the pair of equations (2.14.2) and (2.14.4), we get

[ £V, %00 X P )X O, =
0 0

TT r (xipﬂ1}9[xpJk(sw’]y/(x)dxl...dxr (2.14.5)

Now changing the variables of integrations on the right hand side of (2.14.5) slightly and interpreting the
result thus obtained with the help of (2.14.1), we easily arrive at (2.14.3) after a little simplification.

If in the above theorem, we replace p,and h (i=1,2,...,r) and take

g(x) = H{ h(C+1)1} ¢(x)=1:[{ﬁzﬁ(ai,ﬂi+m;ﬁi;xi)}

And T to be multidimensional | -function transform defined by (2.12.8), the right hand side of equation
(2.14.4) assumes the following form:

e o)

1 1
{slxl“l, ”“de ax, (2.14.6)

On evaluation the above integral with the help of known results (p.398,eq.(2)) and (p.105,eq.(1)) and the
definition of multivariable | -function (2.12.1) and substituting the values of

O(S;,--, S,y Xy s X,y P1y -+, O, ) thus obtained, in the right hand side of equation (2.14.3), we obtain the
following interesting corollary with the help of equations (2.14.1) and (2.14.3).

Corollary 1.1f h, > 0,Re(1-¢;) > m,m €W ,(the set of whole number) o;(i =1,2,...,r) are non-zero real
numbers of the same sign.

£ #0,-1,-2,..;Re(C.) >0

A ) forsmallvaluesof x;

f(x)= E =12,..,r

~Cixi ) forl argevaluesof x;

The multivariable | -function satisfy the conditions corresponding appropriately to those given by
Srivastava and Panda (p.130, egs. (2.12.6) and (2.12.10)), then

www.discoveryjournals.org | OPEN ACCESS



r e ((F) ()
|{H Xihi(ci+1)—1l//(xh)_O,nz.....O,n,.(m,n).....(m n )
i=1

" Py Gt P G (P10 P 0,

(8,021,002 1 )1, (e O s U‘Sjr))l,pri(aj-aj)1,p-713-~3(a§r),(1,(r))

(025 Bo B Dy 0 S s B gy (07 B a0 (1)

(l—al‘*‘}’l_clv%] ----- [1—0!r +7,—C, 'hi]
r 1];31,...,5r

1
17'Bl+71’m*°1vaj ----- {1*ﬂr+7r—m7cr,hf
r

1,p(Na

1,601

r 1 | {]j Xihi(ciﬂ),lf (Xha);O,nzz...:O,n,:(m',n'):...:(m('),n(r)),

- P2 Gt Pr G (P10 P ),

R R I G TIPS M CTRE DRSS C )

(02582 B2 igg -0 B s B Mgy (05 B g a0, {7

1,p(Na

1,601

[l_ﬁﬁh_cl%j ,,,,, [1_,Br+7r_cr1%] Sy Sy (2.14.7)

Where w(t,...t,) =1 {f(x);tp-..,tr}: r t/

ia | T(1-o)
Loty X
I J'H xf‘zFl[ai,ﬂi +m;,6’i;t—‘j f (x7)dx,...dx, (2.14.8)
0 o0 i=l i
M _ .
Provided that Re| ¢, —y, + ———— [<0;1< j<n®
h By
®_1 _
Re| 6B +¢ +1+— JB“) <0;1< j<n®
i

i _

Re| oA +ci+1+ﬁ ‘I‘D(i)1}<0;1£k£m“), Re(o,A+7+1)>0i=12,...r
k

Theorem 2. If

78,008, ) =T {w(U)g();s,,...s, } =

T...Tk(su)y/(u”)g(u)dul...dur (2.14.9)
0 0

And
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W (ot ) = N{ ()it ot | =

V)T...Tf(xa)ﬁ(xf”_l)(z{— —VJ}dx dx,
s i-1 oo X (2.14.10)

then

7(8,08,) = j JEO) 068 oty 1o p)OX 0K, (21411)
* I’ (V]

Where 6(S,,....S, b, ...ty o ) =

KN
] (t77) to ;[ i; (xip-wil]g (xpj k (sxp] ¢(% :—:j dx..dx.  (2.14.12)

Where p;and o;(i =12,...,r) are non zero real numbers of the same sign and all the integrals involved in
equations (2.14.1) to (2.14.4) are assumed to be absolutely convergent.

Proof: The proof of the above theorem can be easily developed on the lines similar to those of theorem 1.

Again, if in theorem 2, we replace p,by h,(i=12,...,r) and take

. 1
hy (c;+1)-1 _ C Q-
X || , x-|| F(a, B +m; B;X
( ) { } ¢( ) L {F(l—(li)z 1( i ﬂl ﬁ| |)}
And T to be multidimensional | -function transform defined by (2.12.8), then proceeding on the lines

similar to those of corollary 1, we obtain the following interesting corollary:

Corollary 2..1f h > 0,Re(l-¢;) > m,m eW ,(the set of whole number) o, (i =1,2,...,r) are non-zero real

numbers of the same sign.

B #0,-1,-2,....;Re(c,) >0

) for small valuesof x;

f(x)= E i=12,..,r

~Cixi ) for largevaluesof x;

The multivariable | -function satisfy the conditions corresponding appropriately to those given by
Srivastava and Panda (p.130, egs. (1.6) and (1.10)), then

r
by (G +1)-1 h _0,n2:...:O,n,:(m',n'):...:(m(’),n(’)),
! {1:1[ X w(x )’pzyqzr---:pr,qr:(p',q'):---:(p"),q“)),
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A e G P R CT R T C At A AN

191y Iy
ﬂ177lfcrflV%J ----- [ﬂrf}/r*crfl!i]

hl’

# | {IL[ Xihi(ci +1)—1f (th);O,nzz...:o,n,:(m',n'):,__;(m('),n(r))’

- P2 Gt Pr G (P10 P ),

(825,02 102 )1, py ety O s aﬁjr))l‘pr (aj.@; )1vp.,1:...:(a§r) ,a}r))

(01,525 My (00 B e B gy (07, B} dgrat-2(B§7, 5(7)

1,p(N 1

14(MN1

7Sir-e S, (2.14.13)
[ﬁl—yl—c:ﬁm—l,%] ..... [ﬁr yr—cr+m—lir] !
N f Tt
Where ety ) = Xt .t = —
l//(t:l. ) { () 1 } ] F(l—a,)
IJ' xi‘”‘lel(ai,,Bi +m;ﬂi;;[(—‘J f (x7)dx,...dx, (2.14.14)
y ot =l i
d® .
Provided that Re| ¢ +y, +——— [>0;1< j<m®
h D"
o _1 |
Re| o.B +¢ +1+— JB“) <01<j<n®i=1,2,..r

i i

1dY i :
Re| o, A +Ci+l+H$]>0;lgkgm(), Re(aA+B -y +m)>0;i=12,..r

The one and two-dimensional analogous of Theorems 1 and 2 can easily be deduced but since the theorems
contain a reasonably detailed analysis of the multidimensional case we prefer to omit their details. The
corollaries 1 and 2 given earlier are also new. They give rise to interesting theorems involving
multidimensional analogues of fractional integral operators defined by Kober , Riemann-Liouville and Weyl
and simpler multidimensional integral transforms, on suitably specializing the fractional integral operators

and multidimensional | -function transform involved therein. Again, the one and two-dimensional
analogues of corollaries 1 and 2, yield theorems essentially similar to those given earlier by Gupta, Goyal and
Handa (p.165-170), Handa (p. 200-204), Kalla (p. 1008-1010, p. 54-56) and Mathur ( p.108-121).

In the present paper, we study certain multidimensional fractional integral operators involving a general A -
function in their kernel. We give five basic properties of these operators, and then establish two theorems
and two corollaries, which are believed to be new. These basic theorems exhibit structural relationships
between the multidimensional integral transforms. The one-and -two -dimensional analogues of these
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results, which are new and of interest in themselves, can easily be deduced. Special cases of these latter
theorems will give rise to certain known results obtained from time to time by several earlier authors.

Introduction

Fractional integral operators have been defined and studied by various authors notably by Riemann and
Liouville , Weyl, Erdelyi, Kober, Sneddon, Kalla, Saxena , Srivastava and Buschmann etc.. These operators
play an important role in the theory of integral equations and problems concerning Mathematical Physics. In
this paper, we shell study the following multidimensional fractional integral operators having the general
function ¢ as their kernel. Also, for the sake of brevity, we shall use the symbol f () to represent

f (X, X500 X, )
Gautam and Goyal defined and represented multivariable A -function as follows:

AlZ,,...,z,] = AT miime N,

PGPy Gy Py G

A @A AT, (0, C), e (€, C0)

: o TN ALpr N L p N ) Iy
(05851 B )13 (A5, Dy)yg i3 (A7, D)

r

j je(s) 0.(s,)D(s,,....,8,)28..25 ds,...ds, (2.15.1)

(27r )is
Where o=+-1;
Hr(d M D")s )Hr(l c(') +C")s )
6 (s;) = (:.71
T[T ra—d®+pOs) T rc —cos)
j=m;+1 j=n;+1
Vie{l, ....,r} (2.15.2)
[Tra-a,+ XA [re, -2 8)s)
(s, ....s,) = — ! | ! (2.15.3)
HF(a —ZA(')S)H r'(l-b, +ZB(')S)
j=n+1 j=m+1
Here m,n,p,q,m ,n,,p, ,and qi(I: , r) are non-negative integers and all

a;s,b;s,d s, ci”s, Al"s and B{"s are complex numbers.
The multiple integral defining the A -function of r-variables converges absolutely if

larg(2,)z,| < %m & =0,13,>0 (2.15.4)

P 4 AD B T hD 4 _CtD
o, T Te ¥ TTeepy [Topy ey
j=1 j=1 j=1 j=1

Viefl ... .} (2.155)
p . q i i . Yi . .
£ = ImLZ_;‘A}) _EBE)—F;D})_;C})} Vie{l, ....,r} (2.15.6)
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=Re ZA(I) Z A(l) +Z B(l) Z B(l) +ZD(I) Z D(l) +Zc(l) i Cj(i)

j=n+1 j=m+1 j=m;+1 j=n;j+1
v. efl, ... 1} (2.15.7)
If we take A;s,B;s,C;s and D;s as real and positive andm = 0, the A-function reduces to

multivariable H -function of Srivastava and Panda .
We are using the multivariable A -function in the following concise form throughout the text.

. P:R"
Az, z]= AT | il
7 Q:Q
1
= e | 6,(S,)---.0.(S,)D(S,, ..., S, ) %2 ds,...ds 2.15.8
(zﬁw)riil(o AL CHNES 4 pods,  (2158)
Where o=v-1 ;M,:ml,nl, ;m.,n; N =p,0;.:pP,.0,;

. r = b, B r r r .
P=(a;A .. A, 3~ Dt PO~ (¢,C)), 10,0,

And the definition of the functionsé(s;) i=1, ....,r;®(s,...,s,) and the condition of

existence of the multivariable A -function are the same as mentioned by Gautam and Goyal.
We introduce the fractional integration operators by means of the following integral equations:
Y {00 =Y {F OOty bz e = [T (677)

i=1

t

j“‘[{(x y ¢(%:—J}f (X)dx,...dx, (2.15.9)

0 o0 i=l

And

r

N { f (X)} =N { f (X);tl,...,tr;§1,...,5r} =H(ti5i )

i=1

T...Tﬁ{(xi )‘“¢(Z . X—J}f (x)dx,...dx, (2.15.10)

4ot i=1

Where the kernel ¢ is such that the above integrals make sense. The above operators exist under the
following conditions:

() p;<Lq, <o, i+£—1|—12
pi q|

(ii) Re(y,)> —qi;Re(é‘i )> —%;i =12,..,r

(iii) f(X) €L, ((0,%),..,(0,));i =1,2,...,

(iv)0<m; <q,,0<n,<p;,q 20,0<n <p,
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The following special case of the multidimensional fractional integral operators involving product of Gauss’s
hypergeometric functions (p.153,eq. (i) and (ii))will be used in Section 3.

{f(x)}= r{r(tl_a)}j “—[{ Fl[ai,ﬁi+m;ﬂi;%j}f(x)dxl...dxr (2.15.11)

o i=l

And

K{f(x)}= r {F(l a)}j TH{ Fl[ai,ﬁi +m;,Bi;%j}f(x)dxl...dxr (2.15.12)

t i=l

The conditions of existence of these operators follow easily from the conditions given in the paper referred
to above.

The generalized multidimensional integral transform T , defined below, will also be required during the
course of our study:

T{f(x);sl,...,sr}:Oj:...]ik(s1 . 8.%, ) f(x)dx,..dx, (2.15.13)

Where k( S X s S X, ) is the kernel of the transform T and the multiple integral occurring in the equation
(1.8) is assumed to be convergent.
The following multivariable A -function transform will also be used in the sequel:

0

AL} = [T AL

S ! r . ! ! r r
l;X1 @3 Ay AD) 3 (€5,C))y g (67, CF)

: ; D 0o f(x)dx,..dx,  (2.15.14)
(0;:Bjes B{”)1q5 (d}, D))y g1 (d”, D)y

rer

The transform defined above will be denoted symbolically as follows:

PGPy G P O 505 1B e B )y (A D )y g (87D s

' r r r X
{f( PR A T T I LG s .51:1} (2.15.15)

Some Basic Properties

Property 1.1f f(X)eL, ((0,%),...,(0,0));1< p, <2 (or
f(x)eM, ((0,),...,(0,)); p, > 2,where M , ((0,0),..., (0,0)) denotes the class of all functions

f(x) e L, ((0,),...,(0,0)); p; > 2, which are the inverse Mellin transforms of functions belonging to

1 11 1 . . . .
L, ((=00,0), ..., (=o0,90));Re(y;) > — a ,Re(s;) > —,B+ a =1(i=1,2,...,r) and the multidimensional Mellin

i i
transform of the function f (X) exists, then
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(a)MI:Y f(x)tl’ o) 2T ’7/r 11 :I

M[f(X);s- S IN{Lt, ot =S +1,., 7, —S, +1} (2.16.1)
(B) M{N{F ()it i 6, 158,08, | =
M[f(X);s,ns, Y {Lt, ...t 6+, +1,..., 6, +5, +1} (2.162)

Where the symbol M occurring in (2.16.1) and (2.16.2) stands for the multidimensional Mellin transform
defined in the following way:

o0

M {f(X);$,,..,8, } = j jf(x)H( 57 dx,...dx, (2.16.3)

0 0
Provided that the multiple integral involved in (2.16.3) exists.
Proof: To prove (2.16.1), we use (2.16.3)and (2.15.9) to obtain

MY {f(x)} =T I(,“l {j j]‘[ X7 ) (x) ¢[ J} LAt (2164)

o i=1l

Now interchanging the orders of t.and X, (i =1,2,...,r) integrals in (2.16.4), which is easily seen to be

permissible under the conditions stated with (2.16.1) and interpreting the results thus obtained with the
help of (2.15.10), we arrive at the required result (2.16.1).

The result (2.16.2) can be established in a similar manner.

Property 2.1f f(x) e L, ((0,0),...,(0,));1< p, <2, g(x) €L, ((0,),...,(0,2));,

Re(7,)>max[—% ——j (i=L12,..,r),then

o0 o0

j j f(X)Y {g(x)}dx,...dx, —T gOON { f (x)} dx,...dx, (2.16.5)

O'—:S

Provided that the multiple integrals involved in (2.16.5) are absolutely convergent.

Property 3.
@ Y {f (Wit t 70 7 =Y {E OO Wt W5 7, 7, (2.16.6)
(b) N{f(wx);t,...t;; 6,6, ) =W { F(X); Wy, LW, 6, 6, (2.167)

Provided that the multiple integrals involved in (2.16.6) and (2.16.7) are absolutely convergent.

Property 4.
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@ Y{F@/X);t, ot 2 7 =Y {E (010, 0 t p + 0 7, +1) (2.16.8)

) N{FQ/X)it, ot 38 8, ) =W { F (L) b, 1/ 858, — 1,0, 8, -1} (2.16.9)

1 r’
Provided that the multiple integrals involved in (2.16.8) and (2.16.9) are absolutely convergent.

Property 5.

(a) Y {f[(xiﬁ' ) f(x);tl,---,tr;n,--m}=

i=1

r

[T )Y {00t et + B + B (216.10)

i=1

(b) N{H( RV ,r,gl,,,,,gr}:

i=1

r

[T N Ot 6, By S, = B} (2.16.11)

i=1
Provided that the multiple integrals involved in (2.16.10) and (2.16.11) are absolutely convergent.

The proofs of the properties 2 to 5 are straight forward and follow from the definitions (2.15.9) and
(2.15.10) of the multidimensional fractional integral operators involved therein.

Relationship Between Multidimensional Fractional Integral operators and Multidimensional
Integral Transforms

In this section, we shall establish two most general theorems exhibiting interconnections between the
fractional integral operators Y and N defined by (2.15.9) and (2.15.10) respectively and the integral
transform T defined by (2.15.13). Next, we give two interesting corollaries interconnecting the
multidimensional fractional integral operators defined by (2.15.1) and (2.15.12) and the multidimensional
A -function transform defined by (2.15.14).

Theorem 1. If

o0

7(8,048,) =T {w(U)g();s,,...s,} = I Tk(su)y/(up)g(u)dul...dur (2.17.1)

And  p(t,.at) =Y {F(O)t, ot | =

TT(x ™ j j f(x")H (x ) [— ?—]}dxldx (217.2)

1 o0 o0
788, ) = [ T 0618 X X i )X, (217.3)
0o 0

o
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Where — 6(S;,..., S, Xpyeoos Xpy Pryees O,) =

N 1 (RO P

Where p;and o,(i =1,2,...,r) are non zero real numbers of the same sign and all the integrals involved in

1
equations (2.17.1) to (2.17.4) are assumed to be absolutely convergent. Also in (2.17.4) k (SX" j stands for

1 1
[1)(1 Xp']andsoon.

Proof: Applying the formula (2.16.5) to the pair of equations (2.17.2) and (2.17.4), we get

o0

jf(xﬁ)e(sl, o Spy Xpsees Xpy Ppreens P, )AX L 0X, =

0

...Tﬁ(xi’*_jg {x”) k (sx"jx//(x)dxl...dxr (2.17.5)
o i=1

Now changing the variables of integrations on the right hand side of (2.17.5) slightly and interpreting the
result thus obtained with the help of (2.17.1), we easily arrive at (2.17.3) after a little simplification.

ot—3 ot s

If in the above theorem, we replace p,and h.(i=1,2,...,r) and take

o= TT0) 600 =TT] it Fatomiin)

And T to be multidimensional A -function transform defined by (2.15.13), the right hand side of equation
(2.17.4) assumes the following form:

e S GRS

1 1
I(slx{‘l,..., X ]dx ax, (2.17.6)

On evaluation the above integral with the help of known results (p.398,eq.(2)) and (p.105,eq.(1)) and the
definition of multivariable A -function (2.15.1) and substituting the values of

O(S,,.., S,y Xy s X,y Pp1 oo, P, ) thus obtained, in the right hand side of equation (2.17.3), we obtain the
following interesting corollary with the help of equations (2.17.1) and (2.17.3).
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Corollary 1.If h, > 0,Re(1-¢;) > m,m €W ,(the set of whole number) o;(i =1,2,...,r) are non-zero real
numbers of the same sign. £, #0,-1,-2,...;Re(C;) =0

(xf“ ) forsmallvaluesof x;

f() = —12,..1

) |
(xiB' e Ci%i ) forl argevaluesof x; '

The multivariable A -function satisfy the conditions corresponding appropriately to those given by
Srivastava and Panda (p.130, egs. (2.15.1) and (2.15.15)), then

r 0 e () (D)
|{H Xihi(ci+1)—1l//(xh)_O,nz.....O,n,.(m,n).....(m n )
i=1

" Py G P G (P10 P 0,

(810251002 § 1,y o0 0 ot Dy (@5 ) ey (),

02 B B3 g O By B gy (B} BB A7)

1,p(N1

14(MN1

P2 Gt Pr G (P10 P ),

- | {IL[ Xihi(ci +1)—1f (th);O,nzz...:o,n,:(m',n'):,__;(m('),n(r))’
i=1

(D1
(02582582 Dy (b B o ﬂr(ir))lvqr :(b}‘ﬂ})LQ'*l:“':(bJ(r)"Blgr))m(')fl
1
{71"%&] ----- [}/r’Cr h J .
\ iShen S, (2.17.7)
[l_ﬁl'*'?/l_cl'Ej ----- [1_:Br+7r Cy ]

Where z//(ti,...,tr)=l{f(x);ti’_._,tr}:ﬁ{ ) }

i=1 F(l_al)

wotoy x
I...jH{xf zFl[ai,ﬂi +m;,6’i;t—i]} f (x7)dx,...dx. (2.17.8)
0 o0 i=l i
Provided that

169 -1 | 169 -1 |
Re| ¢, —y,+——|<0;1<j<n, Re| ;B +¢ +1+ ———— |<0;1< j<n,

h BY h B

d? -1

Re o-iA+Ci+1+H ka(i) <0;1<k<m, Re(o;A+y,+1)>0;i=12,...,r

Theorem 2. If

7(S5008,) =T {w(U)g(U);s,,... 8, } =
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T...Tk(su)t//(u”)g(u)dul...dur (2.17.9)
0 0

And l//(tl,...,tr):N{f(x");tl,...,tr}:

0

[160) J-F T {5 o,

(2.17.10)

Where 08,0, Spotsn by Py o) =
pr]k[sxp};tl,...,tr}—

T(t-nt b piiwrl i i 4 X
[1(t )l! (xi Jg(x Jk(sx ]¢[t1,...,tr]dx1...dxr (2.17.12)

Where p;and o;(i =1,2,...,r) are non zero real numbers of the same sign and all the integrals involved in

A EOO) OSSP p O X, (217.10)
0

: I’

equations (2.17.1) to (2.17.4) are assumed to be absolutely convergent.

Proof: The proof of the above theorem can be easily developed on the lines similar to those of theorem 1.

Again, if in theorem 2, we replace p,by h,(i=12,...,r) and take

g(x)= H{ h(Hl)l} ) ¢(X):ﬂ{ﬁzﬁ(awﬂi+m;lBi;Xi)}

And T to be multidimensional A -function transform defined by (2.15.13), then proceeding on the lines
similar to those of corollary 1, we obtain the following interesting corollary:

Corollary 2..1f h > 0,Re(1-¢;) > m,m e W ,(the set of whole number) o, (i =1,2,...,r) are non-zero real

numbers of the same sign.

( ) for small valuesof x;

p.#0,-1,-2,..;Re(c) >0 ; f(x) = =12,..,r

( e G ) forlargevaluesof x;

The multivariable A -function satisfy the conditions corresponding appropriately to those given by
Srivastava and Panda (p.130, egs. (1.1) and (1.15)), then

r
by (G +1)-1 h _O,nz:...:O,n,:(m',n'):...:(m('),n(')),
! {H X wx )’pzyqzr---:pr,qri(p',q'):-..:(p('),q‘”),
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(D1

02 B By g O By B gy (B} BB A7)

14(MN1

; ey S
1V Yy
(ﬂlfylfcr 71,—1 J ..... [ﬂr*}ﬁ*cr 71,—hlr ]

# | {IL[ Xihi(ci +1)—1f (th);O,nzz...:o,n,:(m',n'):,__;(m('),n(r))’

- P2 Gt Pr G (P10 P ),

(825,02 102 )1, py ety O s aﬁjr))l‘pr (aj.@; )1vp.,1:...:(a§r) ,a}r))

(01,525 My (00 B e B gy (07, B} dgrat-2(B§7, 5(7)

1,p(N 1

14(MN1

];Slv'-'vsr (2.17.13)

Where l//(tl,...,tr):N{f(x);tl,m,tr}:ﬁ{ t/ }

=

TT {xf”‘lel(ai,,Bi + m;ﬂi;;[(—‘} f (x7)dx,...dx, (2.17.14)

d®
Provided that Re(ci +7 +—%J >0;1<j<m,
h D{"
M _1
Re| 0B +C +1+———— |<0;1< j<n;i=12,.,r
h BY
1dY :
Re| o;A +c, +1+HD_S) >0, 1<k<m, Re(o;A+ 8 —y+m)>0i=12,.,r

The one and two-dimensional analogous of Theorems 1 and 2 can easily be deduced but since the theorems
contain a reasonably detailed analysis of the multidimensional case we prefer to omit their details. The
corollaries 1 and 2 given earlier are also new. They give rise to interesting theorems involving
multidimensional analogues of fractional integral operators defined by Kober [8], Riemann-Liouville [4] and
Weyl [4] and simpler multidimensional integral transforms, on suitably specializing the fractional integral

A
operators and multidimensional = -function transform involved therein. Again, the one and two-
dimensional analogues of corollaries 1 and 2, yield theorems essentially similar to those given earlier by
Gupta, Goyal and Handa (p.165-170), Handa (p. 200-204), Kalla (p. 1008-1010, p. 54-56) and Mathur (p.108-

121).
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3

ON THE FRACTIONAL INTEGRAL OPERATORS ASSOCIATED WITH CERTAIN GENERALIZED
HYPERGEOMETRIC FUNCTION FOR REAL POSITIVE DEFINITE SYMMETRIC MATRIX

In the present chapter, fractional integral operators associated with | -function for real positive symmetric
definite matrix have been discussed. These operators have a wide range of applications in the field of
Mathematical Physics and Linear differential equations. A number of special cases of our operators have
been mentioned.

Introduction

Fractional integration is an immediate generalization of repeated integration. Fractional integral operators
occur in the solutions of linear differential equations, partial differential equations and in the integral
representations of hypergeometric functions of one or more variables. Riesz (1949) and Garding (1947)
respectively introduced Riemann-Liouville integral of vector and matrix variables and applied them in the
solution of differential equation associated with Cauchy’s problem.

(1.1) | -function with matrix argument

Let X isa px p real symmetric positive definite matrix of functionally independent variables. Let the | -
function of X be denoted by

The | -function introduced by Saxena (1982) will be represented and defined as follows:

I[Z]=1"" [z]=1™" [z

(@, )10:(8ji @ji dniap; _ 1 j
(bj,ﬂ,-n,m,(bjiﬁjomﬂ,qi} Y. o(s)ds
L

Pi dir i G;:r
(3.1.1)
where o = \/—_1
Mr(b, - B,s)IM1-a, +as)
0(s) = I = (3.1.2)

r a; pi
{_H F-b; +B;s) I1 T'(q; —ajis)}
io1 j=m+1 J=n+l

P, 0, (i=1,...,r),m,nare integers satisfying 0<n<p,, 0<m<gq,(i=1..,r),ris

finite aj,ﬂj,aij,ﬂji are real and aj'bj ,a bji are complex numbers such that

it
a;(b, +Vv) = B,(a; —v—k)for v,k =012,...
We shall use the following notations:

A = (aj'aj)l,n’(aji’aji N+, p 7 B" = (bj’ﬂj)l,m’(bji’ﬂji)m+l,qi

If we take  =1in (3.1.1), the | - function reduces to the Fox’s H-function (1965).
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Itis assumed that 1(XY) = I (YX) for real symmetric mxm positive definite matrices

X and Y, I(X)is defined by the following integral equation:

m+1
[IXT2 1(x)dx =

X>0

nr [, ,BS)HF (L”—a ras)
(3.1.3)

{ H r (M_b ﬁjis).lem(aji_ajis)}
= J=n+

j=m+1

Sethi (2003) discussed the following fractional integral operators involving H -function of matrix
arguments:

- [X[7*
R[f(X)]ZR ET (0, ﬂ,)m.f(x)
|: yave :| F ( )
,_mi
[ IUrIX=Ul"2 B2 0 -Ux |G | Fu)du (3.1.4)
0<U<X
\ X P
KEE(X)] = K [ @@ £ oy |
[ron=K[ 57 ()= Ln(p)

m+1

- (a aj)ll’
JIUr=u=x1"2 B[ 70 -xu™|em [t u)du (3.1.5)
U>X
Where f(X)=f(Xy,-s Xys Xp1, s Xy ) D€ @ real bounded function of a complex parameter.

Matrix transform

A generalized matrix transform or M-transform of a function f (X) ofa mxmreal symmetric positive
definite or strictly negative definite matrix X is defined as follows:

m-+1
M ()= [ IX] 2 f(X)dX (X >0) (3.1.6)

X>0

Whenever M, (S) exists. Also f (X) is assumed to be a symmetric function i.e.
f(BX)=f(XB)=f (B%XB%)for B=B'>0.When X <Oreplace X by —X in

M -transform.
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Integral operators involving | -function

A _IX
Y[F(X)]=Y| f(X)|o, p, 75 |=
[FON=Y [ f()ferprig | =

UPIx-ulz | BIREOLT (3.1.7)
0<U<X

] _IXP

N[f(X)]=N| f(X)|5, p, 75 |=
[HON=NL OOl o735 [ =1
JIUru=-x 12 [0 -xuh|s] fu)u
U>X (318)

The above defined operators exists under the following conditions:
: 1 1
() P>1L,Q <owo,—+—=1]arg(l -a) <7
R Q
m+1
(ii) (Re(o) > a ,Re(0) > E ,Re(p) >

b, m+1
(i) Re(a + min L) >——=, (iv) f(X)elL, ,(0,0).
1<j<M ﬂ 2

The last condition ensures that Y[ f (X)]and N[ f (X)] both exist and also both belong
to L;, (0,).

Main Results
The following theorems of the operators defined by (3.1.7) and (3.1.8) have been
established in the expression of matrix transform:

Theorem 1: If

f(X)eLg(0,0);1=12,..,r1<P <2[orf (X) e My (0,20) and B, > 2] where

and

Re(a + min b_)>m_+1 Re(a)>—é Re(t) > Tl Re(o —t+1)>

1< j<M ﬂ 2

|arg(l —a) |< 7z then

Fm(a—t+mz+1j
M YL E(X)]) = ML [;/I

Fm (,0) P +1,Q+Lr

E;z(ml)li,,_ ]] M[f(U)](3.2.1)
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Where | is mxmidentity matrix.

Proof: Taking the matrix transform of equation (3.1.7), we get

MYTEOOT = [ IX 2 [%

X>0

~m+l

[ urx-ur 2 R lro-

0<U<X

5] fU)du |dx

Changing the order of integration which is permissible under the conditions stated with

the theorem, we obtain

M {Y[f (X)]} = f(U)dU

()X>O

[ ixi”r Fix-uf Zlé”o“r[y(l— B

S Qﬁﬂdx
0<U<X

On evaluating X -integral with the help of the result given by Mathai and Saxena (1978),

m+1 _m+l

j|X| =X HE Xz ox =
F (s 1272 .
m(p) r+1,s+1 | || J 1)15 (mT{L_é‘_p 1) (3 . )

and Re(p) >mT+l—1

b;
Where Re(a + min ) > m+1

1<j<M ,B
We obtain the required result.

Theorem 2: If f(X)e L, (0,00) 1< P <2[orf(X) e M (0,.0)and B, > 2]where

Re(d + min —)>T1 Re (5)>—Qi Re(t) > T ,Re(d + t)>

1<j<M IB

and

|arg(l —a) |< 7 then

o+1 M 51| ax
M{N[f(x)]}—rmr(—(;))lé”;i'&ilpl(z ) j]M[f(U)] (323)

m+1
Bx| s
[2 Pl

Where | is mxmidentity matrix.

Proof: Taking the matrix transform of equation (3.2.2), we get
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MNLTOOT = [ 1% 1 “X—(')

-1

[luF=u-xp > Is”QNr[y(l—

U>X

5] fU)du }dx

And changing the order of integration and evaluation X -integral with the help of

(3.2.2), we obtain the required result.

Theorem 3: If f(X) e L;(0,),9(X) € L; (0,50) where

+1 1 m+1 1 1
Re(5+£<rjm E)>T Re (5)>—a ,Re(p) > — Re(a)>max(5+a}md

|arg(l —a) |< 7z then

J 1OOY[9(X)[op.rip: X =

X>0

| g(X)N[f(X)|O',p,7/;2:]dX (3.2.4)

X>0
Proof: Equation (3.2.4) immediately follows on interpreting it with the help of equations (3.1.7) and (3.1.8).
Special Cases

() Ifweput M =1L,N =1P =2,Q, =2,r =1, =1 then the operators (3.1.7) and (3.1.8)

reduce to their Mellin transforms in the following form:

YIE(X)]=

|X|707p o e 12 -1
UPIX=U[" 2 H2[(1-Ux™Y]fU)du
1—‘m(lo) O<l.-J[<X 22|: ]

Sagie). (8250 )00
Here Y[f(X)]=Y [ FOle 2L }

And HE2[(1-UXH)]= H;;g[(l _UX)

(8, (a7,07) :|
(b, £1).(b2.87)

Then
X _U_m7+1
YIT (X)]= Fm(";)'(p)'
[ 1upFn-ux |’“ﬂ“mT+l R [=0-UxH]fU)du

0<U<X
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Where F(;(l =
rm(m+1_ j

F[=(1-ux )] =
m+1

zFl{mTH-_%_ﬁpmz =i —— ﬂl—ﬂz;—(l—le)}

By virtue of the result Srivastava, Gupta and Goyal (1982).

Taking M -transform on both sides, we get

M {Y(100) = F2 B0 ) )

mz+1+ajl“m (p+5)

r.(
Where F(;(Z)= )
r (6+p+ﬂ1+j

2
And
(1=, F(m” at ot T
mTH_ﬂz"'ﬂpo-"'p"'mT"‘ﬂl’ ] |
N[f(X)]-'X—(l) [luru-xi- % Hy3[(1-XU™) ] fU)du

(ag;en) (g2 2 :|

Where  N[f(X)]=N [ f (x)|G’p'1;(b1,ﬂ1)x(bz-ﬁ2)1,2

And  HE[(1-XU™)]=H2 [(| ~XU) (a“"’“'(a”“z’}

(b1, ) (02.55)

m+1

(Zl)lxl
I.(p)

Then N[f(X)]=

m+1
p+p——=

[ lupreen-xu?™ 2 R[=0-Xxu™]fU)du

0<U<X
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Where

F=(1-xu7) =
F|:m_+1_ +ﬁ m_+1_ +IB'm_+l+ﬁ_ﬁ-_(|_XU—1):|
21| 75 o, + P 2 Oyt Pos 5 1~ Pas

Taking M -transform on both sides, we get

~m+l

= ) )

(ii) Putting P =0,Q, =1, M =1,N =0,y =1,r =1, then operators (3.1.7) and (3.1.8)

reduce to their Mellin transform in the following forms:

Linte
Y[ f (X

oo=1E

[ UFIX -l HE[-Ux Y],y ] F WU

Where  Y[f(X)]= Y[f(x)|a Pl ﬂl)i|
And

Hos [(' -UX _1)‘(‘&1)] | —UX L[ g

prp-———

m+1
=2 j U [P[1=UX["" 2 e D £ y)du

1—‘m(lo) 0<U <X

By virtue of the result (1982). Taking M -transform on both sides, we get

MY (100} =F2 A BT )]
X

Also N[f(X)]=r )

[IUF U =X (- XU ] FU)A

U>X

Where  N[f(X)]= N[f(X)|5 P (Bl):|

And
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Hsf[ U1 XU7 P

‘_m+l p+ﬂ—m+
2 [1-XU™|

& e "X £ (U)dU

F (p)U>X

By virtue of the result (1995). Taking M -transform on both sides, we get

(p 5+ ﬂ—m;l)
M N[ (X)]} = e ML f(U)]

Ifwe put ; = B; =1(j=1,...,P; j=1...,Q) the operators reduce to G -function given

by Vyas (1996).

Theorem4. If f(X) e L;(0,0) 1< B <2[orf (X) € M, (0,00) and B, > 2] where

1 and

Re(x) >

1 Re(a)>—Qi Re(p) > Tl Re(a —0')>

|arg(l —a) |< 7z then

I, (a—s+mz+1jl"m(p+a)

[.pas F(X)]
{ } Fm(a—s+a+p+mz+ljl"m(p)

F{eraa S+a+p+T+1 I}M[f(U)] (3.2.5)

Proof: Using the Mellin transform of
RLf(X)]=R[ &)%) £(X) |=

-o-p -~ m+l
X7 [ urix-ul” 2 6rela(-
l—‘m(p) 0<U<X

We get

-1

] f(U)dU (3.2.6)

_m+1

L

(X
M {R[Z,.; F(X)]} = I =0

[ 1urx-u |p‘m7+l Ggf[au -uxﬂ\gm] f(U)dU}dX

0<U<X

Changing the order of integration which is permissible under the conditions stated with
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the theorem, we obtain

m+1 m+1
[ IxE x-u " G a( ~Ux )] [dX =

0<U<X

- ( UL|U I” f(U)du

S—o——p—a—m—ﬂ p+a—m—+1 —tr(1-UX 1)
j | X | 21 Xx-U["" 2 e dX
X>U

On evaluating X -integral with the help of result given by Mathai (1995)

5 m+1 m+1

je"'(xz)|X| 2 -x[ 2 dx

_Th (@), (p-9)
r.(p)

1F1[5:p;—z] (3.2.7)

For Re(5)>T Re (,o)>T Re(p _5)>m7+1

We obtain the required result.

Theorems5. If f(X) e L;(0,00) 1< B <2[orf (X) e M, (0,0)and P, > 2] where

+1 1 +1 m+l 1 1
,Re(5) > —=,Re(p)>——,Re ——,=+—=1and
() >~ Re(p) > 2 (@=p)>—=5 an

Re(a) >
|arg(l —a) |< 7 then

I, (5+S+mz+ljf‘m(p+a)

MK a0 F(X]f =
{ } Fm(5+s+a+p+mz+l]l“m(p)

Fl:p-l-a 5+s+a+p+7+1 I}M[f(U)] (3.2.8)

Proof: Using the Mellin transform of

| X T

K[f(X)]= K[fffp)iibr)? f(x)}: T (p)

-1

[rupix-u= qu[a(l

U>X

g;‘;;] f(U)dU (3.2.9)

We get
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m+1

X[ 2 |X P

ML, fOO = [ =

{ [1u |-5-p|u—X|’J’mT+1 Gé’f[a(l—XU’l)‘(’lef(U)dU}dx (3.2.10)

U>X
Changing the order of integration and evaluating X -integral with the help of (3.2.5), we
obtain the required result.

When M =1,N =0,P =0,Q =1,a=1in (3.2.6) and (3.2.9) reduces to the following

from of operators:

| X[
R[F(X)]=R[*£.; f(X
[fOO]=R[ &4 F(X)]= =)
[ urix-ur” = Gé‘f[a(l—UX’l)‘ ]f(U)dU (3.2.11)
| X [
nd  K[FOX)]=K[ %2 f(X
And  K[F(X)]=K[ 225 F(X)]= P
[lureau-x1" = Ggf[a(l ]f(U)du (3.2.12)

U>X

Theorem6. If f(X) e L;(0,00) 1< B <2[orf (X) € M, (0,0) and B, > 2] where

+i:1and

m+1

Re(ar) > 1HL m+ll
2 %

Re(o) > —Qi, Re(p) > mTJrl, Re(a—-o) >

|arg(l —a) |< 7 then
M{RLZ . f ()]} =

I, (c+a-p-s)T, (p+p)

To(o=s+a+p)l,(p),(a-p) MLT(U)] (3.2.13)

Proof: Using the Mellin transform of (3.2.11), we get

m+1

IX [P X[ 2
X>0 1—‘m (IO)

M{R[Z . f(X)]} =
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m+1
{ [ lurix-u |"’TGj;1°[a(|— = ;}f(U)dU}dX

0<U<X

Changing the order of integration which is permissible under the conditions stated with

the theorem, we obtain

M{R[Z . F(X)]} = [1urfwdu

r.

p)U

m-+1

o, m _me
;]|xf o x—ul” 2 dx

-1

[erla-

Using the result given by Mathai (1995).

l m+1
G| X|% |X|["|I—U|
i1 "] T, (@-p)
Provided 0< X <I,Re(a - ,3)>m7+1
L
We get M{R[wl,f(X)]} 2 f(U)dU
( )U>0
_m+l
_ [ IxFeex-u ™z dx
1—‘m((z_ﬂ) X>U

On evaluating X -integral with the help of the following result

5 m+1 _m+l
I|X| 2 |- X| 2 gX = (), (p)
L.(p+9)

m+1

For Re(d) > 0,Re(p) >

We arrive at the required result.

In the present paper fractional integral operators associated with A -function for real positive symmetric
definite matrix have been discussed. These operators have a wide range of applications in the field of
Mathematical Physics and Linear differential equations. A number of special cases of our operators have

been mentioned.

Introduction

Fractional integration is an immediate generalization of repeated integration. Fractional integral operators
occur in the solutions of linear differential equations, partial differential equations and in the integral
representations of hypergeometric functions of one or more variables. Riesz and Garding respectively
introduced Riemann-Liouville integral of vector and matrix variables and applied them in the solution of

differential equation associated with Cauchy’s problem.

A -function with matrix argument

(3.2.14)

(3.2.15)
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Let X isa px p real symmetric positive definite matrix of functionally independent variables. Let the A -
function of X be denoted by

l(aj e ), Represents the set of N pairs of parameters the A -function was defined by Gautam G.P. and

Goyal as

m,n 1(ai’ ) -

Ap,q{ 0.5, }_27{ jf(s)x ds (3.3.1)
Where

HF(a +a. s)HF(l b, - 8;5)

f(s)=—2 (3.3.2)
[]ra-a,—«;) H I'(b, + ;)

The integral on the right hand side of (3.3.1) is convergent when f >0 and |arg(ux)| < f—zﬂ, where

f:Re(Zm:aj—Za +Zﬁ Zﬁ u= Ha H/B’ b (3.3.3)

j=m+1 j=n+1

(3.3.1) reduces to H -function given by Fox the following relation
Ay 1A-aj,05), | ™| 1(85,25),
p.q l(l_bj’ﬂj)q p.q

l(bj ’ ﬁ] )q
It is assumed that A(XY) = A(YX) for real symmetric mx m positive definite matrices X and Y , A(X) is
defined by the following integral equation:

(3.3.4)

ma T, (4-b, - 4T, a-""a vag)
[Ix17 AOdx =22 : 2 (3.3.5)
oo {er[ﬂr (1_”‘2++b ﬂjig)jrn{lrm(l—aj—aﬁg)}

Sethi discussed the following fractional integral operators involving H -function of matrix arguments:
— (a a)lr (b ﬂ)ls.
RLF (X)]=R[ & @ £(X) |

S [ urx Ul HE [ -ux Y
1—‘m(p) O<J<X ’

| X |—o‘—p m+1

E:f;f))f,!} f(U)JU (3.3.6)
KLEOOT= K| @ £ (x) | =

m+1

sy -x[ 2 Hpq[;/(l XU ™)

e U 337)

U>X
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Where f(X)= f(Xy,.... X;pps X150 X,y ) be @ real bounded function of a complex parameter.

(1.2) Matrix transform

A generalized matrix transform or M-transform of a function f(X) ofa mxmreal symmetric positive
definite or strictly negative definite matrix X is defined as follows:

M, (s)= [ IX |57+ f(X)dX (X >0) (3.3.9)

X>0

Whenever M (S) exists. Also f (X)is assumed to be a symmetric function i.e.

f(BX)=f(XB)=f (B%XB%)for B=B'>0.When X <0Oreplace X by —X in M -transform.
(1.3) Integral operators involving A -function

.1(aj.a;j
YIFOOI=Y | F (0o p i |-

| X |767p o p‘m;l M,N “1y | 1(85.)p
[ lurix-uj ] [y(l—ux )1(bjﬁj)qu(U)dU (3.3.10)
1—‘m(p) 0<U<X

w100 -

|)<|LS o— M,N -1
UPIU =X (2 A - xu)
Lo, ¢

1(@j.2),
1(bj.B))q j| f(U)dU

(3.3.8)

The above defined operators exists under the following conditions:

(i) P21,Q<oo,%+%:l,|arg(l -l+a)kx

(11)(Re(a)>% Re(5)>£ Re(p) > m+1

1-
% )>m—+1 (iv) f(X)eL,(0,0).
Q; 2

(iii) Re(S+ min

I<j<M

The last condition ensures that Y[ f (X)]and N[ f (X )] both exist and also both belong to L, (0, ).

Main Results

The following theorems of the operators defined by (3.3.9) and (3.3.10) have been established in the
expression of matrix transform:

Theorem 1: If f(X)eL,(0,0)1<P <2[orf (X)eM,(0,0)and P > 2]where

)>”"T+1 Re(o-)>—é Re(t) > mTH Re(o—t+1)>

1- m+1
Re(S+ min and |arg(l —1+a) |< 7 then

I<j=M a;
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m+1j
oot

2
L.(p)

m+1
(1——,1),1(61] 2)p

t J M U)] (3.4.1)

1(bj.B84)q ,(l—T+t+a+p,1

rm(
M Y (X)]} = Ao [7'

Where | is mxmidentity matrix.

Proof: Taking the matrix transform of equation (3.3.9), we get

MYTEOOL = [ IXI 2 {%

m+1
[ lurix-ul s AR a-ux

0<U<X

1(8j.@)q
o | fWau }dx

Changing the order of integration which is permissible under the conditions stated with the theorem, we
obtain

1

M (YL (X)) = IU° fU)dU
{ } 1—‘m(p) XJ;O
tfafpfmTﬂ pfmTﬂ M,N -1y | 1(@j.@j)q
[ X2 ) -ul e A -ux [ ] fax
0<U<X

On evaluating X -integral with the help of the result given by Mathai and Saxena,

1 P p-mt (aj.;)
= -— a;,aih,
X2 -x e mgaixz o Jax -
0
m—”—a,l}(a-,a-)u
r HPat |7 ( 2 e 3.4.2
m(p) r+1,s+1 {l ||(ijﬁj)1.sr(r112ﬂ5p'l] ( )

m+1

b m+1
Where Re(a + min —-) > T and Re(p) >T—1.

1<j<M ,Bj

We obtain the required result.

Theorem 2: If f(X)e L,(0,00) 1<P <2[or f(X)eM,(0,0)and P > 2] where
1-a;, m+1 1 m+1 m+1

Re(5+£}iﬂ o )>T,Re(5)>—6,Re(t)>T,Re(5+t)> and |arg(l —a) |< 7 then
T (5+1) (17m7+1+5y1}1(ajyaj)p
MIN[f (X)) =———2 ALyl 2 M[fU 3.4.3
{NLF (XN} T ) Q{ 2500 [fU)] (343

Where | is mxmidentity matrix.

Proof: Taking the matrix transform of equation (3.4.2), we get
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MNLEOOT = [ X172 HX—('/))

JIUF1u=x ("% 182 [0 -xu™)

U>X

o) }f(U)dU}dX

And changing the order of integration and evaluation X -integral with the help of (3.4.2), we obtain the
required result.

Theorem 3: If f(X) e L,(0,0),9(X) € L,(0,) where

1-a, 1
15 M2 Re(s) > - Re(p) > T Re(o) > max| =+ |and |arg(1 —a) |< 7 then
a; 2 Q 2 P Q

Re(d + min
1<j<M

[ f(X)Y[g(X)|a,p,;/,1$;) de jg(X)N[f(xna p,y,lizz))“}dx (3.4.4)

X>0

Proof: Equation (3.4.4) immediately follows on interpreting it with the help of equations (3.3.9) and
(3.3.10).

Special Cases

() Ifweput M =L,N =1,P=2,Q=2,a;=1-a;;b, =1-b;, y =1 then the operators (3.3.9) and (3.3.10)

i
reduce to their Mellin transforms in the following form:

X" . i .
| '( ) [ lurix-u 2 HE[(1-UX )] fU)du
m 0<U<X

YLE(X)]=

Here  YIT(X)]=Y [ F(X)]or i) )|

(by, 51).(by,5,)

_ 18 ](@@)(ag,a)
And Hgé[(l —UX 1)]=H;§[(| —UX 1)\(%@2&)}
Then

_g_m+l
Fm (Zl)l X | 2 1 P*ﬂl*miﬂ 1
Y[f(X)]= j U =UX 2 R [=(1-UX ™) [ fU)du
r,(p) 0<U <X

Where

m+1 m+1
Fm( 2 _a1+ﬂljrm (2_a2+132]

2_051_“2"':31‘*':32)

m+1 m + m+1

zFl{—_Oﬁ_:Bp > —Boi—— ﬂl—ﬂz;—(l—le)}
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By virtue of the result.

Taking M -transform on both sides, we get

MY (1 ()} = o) e pmipr )

r.(p)
r, (mglJraij (p+p5)
Where F(;{z)z —
Fm(a+p+ﬂ1+2j
And
m+1 m+1 m+1
3F2(_;I):3F2(T_a1+ﬂ117_a2+ﬂ210+ ;

mTH_,Bz"'/Bl’O-‘l'p"'mT_'-l'i'ﬂl;lj

|X|5 o pfmTH
N[ (X)]= [luru-x
X

HX2(1-XU™) | fU)dU
ER 5[ ( )] fU)

L(a)(8g;0,)
Where N[f(X)]:N[f(X)|o-,p,l,(blﬁ1)’(b2ﬁ2)}

A HE[(-XU™)]= i (- XU

Then

(alv“l)v(az:“z):|
(b, ). (b, 52)

|5+p_m7+1

NLF(X)]= Fm(”})' ?p) [ urer-xus A R[S0 -xU ] FU)dU

0<U <X

Where

F=(1-xu7) =
F|:m_+1_ +'B m_+1_ +IB-m_+l+IB_IB-_(I_XU—1):|
21| 75 o, + P 2 Oyt Pos 5 1~ Pas

Taking M -transform on both sides, we get

m+1

M N0} = ) )

(ii) Putting P=0,Q=L,M =1L N =0,y =1a; =1-a,;,b, =1-b, , then operators (3.3.9) and (3.3.10) reduce
to their Mellin transform in the following forms:
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—o—p 7m7+1
X2 1 upx-u

m(p) 0<U<X

Y[F(X)]= [( UX‘l)‘(ﬂl)]f(U)dU

Where  Y[f(X)]= Y[f(x)|a P (ﬂl):|

And Hg; [(' -UX _1)‘(‘5’1)] =1 —UX 1P g iU

m+1
o=

I ( ) 0<U <X

m+1
prp-—= 2 eftr(l UX ™ )f(U)dU

By virtue of the result . Taking M -transform on both sides, we get

M Y (F (X)) = MM[HU)]

I.(p)
Also
N[f(X)]= |X(|) j |U|é”|U X| 2 Hlo[(l—XU_l)‘(_ﬂvl)]f(U)dU

Where  N[f(X)]=N [ f(X)|5. o, (ﬂl)}
And Héf [(' - XU _l)‘(_ﬁ,l)J = 1-XU -1 |ﬁ g iri-xu™)

5 gt
XL o U e Uy
1—1m(IO)U>X

Taking M -transform on both sides, we get

m+1

(p o+ ﬂ_T
Tu(p)

Ifwe put ; = B; =1 (j=1,...,P; j=1,...,Q) the operators reduce to G -function given by Vyas .

M {N[f(X)]} = jl\/l[f(U)]

Theorem4. If f(X) e L,(0,0)1<P <2[orf (X) e M,(0,0)and P > 2]where

Re(a)> +1 Re(a)>—% Re(p) > Tl Re(a —a)>m+1and|arg(l —a)|< 7 then

I, (0—S+mz+1jl“m(p+a)

M {R[Z,.; F(X)]} =
Fm(a—s+a+p+mz+1jl“m(p)
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F{eraG S+a+p+T+1 I}M[f(U)] (3.3.5)

Proof: Using the Mellin transform of
REF(X)]=R[£287:1(X) ]=

—o—p mil
X221 upix-ul e 6pefaq -
l—‘m(p) 0<U<X

We get

M (RL, .0 F(X)]} =

_m+l

I|X| 2 X[
X>0 r()

] f (U)dU (3.3.6)

{ [ lurix-u |”’m7+1 G;f[a(l —ux-l)\gbl)} f(U)dU}dX

0<U <X

Changing the order of integration which is permissible under the conditions stated with the theorem, we
obtain

| X[ XU ) mglGéf[a(l—UX‘l)ﬂdX:r

0<U<X

1

[1lur fU)du

m(p U>X

S—o——p—a—m—ﬂ p+a—m—+1 —tr(-Ux 1
j|X| 2 1Xx-Ul["" 2 e dx

X>U

On evaluating X -integral with the help of result given by Mathai

5 _m+l _m+l _
J'e—tr(XZ) | X | 2 I1-X | 2 dX = [ (O (p—9) Rlo;pi-2] (3.3.7)
N0
m+1 m+1

For Re(5)>T Re( ) T Re( —5)

We obtain the required result.

Theorem5. If f(X)eL,(0,0)1<P< 2[0|’ f(X)eM,(0,0)and P > 2] where

+1 1 +1 m+11 1
Re(a >— Re(o) >—-—,Re — Re(aa—p) >——,—+—=1and |arg(l —a) |< # th
(@) > (o) 5" (p) > 2 (a-p)> 2 P10 and |arg(l —a) |< 7 then

r, (5+S+mz+1)rm(p+a)

MK, F O] =
I, (5+s+a+p+mz+ljl“m(p)

Fl:p+0£ 5+s+a+p+7+1 I}M[f(U)] (3.3.8)
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Proof: Using the Mellin transform of

KLF(X)]=K[ &0 f(X)]=

m-+1

r— GPs [a(l _

-1

gg;;] f(U)dU (3.3.9)

U>X

weget M {K[;, i f(X)]}=

m+1
|><|S‘2|X|T s L0 -
2L 120 furu-=-x(" 5 Gl a(l—=XU™)|,, |fU)dU [dX (3.3.10)
J r,(p) UL 01[ ‘(b”]

X>0
Changing the order of integration and evaluating X -integral with the help of (3.3.5), we obtain the required

result.
When M =1,N =0,P=0,Q =1,a=1in (3.3.6) and (3.3.9) reduces to the following from of operators

RLFOOI=R[ &4, f(X)]=
] f(U)dU (3.3.11)

X2 [ yupix-ul s 6ifa0-
I_‘m(lo) 0<U<X

And  K[F(X)]=K[ &2 (X)]=

XI77 ¢ e )
T (p) Xt | —UX Y| | f 3
T (o) ULIUI u-x[" Gm[a( —UX Y| [fUdu (3312)

Theorems. If f(X) e L,(0,0)1<P <2[or f(X)eM,(0,0)and P > 2] where
m—+1£+£_1and|arg(l —a) |< 7 then

Re(a) > ™ Re(o) > -é, Re(p) > mTH Re(a—o) >

I (c+a-p-s)T, (p+p)
{[Gpl,f(X)]} Fm(a—s+a+p)rm(p)rm(a—,3)M[f(u)] (3.3.13)

Proof: Using the Mellin transform of (3.3.11), we get

M {R[Z . F(X)]} =
s
jrRe Xl - { J urx-ur = fo[aa
X>0 r.(p)
Changing the order of integration which is permissible under the conditions stated with the theorem, we

-1

}f(U)dU}dX

0<U<X

obtain
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1

M {R[Z . f(X)]} = [lulf)du

(o) y

0 Sfafpfm—Jrl ,ofm—Jr1
jell;l[(l = ;]|X| 2 |X-U[" 2 dX
Using the result given by Mathai .
Gj;f[x ;;] Y xpn-ul o (3.3.14)

I, (a-p)
Provided O0< X <I,Re(a—p)> m+1
qp ML
Weget M{R[%; f(X)]}= 2 f(U)dU
U>0
1 +p m+1

F a ﬂ)j|xr”|x U7 dx
X>U

On evaluating X -integral with the help of the following result

j|X| T-x(” 2+dx_% (33.15)
P+

m+1

For Re(d) > 0,Re(p) >

We arrive at the required result.
Introduction

Fractional integration is an immediate generalization of repeated integration. Fractional integral operators
occur in the solutions of linear differential equations, partial differential equations and in the integral
representations of hypergeometric functions of one or more variables. Riesz and Garding respectively
introduced Riemann-Liouville integral of vector and matrix variables and applied them in the solution of
differential equation associated with Cauchy’s problem.

(a) H -function with matrix argument

Let X isa px p real symmetric positive definite matrix of functionally independent variables. Let the H -
function of X be denoted by

—M N —M N @iy A @avae | 4 % c
HP’Q [ ] HPQ |: (05,85 )m (b5, By BJ)M+1‘Q:| _2_7Z'i J‘ ¢(§)Z dé: (341)
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) [1r6,-o] [{ra-a,+a9)"
where $(&) = (;:l : 5 P
[1 {ra-b;+ 51" T e -a)

j=M+1 j=N+1

M N
=1

(3.4.2)

Which contains fractional powers of the gamma functions. Here, and throughout the paper aj(j =1..,p)
and b;(j=1..,Q)are complex parameters, «a;=0(j=1..,P),5,20(j=1..,Q) (not all zero

simultaneously) and exponents A;(j =1,..,N) and B;(j=N +1,...,Q) can take on non integer values.

The following sufficient condition for the absolute convergence of the defining integral for the H -function
given by equation (3.4.1) have been given by (Buschman and Srivastava[1]).

M N Q P
Q=3 |B|+ 2 |Aa]- 2 BB X |ey|>0 (3.4.3)
j=1 j=1 j=M+1 j=N+1
and |arg(z)| < %ﬂ'Q (3.4.4)

The behavior of the H -function for small values of |Z| follows easily from a result recently given by (Rathie
,p-306,eq.(6.9)).

We have

—M,N y ) b.
Hro [z]=0(|z| ),yzlrl}ir&{Re(%jﬂJq—)O (3.4.5)

Ifwetake A, =1(j=1..,N), B;=1j=M +1,...,Q)in (1.1), the function Hro reduces to the Fox’s H-

function [2].

It is assumed that ﬁ(XY) = ﬁ(YX ) for real symmetric Mx M positive definite matrices X and Y, ﬁ(X )is
defined by the following integral equation:

mil Hrm(bj_ﬂjg)H{rm(m;l_aj"'ajé)} |
[1x 72 H(X)dX = = . i=L — (3.4.6)
e H {rm(m;_bj"'ﬂjg)} H Fm(aj_ajé:)
=M +1 j=N+1

Sethi discussed the following fractional integral operators involving H -function of matrix arguments:

REF (X)]= R S O £ (X) |

a.p.y

| X |7o*7p m+1

- UFIX=U[" 2 H| p(1-Ux )
1—‘m(p) 0<L][<X ’

oo, J fU)IU (347

S.py

KLE (1= K[ S @0 1.(x) |-
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m-+1
P

' * H p1-xU ™

X [°
L.(0) U!x

U7 lU-X]|

Qe J fU)U  (348)

m

Where f(X)=f(Xy,.... X;pps X110y X;y) be @ real bounded function of a complex parameter.

(b) Matrix transform

A generalized matrix transform or M-transform of a function f(X) ofa mxmreal symmetric positive
definite or strictly negative definite matrix X is defined as follows:

m-+1

M(s)= [ IX] 2 f(X)dX (X >0) (3.4.9)

X>0

Whenever M, (S) exists. Also f (X)is assumed to be a symmetric function i.e.

f(BX)=f(XB)=f (B%XB%)for B=B'>0.When X <0Oreplace X by —X in M -transform.

(c) Integral operators involving H -function

L@ AN (@ v e
YIFOO=Y [ £ 0O i -

’(bj Bihwm(05.81B)mag

—o—p mil
X T urix-ur e
1—‘m(p) 0<U<X

Heo [;f(l—UX )

(aj:aj;Aj)l,N'(aj:aj)N-v-l,P
(05,8 um (05, 8;:Bj M0 :| f (U )dU (3410)

(05,8 )um (0).8;:Bj dmsio

N[f(X)]=N [ XS, . pag o s }

5 i
XL Turu-xs Bea [0 -xu)
1—‘m(p)U>X

(@i AN (3550 s p J f(U)du

(05,85 )1m (05, 85:Bj v

(3.4.11)

The above defined operators exists under the following conditions:

(i) P21,Q<oo,%+é=1,|arg(l -a)lk7x

. 1 1 m+1
(11) (Re(U) >6, Re(5) >E, Re(p) >T

(i) Re(a + min %) >mT+1' (iv) T(X)eL,(0,).
N i

The last condition ensures that Y[ f (X)]and N[ f (X)] both exist and also both belong to L (0, ).

Main Results

The following theorems of the operators defined by (3.4.10) and (3.4.11) have been established in the
expression of matrix transform:
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Theorem 1: If f(X)eL,(0,0) 1<P <2[orf (X)eM,(0,0)and P > 2] where

m+1 1 +1
Re(e + min F)>T Re(o )>_6 ,Re(t) > T ,Re(c—t+1)>

]_<J<

m+1
and |arg(l —a) |< 7 then

Fm( —t+mz+1j
M{Y[f(X)]}: r (o)

[711)(51 HTET . VN CYR ):up J M[f(U)] (3.5.1)

—M,N+1
H P+1,Q+1 ]/I "
(018 (4,58 s Tyttt

Where | is mxmidentity matrix.

Proof: Taking the matrix transform of equation (3.4.10), we get

MYTEOOT = [ IX |2 {%

X>0

[ UrX-uls B [0-ux

0<U<X

(05,8 m (0. 83Bj Im-10

@j;aj: A un (@) )nap :| f (U)dU }dx

Changing the order of integration which is permissible under the conditions stated with the theorem, we
obtain

M {YLf(X)]} = f(U)dU

()X>0

[ X XU Hpq[y(I—UX’)

0<U<X

;. 8i)im (05.8:Bj Ima1q

(@i AN (85 p ]:| dX

On evaluating X -integral with the help of the result given by Mathai and Saxena,

m+1 m-+1
p——

JIX| =X HE Xz ox =

m+l
r.(pH r[:-f:il l: ”E e j(f(“a”_:; 1)}

and Re(p) > mT_'_l—l.

b, m+1
Where Re(a + min —-) >
1<j<M IBJ

We obtain the required result.

www.discoveryjournals.org | OPEN ACCESS



Theorem 2: If f(X)eL,(0,0)1<P <2[orf (X)eM,(0,0)and P > 2] where

m+1 m+1

b.
Re(5+ min —) > M Re(s) > — L Re(t) > L Re(s+1) >
SE) 2 0 2

and |arg(l —a) |< 7 then

I, (5+1)

M {N[f(X)]}:l_—(p)

m+1
(7’51;1}(3] i AN (@a)nae

Hrion {yl } M[f(U)] (3.5.2)

m+1
CIV ARG TR ,(%—5—%1;1)

Where | is mxmidentity matrix.

Proof: Taking the matrix transform of equation (3.4.11), we get

MNLEOOT = [ X7 HX—('/))

_m
Jluru-x["= Hea [ y1-xu?)

U>X

oG [ £U)dU }dx (35.3)

(0.8 )im (05,558 Imaso

And changing the order of integration and evaluation X -integral with the help of (3.5.3), we obtain the
required result.

Theorem 3: If f(X) e L,(0,0),g(X) € L,(0,) where

b m+1
Re(5+ min =) > 102 Re(s) > -1 Re(p) > ™2 Re(o) > max| 2+ L |and |arg(1 —a) |< 7 then
SR 2 Q 2 P Q
L@ A (g5 )nae
I f(X)Y[g(x)k”p’y'(bj,ﬁj)ﬁhﬂ,(bj,ﬁj;sj>M+1,Qde:
X>0

L@ AN (RN e
I g(X)N |: f (X)|O-’ P y’(bj'ﬁj ):“M +(bj,BBj M0 j|dx (354)

X>0

Proof: Equation (3.5.4) immediately follows on interpreting it with the help of equations (3.4.10) and
(3.4.11).

Special Cases
() Ifweput M =L,N =1,P=2,Q =2, A; =1=B;,, y =1,then the operators (3.4.10) and (3.4.11) reduce to
their Mellin transforms in the following form:

Y[f(X)]=|;( |(;)p [ lurix-ul" 2 H3[-ux")]fU)du
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_ Saail),(agi00) 2
Here Y[f(X)]=Y [ f(X)|o, P L syt poins J

And

_ 1y |(@a)(a.a,)
HES[(1-UX )] = HEZ (1 -UX ) |

(b, ), (b, B30)

Then

m+1
T m+1
| oo

()X UPI-Ux2" 2 R[=(-Ux?)]fUu)du
r.(p) kjd| . | A ]IV

m+1 m+1
2_a1+ﬂler(2_a2 +ﬂ2j

m+1
r, (2_0‘1_0‘2"',81"',32)

YIF(X)]= 1

r(
Where F(;(l) =

R (1-UX ) |=

m+1 m+1 m+1 _
zFl[T_al_ﬁliT_az _ﬁz;T_ﬁl_ﬁz;_(l -UX 1)}

By virtue of the result.

Taking M -transform on both sides, we get

MY (100} =T ) M)

r, (m;lJraij (p+p5)

Fm(a+p+ﬂl+m2+1j

Where F(Zz) =

And

m+1 m+1 m+1
3F2(_; I) = 3F2 (T_al‘i'ﬂlfT_az +ﬂ2'O-+T;

mTH_,Bz"'IBl’O-‘l'p"'mTH-'i'ﬂl;lj
N[f(X)]zrlx—(lp) [luru=-x("7 H3[0-xu™]fU)du

. Sa0g0),(ag505)1 2
Where ~ N[f(X)]=N [ f(X)|o, PL o s }

www.discoveryjournals.org | OPEN ACCESS



And H3[(1-XU™) |=H}3 [(I ~-XU™

(a,0131),(8,7) jl
(b, A1).(b;,5,1)

Then
m+1
X +p -
N[f(X)]= Ly ()1 X[ j U -xut ™2 R0 -xuh]fU)du
1—‘m( ) 0<U<X
Where

FL1x0)) -

m+1 m+1 m+1 _
ZFl[T_a1+'Bl’T_a2+'BZ;T+'81_'BZ;_(I - XU 1)}

Taking M -transform on both sides, we get

m+1
p——

M {N(F (X)) = 2 f{”;” n(22) E Mt

(ii) Putting P=0,Q=1L,M =1, N =0,y =1, Aj =1= Bj , then operators (3.4.10) and (3.4.11) reduce to their

Mellin transform in the following forms:

X |7 " - NS
VI OO1=2 L T upix—u e Hg[a-ux |, fu)i

( ) 0<U<X
Where  Y[f(X)]= Y[f(x)|a P (ﬂl):|

And Hé:f [(I —UX _1)‘(—ﬂ’1)j| =| I _UX -1 |ﬁ e_tr(i_UXfl)

m+1
—o—=

2
XL ot

e‘”‘l U (U)dU
1—‘m(p) 0<U <X

Taking M -transform on both sides, we get

M {Y (f (X)) = Ml\/l[f(U)]

r, (o)
Also
e oop= X Gy X (- XU, ] FU)AU

Where N[f(X)]= N[f(X)|5 P (ﬂl)}
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And Hé’,f [(l - XU _1)‘(_[}’1)] = | — XU -1 |ﬂ e—tr(i—xu-l)

5 s
_ X [ U’ 2z|1-Xxu 1|” v Vf(U)dU
1—‘m(p)U>X

Taking M -transform on both sides, we get

(p 5+ ﬂ—m;l)
M N[ (X)]} = e ML f(U)]

Ifwe put ; = B, =1(j=1,...,P; j=1,...,Q) the operators reduce to G -function given by Vyas .

Theorem4. If f(X)e L,(0,0) 1< P <2[orf (X) e M,(0,0)and P > 2]where

Re(a)> +1 Re(a)>—é Re(p) > Tl Re(a —-o) > m+1and |arg(l —a) |< 7 then

I, (0—S+mz+1jl“m(p+a)

RE; s T(X)]
{ } Fm(a—s+a+p+mz+ljl"m(p)

F{p+a’a S+0¢+,0+T+:L I}M[f(U)] (3.5.5)

Proof: Using the Mellin transform of
RLF(X)]=R[ &)%) £(X) |=

| X |fc77p m+1

[ urix-ul" 2 6slat-
I_‘m(p) 0<U<X

Weget M{R[,.; f(X)]}=

} fUYAU  (35.6)

_m+l

| X[ 2|><|”{ . L0 L
lUPIX-uUl(" B GX¥la(l —UX Y|, | f(U)dU |dX
XJ;O F ( ) 0<J<X Ol|: ‘(bl):|

Changing the order of integration which is permissible under the conditions stated with the theorem, we
obtain

ol _m+l
[ 1xi " x Ul 2 Ggf[au—ux*)ﬂdx_ f(U)du

0<U<X

( )U>X

S—a—p—a—m—ﬂ

m+1
[ 1x] 2IX—U |77 e XX

X>U

www.discoveryjournals.org | OPEN ACCESS



On evaluating X -integral with the help of result given by Mathai

5 m+1 m+1

je"'(xz)|X| 2 -x 2 dx

_T@),(p-9) E[5; p~Z] (3.5.7)

r.(p)

m+1

For Re(§)>T Re( ) T Re( —5)

We obtain the required result.
Theorem5. If f(X)e L,(0,0) 1< P <2[orf (X) e M,(0,0)and P > 2] where

Re(oc)>T1 Re(5)>—% Re(p) > Tl Re(a - p) > m_+1 l+£_1and|arg(l —a) |< 7 then
m+1
Fm(5+s+zjl“m(p+a)
MK 05 F(X)]} = ]
Fm(5+s+a+p+2JFm(p)

Fl:p-l-a 5+s+a+p+7+1 I}M[f(U)] (3.5.8)

Proof: Using the Mellin transform of

KLF (1=K [ &80 1(X) =

m-+1

"6 al-

-1

gg;;] f (U)dU (3.5.9)

U>X
Weget  M{K[;,.; f(X)]f =

m+1

s 5
M“wﬁ AU-x T 6ifa0 - xu [, ] fW)aU

o Tn(p)
Changing the order of integration and evaluating X -integral with the help of (3.5.6), we obtain the required

}dx (3.5.10)

U>X

result.
When M =1,N =0,P=0,Q=1,a=1in(3.5.6) and (3.5.9) reduces to the following from of operators

RLFOOI=R[ &2 £(X) =

-1

;] f(U)dU (3.5.11)

—o—p mel
X2 1 upix-ur e eigfad-
l—‘m(p) 0<U<X
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And K[f(X)]= K[wl,f(X)]

| X |7Jip -5-o - 1,0 -1 e
2L fupreu=-x(z &ai-uxdlelfu)du  (35.12)
r.(p) UL il g

Theorems. If f(X) e L,(0,0) 1< P <2[orf (X) e M, (0,0)and P > 2]where

1 Re(0)>—L Re(p) > ™ Re(w—0)> M L L _1and arg(1 —a) < 7 then
Q 2 2 P Q

Re(a) >

I, (oc+a—-B-s)T, (p+p)
Iﬂm (G_S+a+p)rm(p)rm(a_ﬂ)

M (R ,.; F(X)]} = M[fU)]  (3.5.13)

Proof: Using the Mellin transform of (3.5.11), we get

M{R[Z . F(X)]} =

-o-p 2 _m+l
j R [ J IUFIX-Ul" Gilag-
X>0 I_‘m(p) 0<U<X

-1

ﬂf(U)dU}dX

Changing the order of integration which is permissible under the conditions stated with the theorem, we
obtain

MR, FOOT) = — f(U)du

( )U>O

m+1

m+1
;]|X| T2 x-u(" 7 dx

-1

[era-

Using the result given by Mathai .

- m+l

1
G| X|% |= |X|ﬁ||—U| (3.5.14)
X
Provided 0< X < I,Re(a - )>mT+1
Cp

Weget M{R [Upl,f(X)]} 2 f(U)dU

( )U>0

m+1

;“xrﬂqx U7 dx
I ( _ﬂ) X>U

On evaluating X -integral with the help of the following result

‘m+1 _m+l
j|X| T-X[ 2 dx = lnln(p) (35.15)
L.(p+9)

www.discoveryjournals.org | OPEN ACCESS



For Re(5) > 0, Re(p) > mTH

We arrive at the required result.
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4

ON A GENERALIZED PROBABILTY DISTRIBUTION,BOUNDARY VALUE PROBLEM AND EXPANSION
FORMULA IN ASSOCIATION WITH A CERTAIN GENERALIZED HYPERGEOMETRIC FUNCTION WITH
APPLICATION

In the present paper, a probability function P(x) has been introduced in terms of the H -function and its

properties are studied. It is shown that the classical non-central distributions such as, non-central chi-
square, non-central Student- t, non-central F and almost all classical central continuous distributions can
be obtained as special cases of this general density function. This general density function P(X)is

introduced with the hope that any density function, which can be represented in terms of any known special
function as well as the density of the ratio of any two independent stochastic variables whose density
functions can be represented in terms of any known special functions, is contained in P(X) as a special case.

The properties of P(x), discussed in this paper, include the characteristic function, moments, recurrence
relationship among moments and the distribution function.

Introduction

The H -function occurring in the paper will be defined and represented by Inayat-Hussain as follows:

—M,N —M,N (@558 o (850 g 1 jo
Heo [2]=Hpro [Z (b,,ﬁ;)l,M,<bj,ﬂ,:B,')M+1‘o} "o I #e)zde (4.1.1)
M N A
[1r;, -8 [{ra-a; +a,5)
j=1

where  @(&) = Qj:1 : (4.1.2)

B 1
[]{ra-b+pa}" [1r@ -9
j=M+1 j=N+1
Which contains fractional powers of the gamma functions. Here, and throughout the paper aj(j =1..,p)
and b;(j=1..,Q)are complex parameters, «a;=0(j=1..,P),5;20(j=1..,Q) (not all zero

simultaneously) and exponents A;(j =1,..,N) and B;(j=N +1,...,,Q) can take on non integer values.

The following sufficient condition for the absolute convergence of the defining integral for the H -function
given by equation (4.1.1) have been given by (Buschman and Srivastava).

M N Q P

QEZ\ﬂj\+Z\Ajaj\—_z \ﬁij\—_Z \aj\>0 (4.1.3)
j=1 j=1 j=M+1 j=N+1

and |arg(z)| < %EQ (4.1.4)

The behavior of the H -function for small values of |Z| follows easily from a result recently given by (Rathie
,p-306,eq.(6.9)).

We have
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—M.N y . b.
Hro [z]=0(|z| )’7:{!}1%{%(%]]}44_)0 (4.1.5)

If we take A; = 1(j=L12,..,N), B, =1(j=M +1,...,Q) in (1.1), the function ﬁg@N [.]reduces to the Fox’s
H -function.

The following series representation for the H -function will be required in the sequel (see Rathie, pp.305-
306,eq.(6.8)):

|:Z (ai'aJ;Ai )1,N ’(ai’aj)mﬂp i|=

(0525 ) 5y (05 £ 3Bi )10

Zinr(bi _ﬂjgh,r)H{F@-—aj +aj§hyr)}Aj (_1)r 2%
_ _Q};h - B 1 (4.1.6)
H {F(l_bj +ﬂj‘§h,r)} ] H F(aj _ajé:h,r)r!ﬂh

Some Definitions and Preliminary Results
Result 1.

T XMt —mn axt V.
[ ——=Hoa|| = | |6 [dx=
) 1+ x5 1+ bx)

A —m,n+ * 2
k_lbkl—‘(lu—l—%j H p-;—l,t:.+1 [(%j ( K

1-—,—-s;1|,A*
ST (4.2.1)

b.
Where Re[i—ksi} >0for j=1,2,...m;Re(A—ku+k) <0,k >0,b>0and Re(.) means the real part of
i
().

This result follows easily from the fact that,

A
. klbkl“(/kljl“(l— u —ij
[ @+bxytdx =
0 I_1(1_/'[)

(4.2.2)

Where b,k >0,0< Re(%j, Re(l—y) on employing (4.1.1).

Result 2
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A-1

Te X _1ﬁmn[ an }
27 (L+bx)~ (1+bx*)

© r (/1+r)
A+r ) —mna a
k I 1—— H +1,q+ -
Z (”‘ K ] (bj

A*
g |OX =

{l—% =S, 1) A*
B*,(2-u1-5:1) (4.2.3)

A b,
Where Re(d) >0, RE(EJ <Re(u-1), Re(i— ks—‘J >0,b>0.
i
The result follows by expanding € ® and integrating term by term by applying result 1.
Result 3

TXH (1—§jﬂl Hoo [axV
) y p.q

~24,~Vi1),A

B*,(1-A—u, vl):| (4.2.4)

o o= YT (1) Htan [(ay )&

b.
Where Re(ﬂ—v;’} >0for j=1,2,...,m;Re(u)>0.

]
A General Probability Function

Here, we introduce a general probability density function P(X) by using the most generalized function,

namely the H -function. Such a generalized form is not necessary to obtain all the classical central and non-
central distributions as special cases form this general distribution. Special cases which can be expressed in
more compact form are given later. Without any loss of generality the function P(X)is assumed to be non-

negative since the parameters can always be chosen in such a way that P(X) is always non-negative and still

several parameters will be left to our choice so that several classes of non-negative functions can be
obtained as special cases and the general nature of P(X)is not lost either.

o XN —mn ax* ) iw
vl A L1 | Eierll B
(@+bx") (1+bx")
(4.3.1)

c(d)

P(x) =

For x> 0and P(x) = 0elsewhere, where

1 dr (A+r) ﬂ. — s a
c@d) = Z( ) ( 1—%)Hp+1§+1 (B)

(1—% -s 1) A*
B*,(2—u,—s;1) (432)

It should be pointed out the factor X”_1(1+ ka)“_l can be absorbed inside the H -function but it is written
outside for convenience of manipulation later and when d =0,C(d) can be written in a simple compact
form as,
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El—i,—s;l],A*
k

B*(2—u,—s11) (4.3.3)

A —m,n+ *
C(O) = kilb kl“(y—l—%j H p+l,ql+1 (%j

Then the probability function P(X) reduces to

A*
B*

N ﬁm’n ax s
@+bx)“ T P L+ bx*)
q(x) = cO (4.3.4)

Almost all the classical central and non-central distributions can be obtained from ¢(Xx) which will be seen

later. In order to obtain all the useful classical central and non-central distributions as special cases it is not

necessary to take general density function in the form of P(X). In the light of the result 2 and 3 of section 2
it is easily seen that

j P(x)dx =1
0
Special Cases

If we put A; =B, =1 in (4.2.1), (4.2.3) and (4.2.4), we get the result given by Mathai and Saxena with a little
simplification as:

ToxMt - axt Y
[——=Hil | =
o (L+bx*) [(1+bx )]

- == ﬂ, m,n+ a )
k lb kr(ﬂ_l_gj Hp+1,ql+l E

With the conditions given in (2.1).

Te—dx Xl_l H m,n axk )
27 (@+bxf) P L @+ bx")

o (_1\'AT (A1) s
Z( 1)ld k—lb K F(ﬂ_l_i"'rj Hm,n+l [aj (
ro I:

(@j.2j)p

s |dX=

A
(177v73 J(aj.ai)
K j i“%ip
(bj. B g (2-11.-5) (4.4.1)

@j.aj)p

(05,814

K p+l,g+1 B (0,81, (2-11,-9) (4.4.2)

With the conditions given in (4.2.3).

) X u-1

Ix“ (1——} HY [axV
y ,

0

With the conditions given in (4.2.4).

e |ax= y'T (u)Hps, [(ayv)

(142

(b}, B g (1-A—p1,-v) i| (443)

Non-central Chi-square Distribution: The density function for the non-central chi-square is given by
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a1 2\r1 [r%) =
e? rz(;r!r(w_l;][ﬂ] (7j e 2 X" for 0<x<oo
m(x) = , (4.4.4)

elsewhere

2

Put d zé,yzl,lzg,S:kzl,b:0,b1:0,b2 zl—g,ﬁlzﬂz =la= 4’”2 ,A;=1=B,in P(x) .Using the
o

formula,

K 2 K K 12X
F(EJG&E [—4“72‘(0,1—§D - F, (E; ZO'ZJ (4.4.5)

And letting b — 0, P(X) reduces to m(x) after a little simplification. In order to obtain the non-central F ,

non-central Beta, Student-t and a number of classical central distributions we need consider only q(x) or
P(x) when d = 0 and it may be noticed that ¢(X) is in a compact form.

Non-central F Distribution : The density function for non-central F is given by

P (k+m+rj Lk
2 (42 X 2
e 2 E { j(r'w — forx>0

= ) m )
TS aex) 2
g(X) :0; elsewhere (2 j (2) (4‘-4‘-6)
By putting
d:o,y=k+m+u—g _k=1b=1b -1b,-1-% > fi= P, =1a,= 1_k+2m,
A =1=B, o, = =p4,=1Lm=n=p=1q=2,the H -function reduces to the G -function of the desired
form here. Then by using the general properties that,
I'(a),F(a;z;-x) _
11 (1-a) _ 17 1\% & 1,0 _ X
G, ( (01-¢) ) - I'(c) and G, (X|O) =€ (4.4.7)

P(x) Reduces to g(Xx).By a simple change of variables we get the non-central Beta distribution, with the
density function,

2 F( m+k] ) .
2 ><71 (l—x)TllFl[k— K. L]; for O<x<1
e
— 2)\2
gl (X) —0; elsewhere (4-4-8)

It may be noted that the conditional distribution of the multiple correlation coefficient under the condition
of given values of the observations on the variables in a multivariable normal case, is a non-central Beta
distribution.

Non-central Student-t Distribution: The density function for the non-central Student-t distribution is
given by:
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3. yeler\(82) 2¢ )
v2e ZZF( j(r'}[v+x2J
v+1

F(;j(v+x2)2

Where 6 is the non-centrality parameter and K is the degrees of freedom. For convenience we will take the
distribution in the folded form, that is

h (x) = 2h(x) for x>0
=0, elsewhere

h(x) =

;=0 < X <00 (4.4.9)

(4.4.10)

v+3 1-
Putd:O,,Ll 2 +1,A=1b= 1b1 Oﬂl 1al_T,Aj

:1:Bj,a1:%,m:n: p=q=1k=2,

2 2
replace b by %and aby %.Then P(x) reduces to h (x).

The generalized hypergeometric function: The authors in introduced a general probability distribution from
where the following distributions were obtained as special cases: the general hypergeometric distribution,
the generalized gamma, gamma, generalized F, F', Student-t, Beta, Exponential, Cauchy, Weibull, Raleigh,

Waiting time and logistic. The density function employed was,

eagr(a)r(ﬂ)r(%_c) el

2 Fl(a,ﬂ:%faxe); for x,c>0,a—_c>o,ﬁ>o
e e

f(X) _;(gjr[ e j [ﬂ le‘(y) (4_4_11)

T 0;elsewhere

This can be obtained as a special case from P(X) by making the following substitutions. Put
ﬂ/:c,d :O’b=01S=1’a1 =1—a’a2 zl—lB,bl =0,b2 =1_}/,k =C,a1 =a2 =ﬁl :ﬁz =1

A; =1= B, .Using the formula

, anasn]_ F@TI(b) o
Hy3 X Gants? = e R@pe) (4.4.12)
We get f(x) from P(X) after a little simplification.

The Ratio Distribution: The ratio distribution can be obtained as:

(1-bq g 1), A

— m+n,m+n
X Z0e)0(o AR XS, | forxeo0

f ( ) —o, elsewhere

(4.4.13)

Where

ﬁ{r(l b, — A, ]} f[l“[a ra, T J
9(61-) _ k=m+1 k=n+1 r

“{r(la_ak J} r( ‘A j
k=1 k=n+1 (4414)
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From the structure of f,(X)itselfitis evident that f,(X) can be obtained from P(x)by making suitable

changes in the parameters. Thus P(x) also contains the density function of the ratio of two independent
stochastic variables whose density functions can be expressed in terms of any known special function.

The Characteristic Function and Moments

Since the characteristic function is defined as

o0(t)=E(e™)= j e™P(x)dx (4.5.1)
0
Where i =,/(-1) , it can be easily obtained by replacing the parameter d by d —it and
hence 9(t) = cd-iy (4.5.2)
C(d)

Where C(d) is given in (4.3.2). Hence the moments and cumulates can be evaluated without much difficulty.

Moments: The V" moment about the origin, M, is obtained by replacing A by A +Vin (4.3.1) and then

taking the ratio of the normalizing factors in P(x). Thatis

C(d,A+v
Where
A+r S A+r *
% ~ A+r ) —mnal a I——s1|A
= 2 | lb k F( 1+ ﬂ—TJ Hp+l,q+1 (Bj EB*,(Zky,s,g) (454)
And if d =0, this reduces to CO.4+r) , Where
C(0, 1)
- 2\ —mnst (@) l—;s;l),A*
C(O, /1) =k™b kr(—l‘l-ﬂ—zj H p+1,q+1 B B* (2-1.5:1) (455)

A Recurrence Relationship: A recurrence relationship among M, M, _,and M, can be obtained by using

the recurrence relationships for the H -function.

24Ty s a S
k F(—l+ﬂ—%] Hp+lql+l (B

8

[1-%,5;1],#
B (2-1,5:1) (4.5.6)

Where C(d) is given in (4.3.2) . On applying the recurrence formula for the H -function.
—M,N
(1—a1+bq)H P.Q |:

—M N
Hero [

@jiajiAun (@552 )Inap
(b; /5'])1M (bj. B5; B])M+1Q 1(bg .4 ;Bg)

(8L A (@j5aA )2 ()5 Inaa e H
(0. 85)1m (05, 85:B Im1.01:(bg.1:Bg) P Q

(a e A DL (@ )na e
(b ﬂ,)m (b, By B])M+1,Q71v(bQ+lva1;BQ):| (457)
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To M, of (4.5.3), we see that M, is equal to

A+r+v
K —2+ﬂ—MH—2+ﬂ—M)

8

k

[1—%,5;1],#

B*,(2—u,s;1)

s
—m,n+1 a
H p+1,g+1 -

b

A+r+v
Z( D'd'k ¥ r(—zw—%]

C(d)

S
—m,n+1 a
H p+1,9+1 _

b

Hence, we obtain

[ ﬂ.+l:+v sl] a*

B*,(3-4,51) p+lo+l B*.(2-p.5:1)

(1 A+I:+v sl] A* ﬁm,n+l [Ejs
b

M,u,v =M u-v bM (458)

1 NV+1

The Distribution Function

The distribution function or the emulative density function
y

F(y) = [ P()dx
0

Can be obtained foe some special forms of P(X).By putting S =1and taking the limit d — 0 and
b — 0, P(x) reduces to the form

I’9"¢9(o‘)x Hpq[ "‘Qf} for x>0

P ( ) 0, elsewhere (4-6-1)
By using result (2.2), we get

X & ——m,n .

[ROOdx=ro 62y Hie | ay |50 | (4.62)
0

i
distributions of order statistics and other related statistics which we will not discuss here.

b. .
Where Re [/"t +V—’J >0;J=12,....,mand @(A)is defined in (4.4.13). By using F(y) we can obtain the

In the present paper, a probability function P(X) has been introduced in terms of the A -function and its
properties are studied. It is shown that the classical non-central distributions such as, non-central chi-
square, non-central Student- t, non-central F and almost all classical central continuous distributions can
be obtained as special cases of this general density function. This general density function P(X)is
introduced with the hope that any density function, which can be represented in terms of any known special
function as well as the density of the ratio of any two independent stochastic variables whose density
functions can be represented in terms of any known special functions, is contained in P(X) as a special case.
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The properties of P(X), discussed in this paper, include the characteristic function, moments, recurrence
relationship among moments and the distribution function.

Introduction

(a a; ), Represents the set of n pairs of parameters the A -function was defined by Gautam as

m,n 1(al’ )
AM{ 0.5, }_27{ jf(s)x ds (4.7.1)
Where
HF(a +a, s)HF(l b, - 5;5)
f(s)=—+ (4.7.2)
[]ra-a —ajs)H T'(b, + ;)

j=n+1

The integral on the right hand side of (4.7.1) is convergent when f >0 and |arg(ux)|< fz where

f:Re(Zm:aj—Za+Zﬂ Zﬂ u= Ha H,BﬂJ (4.7.3)

j=m+1 j=n+1

(4.7.1) reduces to H -function given by Fox the following relation
AT (-39, _H™ |y (a5,25),
Pe l(l_bj!ﬂj)q P l(bj’lBj)q

Some Definitions and Preliminary Results

Result 1.
T -+ AMD axk ) 1(ai’aJ)P dx =
0(1+bx )”l pq (1+bxk) 1(b,-,ﬂ,-)q
A
_A —. -S|, (a;, a:
i s3] (b

1(bj’ﬁj)q’(_1+/u’_s)
1-Db, .
Where Re| 4—5 5 L1>0for j=1,2,...m;Re(1—ku+k) <0,k >0,b>0and Re(.) means the real part

n

(4.8.1)

]

of (\).

This result follows easily from the fact that,
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A
. k_lbkl“(ijl“(l—,u—i)
[ ¥ @+bxy tdx =
0 F(l_lLl)

(4.8.2)

Where b,k >0,0< Re(%}, Re(l—y) on employing (4.7.1).
Result 2
X ax

© A-1 - k s
e—dx Am,n
! (L+bx¥)»* P ((1+ bxk)}

(@ ag), |
l<b,-,ﬂ,-)q]dx‘

I A+r
o (AT _(4+1) Il ——,-s |,, (@, a;
3oy (a2 |2 R R
= r! '
0 1(bj!ﬁj)qr(_1+/u!_s)

A 1-b.

Where Re(d) >0,Re (Ej < Re(,u —1), Re| A-5s ! J >0,b > 0. The result follows by expanding e * and
i

integrating term by term by applying result 1.

Result 3

© X u-1

J'xH (1——] A {axV
y ,

0

(4,-v:1), (a;.«)),
l(bj’ﬂj)q’(ﬂ’_‘_:u’_v)

1CT I
Ab,—ﬂ,—)JdX‘

ylr(u)A;“ﬁ;il{ay“ (4.8.4)

Where Re(ﬂ—v ; J-J>0f0r j=12,...m;Re(u)>0.
i

A General Probability Function

Here, we introduce a general probability density function P(X) by using the most generalized function,

namely the A -function. Such a generalized form is not necessary to obtain all the classical central and non-
central distributions as special cases form this general distribution. Special cases which can be expressed in
more compact form are given later. Without any loss of generality the function P(X)is assumed to be non-
negative since the parameters can always be chosen in such a way that P(X) is always non-negative and still

several parameters will be left to our choice so that several classes of non-negative functions can be
obtained as special cases and the general nature of P(X)is not lost either.

g x* AN ax" S 1(aj’aj)p
B @+bx ) P @+bx*) ) |,(0;, B)),

P(x) = c@ (4.9.1)
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For x> 0and P(x) = 0elsewhere, where

(ﬂ —sj (a;,a))
k © )P 49.2)

c(d) =iﬂk*b%”r(ﬂ—1—ﬂj AT (Ej
o (0. 8)gr (14 1,-5)

k b

It should be pointed out the factor X“*(1+bx*)*™*can be absorbed inside the A -function but it is written
outside for convenience of manipulation later and when d =0,C(d) can be written in a simple compact
form as,

a 1) e
co-k r(u-1-2] a3z (2] [frsh@an, 493
by 8)or (L 119

Then the probability function P(X) reduces to

LAM aixk S 1(aj’a1)p
@+bx ) PO @+bx*) ) |1(b;, B)),
q(x) = cO

(4.9.4)

Almost all the classical central and non-central distributions can be obtained from ¢(Xx) which will be seen

later. In order to obtain all the useful classical central and non-central distributions as special cases it is not
necessary to take general density function in the form of P(X). In the light of the result 2 and 3 of section 2
it is easily seen that

TP(x)dx=1

Special Cases

Ifwe put a; =1-a;, bj =1- bj in (4.8.1), (4.8.3) and (4.8.4), we get the result given by Mathai and Saxena
with a little simplification as:

r X}”_1 an : (ai,a:)
—Hm,n e ey =
_(.)-(1+bxk)/l—l p.q [[ (1+ka)J (bj.B) g

- - /l m,n+ a )
k lb kr(ﬂ_l_E] Hp+1,ql+l |:(BJ

With the conditions given in (4.8.1).

Te—dx X}rl H m,n axk )
27 (@+bxf) P L @+ bx")

(l_f'_s)(ai )p
(b, Bj)1,q:(2—1,-5) (4101)

(@j.aj)p

(05,814
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A+r ]
(1_7’_5 (@ aip

k
(), Bj)1q:(2-4,-5) } (4‘102)

. (_1)rdr -1 _(l:f) A+r m,n+1 E :
; ri kb r /u_l_T Hp+1,q+l b
With the conditions given in (4.8.3).

0 X u-1

[x+ (1——] Ho [ax
y |

0

(4.10.3)

o o=y (uyHita (ay")

(1-2,~v).(aj.@))p :|

(0.8 h,q-(1=A=,—V)

With the conditions given in (4.8.4).

Non-central Chi-square Distribution: The density function for the non-central chi-square is given by

k
r+—

“5E 1 2V () b
e 2%y [/—] (7j e 2 X% for 0<x<oo

r=0 r!l"(H—K] 20° ) \2
m(X) = 0, elsewhere2 (4'20'4)
1 k k u’ .
Put d =§,,u:1,/1:5,5:k =1,b=0,b, =0,b, =1—E,,81 =p,=1 a= 157 &, =1—aj,bj =1—bj in
P(x) .Using the formula,
F(EJGLO _# [o 1—5j LR (4.10.5)
2) % 40|\ 2)) ° 27407 o

And letting b — 0, P(X) reduces to m(x) after a little simplification. In order to obtain the non-central F ,
non-central Beta, Student-t and a number of classical central distributions we need consider only q(x) or
P(x) when d = 0 and it may be noticed that ¢(X) is in a compact form.

Non-central F Distribution : The density function for non-central F is given by

2

A

e77i{§jr[%} rEk;mﬂg Xwgtw for x>0
g (X) o, els::here F(EHJF(E) e (4.10.6)
By putting ¢ = 04~ L =g’5 =k=1b=1b =1b, =1_g'ﬁ’1 =p,=la-= k;m ,

a;=1-a,, bj :1—bj o, =6 =0 =Lm=n=p=1q=2, the A-function reduces to the G -function of
the desired form here. Then by using the general properties that,
_T'@,R@Ez-x

G, (X E%ff_)m)— Ir'(c) and G (x[0) =™ (4.10.7)

P(x) Reduces to g(X).By a simple change of variables we get the non-central Beta distribution, with the
density function,
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2 m+k
% F( 2 1 %1 k+m
e 1-x)2 R T'

e

gl(x) :0; elsewhere (4'-10-8)

N =

2
;%]; for O<x<1

It may be noted that the conditional distribution of the multiple correlation coefficient under the condition
of given values of the observations on the variables in a multivariable normal case, is a non-central Beta
distribution.

Non-central Student-t Distribution: The density function for the non-central Student-t distribution is
given by:

v & » 2 2 \z
e 22r(v+1+rj 5% 2x :
s 2 r' \v+x
v+1
14 2\
' - |(v+x7)2
5 Joe)

Where 6 is the non-centrality parameter and K is the degrees of freedom. For convenience we will take the
distribution in the folded form, that is

h (x) = 2h(x) for x>0
=0, elsewhere

h(x) =

;=0 < X< (4.10.9)

(4.10.10)

Put

d =o,y="—;3+1,/1=1,b=1,b1=o,ﬂl:1,a1:1‘7",

2
a;=1-a;,b;=1-b;, :%,m:n: p=0g=1k =2, replace b by iand aby E.Then P(X) reduces to
Vv Vv

h(x).

The generalized hypergeometric function: The authors in introduced a general probability distribution from
where the following distributions were obtained as special cases: the general hypergeometric distribution,
the generalized gamma, gamma, generalized F,F', Student-t, Beta, Exponential, Cauchy, Weibull, Raleigh,
Waiting time and logistic. The density function employed was,

eagl"(a)l"(ﬂ)l"(y—_cjxc’l

e

f (X) :;(Z]r[ae_ CJF[TCJW)

elsewhere (4' 10.1 1)

2 Fl(a,ﬁ;y;—axe); for x,c>0,anc>0,%>0

This can be obtained as a special case from P(x) by making the following substitutions. Put

A=c,d=0b=0s=La=1-aa,=1-$b =0b,=1-yk=C o, =, = =3, =1

a, zl—aj,bj zl—bj .Using the formula
, —an.abpn ] L(@)T(D) .
HY3 [ XG5 es” | = e h@pe) (4.10.12)

We get f(X) from P(X)after a little simplification.
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The Ratio Distribution: The ratio distribution can be obtained as:

—m+n,m+n

9(0'1)9(0'2)"' p+q, p+q[ X'
f (X) o, elsewhere

(1-bg g 1), A
B*(l—ap,ap:l):| for x>0

klimll{r(l_bk B G'J} k]lr(ak ta, j

: {1‘(1 a —a, J} Hr(b + ]
L FJ) ke (4.10.14)

From the structure of f,(X)itselfitis evident that f,(X) can be obtained from P(X)by making suitable

(4.10.13)

Where 0(c;)=

changes in the parameters. Thus P(X) also contains the density function of the ratio of two independent
stochastic variables whose density functions can be expressed in terms of any known special function.

The Characteristic Function and Moments

Since the characteristic function is defined as

o0(t)=E(e™)= j e™P(x)dx (4.11.1)
0
Where i =/(-1) , it can be easily obtained by replacing the parameter d by d —it and
hence d(t) = cld-in (4.11.2)
C(d)

Where C(d) is given in (3.2). Hence the moments and cumulates can be evaluated without much difficulty.

Moments: The V" moment about the origin, M, is obtained by replacing A4 by A +Vin (3.1) and then taking
the ratio of the normalizing factors in P(X). Thatis

LAy (4.11.3)
c(, )
= o A+r
Where = "k F( 1+ ,u——j
o Il k
. (;Hr Sj @.a)
m,n a T 2 \G e
A (E) k e (4.11.4)

l(bj’ﬁj)q!(_1+ﬂl_s)

C(0, A +T)

And if d =0, this reduces to
C(0,4)

, where

-1 -2 A mn| [ & ) (i’_SJ’l(aj’aj)p
e vt ifvn-2) e (2] G s
1(bj1ﬂj)qv(_l+,ua_s)
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A Recurrence Relationship: A recurrence relationship among M, M, _,and M, can be obtained by using

the recurrence relationships for the A -function.

M-t i(_l)rd'k-lbﬁkmr gy AT
oC) = ot k
A
) _!_S’ a'! i
w2 (e, 4116

l(bj1ﬂj)ql(_l+1u'_s)

Where C(d) is given in (4.9.2) . On applying the recurrence formula for the A -function.

(85, ), _
1(bjf:8j)q71!(vaa1) )

(1_a1 +bq)ArTﬁn {X

M,N
Q [X

To M, of (5.3), we see that M, is equal to

o (_1\f _AHr4v
1 Z( 1) Ak (_2+#_i+r+vjr(_2+#_/1+r+vj
Cd)= r! k

r! k

1(bj’ﬁj)ql(_l+;uv_s)

(&L A ) (ajie))py :| _ AMN |:

(@A N a(a)ia))pa
1(bj.5j)q (bg 1) Q | X :| (4.11.7)

1(bj ’ﬂj)Qr(bQ+1va1)

Am,n+1
p+1,9+1

oo

1 S A+T+V
=— -D'dk™ k TI|-2+puy-=-—"-
ca ( T )
s[[A+r+V dA+r+v
Am,n+1 a T =S 1 (aj ! a] ) p Am,n+1 a T =S 1 (aj ! a] ) p
p+lg+l B T Mpitgn B
1(bj718j)q1(_1+ 1, —S) 1(bj,ﬂj)q,(—1+ 1, —S)
Hence, we obtain
M, =M, —bM, (4.11.8)

The Distribution Function

The distribution function or the emulative density function

F(y)=[P(x)dx
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Can be obtained foe some special forms of P(X). By putting S =1and taking the limit d — 0 and
b — 0, P(x) reduces to the form

A
rery(a)x’flﬁ?,ﬂ[axv

Q:} for x>0

I:?L(X) :0, elsewhere (4121)
By using result (2.2), we get
h 4 (4V), (8, )

P()dx=ror6(A)y* Ay {ayv e ”} (4.12.2)
E[ ' Pa l(bj1ﬂj)q1(/llv)

Where Re(ﬂ +V ) J >0;J=12,...,mand 6(A1)is defined in (4.10.13). By using F(y) we can obtain the
i

distributions of order statistics and other related statistics which we will not discuss here.In this chapter, a

probability function P(X) has been introduced in terms of the | -function and its properties are studied. It

has shown that the classical non-central distributions such as, non-central chi-square, non-central Student-
t, non-central F and almost all classical central continuous distributions can be obtained as special cases of
this general density function. This general density function P(X)is introduced with the hope that any

density function, which can be represented in terms of any known special function as well as the density of
the ratio of any two independent stochastic variables whose density functions can be represented in terms
of any known special functions, is contained in P(X) as a special case. The various properties of P(X),

discussed in this paper, include the characteristic function, moments, recurrence relationship among
moments and the distribution function.

Introduction

The I-function introduced by (Saxena (1982)) will be represented and defined as follows

Z1=17%,120= 175 2

(@j.0)1n (85 @i Insa _ 1
(B3, ) By By g } = orm Jo(s)ds (4.13.1)
L

where o = \/—_1

Mr(b, - 4,s) 112, +a;s)
0(s) = — 1t i

(4.13.2)

r Qi i
{j=1r_n[+lr(1_bji —B;s) j§+lr(aji’a1is)}

i=1

P, g;(i=1...,r),m nare integers satisfying 0<n<p, , 0<m<gq,,(i=1...,r),ris finite a;, B, a;, B are

realand a;b;,a;,b; are complex numbers such that

i
a;(b, +v) = p,(a; —v—k)for v,k =01,2,...
We shall use the following notations:

A = @, )i (@5, nel,py? B = (bj’ﬂj)l,m'(bji'ﬂji)m+l,qi

Some Definitions and Preliminary Results
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Result 1.

T X e dx =
> (L+Dbx* )ﬂ1 ' 1L+bx¥) ) I*

- -2 ﬂ« m,n+ a )
k lb kr(ﬂ_l_gj Ip+l;,+1rl:(6j (

1{,4]#
B*,(2-4(,5) (4.14.1)

Where

Re(ﬂ,—ksﬂ—ji}>0;i =12,...,rfor j=12,...m;Re(A—ku+k) <0,k >0,b>0and
ji

) means the real partof (.).

R This result follows easily from the fact that,

A
. k‘lbkr(ijr(l— U —ij
j XL+ bx)“dx = (4.14.2)
0 F(l_ﬂ)

Where b,k >0,0< Re(%j, Re(1- x) on employing (4.13.1).

A*]dx—

Result 2

Te - |mn ax )
’ (1+bx )"‘l PGt (1+bx)

i(_l)rdrk*b%r)F( —1——i+rj
Il k

s
I m,n+1 a
pi+1,q; +Lr B

b.
Where Re(d) >0, Re(% < Re(,u—l),Re{ﬂ—ksi]>0,b >0.
ji

B* (2—u,—5) (4.14.3)

The result follows by expanding e ®and integrating term by term by applying result 1.

Result 3

TXH (1—5} 7lﬁm [
) y p.q

Qi]dx=
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YT (1) g e [(ay“)

1-4,-v),A*
53*,(1-;)-;,,—\/) } (4.14.4)

b..
Where Re[ﬂ,—vi]>0;i =12,...,rfor j=12,...m;Re(u)>0.

ji
A General Probability Function

Here, we introduce a general probability density function P(X) by using the most generalized function,

namely the | -function. Such a generalized form is not necessary to obtain all the classical central and non-
central distributions as special cases form this general distribution. Special cases which can be expressed in
more compact form are given later. Without any loss of generality the function P(X)is assumed to be non-
negative since the parameters can always be chosen in such a way that P(X) is always non-negative and still

several parameters will be left to our choice so that several classes of non-negative functions can be
obtained as special cases and the general nature of P(X)is not lost either.

A*
B*

e—dx X/Pl m,n an )

@1+ bx¥)# L P (14 bx*)

P(x) = 4.15.1
(x) co (4.15.1)

For x> 0and P(x) = 0elsewhere, where

o ( N\AT 7(ﬁ.+r)
c«n:Z%Wb ‘ F(ﬂ—l—%)
r=0 -

S
I m,n+1 E
p;i+1,G;+Lr b

It should be pointed out the factor x“*(1+bx*)*can be absorbed inside the | -function but it is written
outside for convenience of manipulation later and when d =0,C(d) can be written in a simple compact

(l—%,—s)A*
B*,(2—11,-9) (4.15.2)

form as,

1—1,—5],A*

-k A s a\
C(O)=k™ kr(y—l—ﬂ o i (Bj (B*,(kz_#,_s) (4.15.3)

Then the probability function P(X) reduces to

A*
B*

A o ax® s
(L+bx )t R ((1+bxk)]

q(x) c0)

(4.15.4)

Almost all the classical central and non-central distributions can be obtained from which will be seen later.
In order to obtain all the useful classical central and non-central distributions as special cases it is not
necessary to take general density function in the form of P(X). In the light of the result 2 and 3 of section 2

it is easily seen that
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j P(x)dx =1
0
Special Cases

If we put r =1 in (4.14.1), (4.14.3) and (4.14.4), we get the result given by Mathai and Saxena (1971) with a
little simplification as:

° X#l m,n an s (@ @jp
[ Hoal | s | [ dx =
o (L+bx") (1+bx")

— == /1 m,n+ a ) 8
k lb kF(ﬂ_l_Ej Hp+1,ql+l [(Bj ( y
Tedx Xl_l H m,n an )

T @+bx¥) P (14-bx¥)

1= @jagyp
(bj. Bjhq:(2—p,—5) (4161)
(aj.ajhp .
(b}, 1q ] dx =
_(a+1)

= (-)'d", L, - A+0Y) ymea (Y
2y KBt TS el

With the conditions given in (4.14.3).

0 X u-1

[x+ [1——] Hm [ax
y |

0

YT () H g [(ay”)

With the conditions given in (4.14.1).

(bj . Bj)rq (2-11,-5) (4.16.2)

(1—%,—5)(% @ 1p }

(@j.ajhp —
(by. g }dx =

(1-2,~v).(aj.a))p J

(bj. B ,q:(1=A=,~V)

(4.16.3)

With the conditions given in (4.14.4).

Non-central Chi-square Distribution: The density function for the non-central chi-square is given by

] 1 2\ 1 [r#%) 1,
e 2%y . [2”—2] (zj e 2 X% for 0<x<oo
(3]

r=0r!Il
m(X) = 0 elsewhere2 (4'16'4)
Put
1 k k 2
d=2.u=12=7,5=k=1b=0b=0b,=1--, 5= f,=La= ‘;2 r=1

in P(x).Using the formula,

k s k K 1°x
Il — Gl'0 —01-—||=,F]| = 4.16.5
(2) °’2( 402( 2D 0 1[2 407 ( )
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And letting b — 0, P(X) reduces to m(x) after a little simplification. In order to obtain the non-central F ,
non-central Beta, Student-t and a number of classical central distributions we need consider only q(x) or
P(x) when d = 0 and it may be noticed that

g(x) is in a compact form.

Non-central F Distribution : The density function for non-central F is given by

k+m k

22 r | ——-r r+--1

S A1) (1) ( 2 j x 2

e 2 == for x>0
2% )l

1) (k e m
r)r(5+rjr[%)(l+x) 2

m=0

g (X) =O; elsewhere (4-16-6)

K+m k K
Byputtingdzo'lu: +1ll:E,SZk:1,b:1,b1:1,b2:1_5,
K+m |
p=p=La=1- r=lLo=p=F=Lm=n=p=1q=2,the | -function

reduces to the G -function of the desired form here. Then by using the general properties that,

“a I'(a) ,F(a;z;—x .
Gl (X6 ) = ()1;((0) L and 12 (x|o) =e (4.16.7)

Reduces to g(X) . By a simple change of variables we get the non-central Beta distribution, with the density
function,

2 T

e 2

2

k m

—1 =1
X2 (1-x) 1F1[k+7m;

m k
0.0 = 212 (4.16.8)

/N

m-+k
2

N =

]; for 0<x<1

It may be noted that the conditional distribution of the multiple correlation coefficient under the condition
of given values of the observations on the variables in a multivariable normal case, is a non-central Beta
distribution.

Non-central Student-t Distribution: The density function for the non-central Student-

t distribution is given by:

v & » 2 2 \z
e ZZF(v+l+rj 5% 2x :
3 Py 2 r' Av+x
v+1
v I\
r—|(v+x7)?2
(2)ir0)

Where 0 is the non-centrality parameter and K is the degrees of freedom. For

;=00 < X< (4.16.9)

convenience we will take the distribution in the folded form, that is

h (x) = 2h(x) for x>0

(4.16.10)
=0, elsewhere
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v+3 1-v
Putd:O”u 2 +14=1b=1b =04 = 1’a127’r:l,alzl,m:n:p:qzl,k:2,replace

2
b by land aby E
\"

Then P(x)reduces to h(X).

The generalized hypergeometric function: The authors in (1966) introduced a general probability
distribution from where the following distributions were obtained as special cases: the general
hypergeometric distribution, the generalized gamma, gamma, generalized F,F ', Student-t, Beta,

Exponential, Cauchy, Weibull, Raleigh, Waiting time and logistic. The density function employed was,

eael"(a)l"(ﬂ)l"(y—j

e

Fl(a,ﬁ; ;—ax ) for x,c>0, —>0 &>0
£00 _Z@r[e] T T (4.16.11)

~0;elsewhere

This can be obtained as a special case from P(X) by making the following substitutions.
Put A=c,d=0,b=0,s=1a =1-a,a,=1-4,b =0,
b,=1-y,k=c,q,=a,=p=0,=1r=1

Using the formula

~an,a-bp ] _ (@) (b)
H;é [X 8)1)2&1? 1)] -

I'(c)

We get f (x) from P(X) after a little simplification.

,F(a,b;c;—x) (4.16.12)

The Ratio Distribution: The ratio distribution can be obtained as:

—m+n, m+n[ N

5’(01)5’(0'2)"' P+q,p+q
f (X) o, elsewhere

ﬁl{r[l—bk ) alj} kllr[ak ta, j

Q(O'j) = k::H
{ (1 ak ]} (k ‘ rjj
k=1 k=n+1 (4.16.14)

From the structure of f,(X)itselfitis evident that f,(X) can be obtained from P(x)by making suitable

(1-bg g 1). A
B ,(1—ap,ap;1)} for x>0

(4.16.13)

Where

changes in the parameters. Thus P(X) also contains the density function of the ratio of two independent
stochastic variables whose density functions can be expressed in terms of any known special function.

The Characteristic Function and Moments

Since the characteristic function is defined as
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o(t)=E(e™)= Te“XP(x)dx (4.17.1)
0

Where i =/(-1) , it can be easily obtained by replacing the parameter d by d —it and

Hence O(t) = % (4.17.2)

Where C(d) is given in (4.15.2). Hence the moments and cumulates can be evaluated without much
difficulty.

Moments: The V" moment about the origin, M, is obtained by replacing 4 by 4 +Vin (5.15.1) and then
taking the ratio of the normalizing factors in P(xX). Thatis

v =% (4.17.3)
Where C(d, 2) =i( D gkt Tr( 1+ y—%)
~ rl
g {(Ej (B*jz;r/,,iﬂ (4.17.4)
And if d =0, this reduces to M,where
C(0, 1)
C(0,4) = klb‘ﬁr(—n ,u—%] I HEJS (Bl(ﬁ;k)} (4.17.5)

A Recurrence Relationship: A recurrence relationship among M, M, ,and M, can be obtained by using

the recurrence relationships for the | -function.

o AT+
} k F(_H ,J_m]
r=0 k
S A+r+v
N a 1- siL |, A*
H p+1l0+1 [(Bj g*,(Zkﬂ,S,l) ) ] (4‘176)

Where C(d) is given in (4.15.2) . On applying the recurrence formula for the | -function.

(1-a,+b, )13, Ir[x

(a 4] )1N (ajl Jl)N+1P
(b ﬂ])lM (bjl ﬁJI)M+1Q -1 (bQ al)

M,N
IPinFr |:X

(L) (aj;aj)o N (@jiseji e _|MN
(b ﬁ])lM (bjl ﬁ]l)M+1Q 11 (bQ 0{1) Pi’Qi.r

(@ja))in (@jiajidnse
X| (o} ) (o ﬁ,-i)Mﬂ‘Qfl,(bQﬂ,al)} (417.7)
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To M, of (4.17.3), we see that M, is equal to

A+r+v
K (_ZW_MH_ZW_M)

8

k k

s
| m,n+1 E
pi+1,0;+Lr b

A+r+v
Z( D'd'k ¥ r(—zw—%]

A+r+v " S
(1 k ’SJ'A —_m n+l E
B*.(3-1.9) pi+L.g; +Lr b

[MTJA

B*,(2-1,5)

C(d)

S
Im n+1 E
pi+1,0;+Lr b

Hence, we obtain

(—M'HV,S}A*
k

B*.(2-u.,8)

M, =M, —bM (4.17.8)

1 NV+1

The Distribution Function

The distribution function or the emulative density function
y

F(y) = [ P()dx
0

Can be obtained foe some special forms of P(X). By putting S =1and taking the limit

d — 0and b — 0, P(x) reduces to the form

rH' 0(c)x**H E;Q[axv

Q:] for x>0

P( ) 70, elsewhere (4'18'1)
By using result (5.14.2), we get
jP (x)dx = r¢9 Oy 15 [ ay' S‘?}MJ (4.18.2)

b.
Where Re(ﬂwviJ >0;i=12,...,1r;]=12,....,mand O(A) is defined in (4.16.13). By using F(y) we can
ji

obtain the distributions of order statistics and other related statistics which we will not discuss here.
Introduction

The operational techniques are important tools to compute various problems in various fields of sciences
which are used in the works of Chaurasia, Chandel, Agrawal and Kumar, Chandel and Sengar and Kumar to
find out several results in various problems in different field of sciences and thus motivating by this work,
we construct a model problem for temperature distribution in a rectangular plate under prescribed
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boundary conditions and then evaluate its solution involving A -function with product of general class of
polynomials.

The general class of polynomials is defined by Srivastava and Panda as:

[/m] [ /m] —Nn —N
( 1)mlk1...( r)mrk, F[nlvkl;---;nr’kr]Xlkl"'X:(r ’(4191)
k=0 k, =0 kll kr !

r

Where, m,,...,m, are arbitrary positive integers and the coefficients F[n,k;;...;n,, K ] are arbitrary

constants real or complex . Finally, we derive some new particular cases and find their applications also.

l(aj VO ), Represents the set of n pairs of parameters the A -function was defined by Gautam as

m,n 1(ai’aJ)P _i s
A {x (b, 5), } =5 JL' f(s)x’ds (4.19.2)
Where
ﬁr(aj +ajs)ll[r(1_bj _ﬂjs)
f(s)=—L2 — (4.19.3)
[[ra-a -a;s) [T, +5s)

The integral on the right hand side of (4.19.2) is convergentwhen f >0 and [arg(ux)| < % where

m p n q p q
f=ReD a;= D a;+> B-> Bu=[]"]]5" (4.19.4)
=1 =1 j=1 j=1

j=m+1 j=n+1

(4.19.2) reduces to H -function given by Fox the following relation

am| @2 @) | a1 e),
i {X 1(1—b,-,ﬁ,-)q}Hp'q {X }

(0, 8)),
A Boundary Value Problem

We consider a rectangular plate such that,

ab
o=ty (5

y
Insulated Insulated
—> 4—
0 N

U=0

Where the boundary value conditions are:
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o°U olU

=a, 0<x<§,0< y<9

= 4.20.1
ox> oy’ 2 2 ( )
Y :Q =0,0<y <9 (4.20.2)
OX g OX |y 2
2

U(x,O):0,0<x<%

(4.20.3)
U(x,—j: f(x):(cosﬂ—xjsg‘l ________ ,Tf[y (cos—] }
a ol
o) ¢ ) (4.20.4)
m,n 7Z'_X 7 1 ai'ai p
P H‘”S ) 1<bj.ﬂ,-)q}

a
Where, 0 < X < 5 provided that Re(7) > —1,0 > 0. U (X, y) is the temperature distribution in the
rectangular plate at point (X, Y).

Main Integral

In our investigations, we make an appeal to the modified formula due to Kumar as,

% "
| (cos”—x) cos 27X dx = ar(y +1) (4.21.1)
0 a a 2’7”(727+m+1j(727—m+1j

Where, M is positive integer and Re(77) > —1, then we evaluate an applicable integral
a
7 zx) 2MZX oo X\’
J. COs— | Cos St y| cos—
° a a Lot a
20
X a.,o.
A;T’q“{z(cos”—j (@, J)"}dx
’ a

1(bj ’ﬂj )q
a [ne/my] [ /m] (_n)mlkl (_n)m,kr

= 277+l kl:o kr:o kl! kr!
J¥ [y (4.21.2)
Fln,k;...n ,KJAKK)| = | ..| =—
i 22
Where,
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p+1,q+1 4_5
Q+n+2p0k +...+2pk ;20), (8;,a;), (4.21.3)

1(bj,ﬂj)q,(1+g+m+pkl+...+pkr;0'j

A(k): Am,n+1 [ Z

Provided that F[n,,kK;;...;n,,K,] are arbitrary functions of n,Kk;;...;n,,K,, real or complex independent of
X, Y, o, the conditions of (4.20.4) and (4.21.1) are satisfied and

1-b, 1
Re| n+o—2 |>-1, |argz|< = 2Q),
p 2

]
Solution of Boundary Value Problem

In this section, we obtain the solution of the boundary value problem stated in the section (2) as using
(4.20.1), (4.20.2) and (4.20.3) with the help of the techniques referred to Zill as:

U(x, y):Aby+ZApsinh2pﬂy0052pﬂx,0<x<%,0<y<% (4.22.1)
P a a

For y = g , we find that

U (X’Ej: f(x) :A';bJrZAp sinhp—”bcos 2P O<x<2 (4.22.2)
2 2 3 a a 2

Now making an appeal to (2.22.4) and (4.22.2) and then interchanging both sides with respect to X from

a .
0to —, we derive,

2 [ny/m]  [n/me] . ‘ K " yk1 ykr
=— > .. —N,) (=N n,K;...;n., K, o (4.22.3
Ao 2 2 (s Fln ik JAG) | 7y (4223)
Where

A (k)= A;L’T,;lu [Z

1 7 )

l(bj,ﬂj)q,(l+%+,ok1+...+pkr;o-j

Where all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. Again making an appeal to (2.22.4) and

2mzX
both sides and thus integrating that result with respect to

(4.22.2) and then multiplying by cos

X from O to %, we find,
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1 [ny/mi] ["r/mr](_nl)mlk1 (- nr)

27 sinh 22— pzb
a

K Kk,
A(k)(%pj (4%) (4.22.5)

Provided that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. Finally, making an appeal to the
result (4.22.1), (4.22.3) and (4.22.5), we derive the required solution of the boundary value problem,

2y [n/m] [n/m.]f r yJ
U (x, y)—w Z z H[(—n) e |] FIn,k;...on k] +

k=0 k=0 | j=1

A =

m.k,
2 e Flf ke k]

2mry cOS 2mr X

» Sinh " " n/m] [n/ml1| r ki

. ( n; )m ( ] T,

ZI 271 sinh ™72 k; kz;a H " K;!
a

FIn, k;;..;n,. k JAK) (4.22.6)

Provided that all conditions of (4.22.4), (4.21.1) and (4.21.3) are satisfied.

Expansion Formula

b
With the aid of (4.20.4) and (4.22.6) and then setting Yy = E , we evaluate the expansion formula

zx Y X 2
(cos—j St y(cos—j A (cos—j
a) " ' a ‘ a

1 [/ml n, /m][ r

H[( n; )kaJ J|J:|F[nl’kl;"';nr’kr]A(k)

1(a11a )
1(by. By,

j=1

2mmXx
icos{nf] [n,z/m:r] ﬁ y iq

28 e (1)
S 2t g7 a A0 Tele ) k)
F[nlakl;---;nr!kr]A(k) (4231)

a
where0 < X < 2 provided that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied.

Particular Cases and Applications

In this section, we do some setting of different parameters of our results and then drive some particular
cases as stated here as taking m, =...=m_=y and
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ki +..+K
FIn,kg;...;n k. 1= ( hyj ! in (4.19.1)
(V) @A+p-n—..— nr);/(k1+...+kr)

ST W ()R (xl)”l” () THTEPI00) ™) ] (4.24.0)
( p)n1+ +n

And thus, we obtain an integral for product of a class of polynomials of several variables and cosine
functions as

%( ﬂxj" 2mrX (_v)—nl—...—nr ( ﬂszp n/ly ( ﬂszp n/y
J COS—] COS y| COS— .| y| cos—
0 a a (- p>m+...,+nr a a

w1 @, a;)
Hrgh 7nV p) (Cosﬂ-_xj Am,n (Cos—j i’p dX
W {y a p.q a l(bj,ﬁj)q
ko +..+K
__a [%] [%] My Ny | b
ot k=0 ko k! k! | (~v)
1 ki K,
A(k)(l} (ij (4.24.2)
(1+,0—n1—...—nr)y(kl+___+kr) 4p 4p

Provided that all conditions of (4.20.4), (4.21.1) and (4.21.2) are satisfied.

The solution of the given problem is

K.
2y Wyl Indyl| x hy ' 1
U(x,y)=—= - vy
(X, y) \/—Z:: Z_;) U( ) (—v) ) k!
1 » Sinh 2ma7zy cos ZrTZ[X
AR+
(1+ p— nl —...—nr)y(k1+.__+kr) m=1 2’7‘1 Slnhib
a

1
(1+ p—-n - "'nr)y(k1+...+kr)

A(K) (4.24.3)

When 0< x < g ,0<y< g, provided that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied.

The expansion formula is

(cv) o x0T
(COS ] y(cos—j y(cos—]

(_ p)n1+...,+nr a a
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1(b;, B))q

X 2p -rly ") X 20
H7 R |yl cos == Al | z| cos—
Ny ey a P4 a

1 I/l sl ﬁ hy g 1
Ly (2]
T k=0 k=0| j=1 ok (—V)y kj! (1+ p_nl_"'_nr)y(k1+...+kr)

1(31’0‘1);)}

OO COSTWH In/y1f r hy . 1
A(k)+ZTZ---Z [1 (_ni)yki((—vyﬂj k!

k=0 k=0 j=1

A(k) (4.24.4)
(1+ p—-n - "'nr)y(k1+...+kr)
When 0< x < % , provided that all conditions of (4.20.4), (4.21.1) and (4.21.3) are satisfied. Further, making

an use of the result due to Chandel, Agarwal and Kumar (p. 27, wqg. (1.4) and (1.5)).

. ol X, X . 21lp,
lim H P (EF] =, lim HM PP () = g7 (%, h)...97 (%, h) (4.24.5)
To the results (4.24.2), (4.24.3) and (4.24.4), we get another different relation in similar way.

Further again, applying the relation
92(x,-1/4)=2"H_(x) (4.24.6)

To the above results, we evaluate another result for Hermite polynomials by same techniques.

Other special cases and applications of our results may be obtained by making use of the work of Chandel
and Sengar, Srivastava and Karlsson and Srivastava and Manocha, due to lack of space we omit them.

Introduction

The operational techniques are important tools to compute various problems in various fields of sciences
which are used in the works of Chaurasia, Chandel, Agrawal and Kumar, Chandel and Sengar and Kumar to
find out several results in various problems in different field of sciences and thus motivating by this work,
we construct a model problem for temperature distribution in a rectangular plate under prescribed
boundary conditions and then evaluate its solution involving A -function with product of general class of
polynomials.

The general class of polynomials is defined by Srivastava and Panda as:

[nl/ml] [nr/mr] —N —-N
S (X X ) = D e D S L LY FIn, k;.;n, k Ix.. x5 (4.25.1)

ko ko k! k!

Where, m,,...,m, are arbitrary positive integers and the coefficients F[n,k;;...;n, Kk, ] are arbitrary

constants real or complex . Finally, we derive some new particular cases and find their applications also.

The I-function introduced by Saxena [1982] will be represented and defined as follows :
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m,n _ymn (@i @i @iy | _ 1
I[Z] =1 PiG;r [Z] - IPiin3r |:Z (bjl’ﬁjj)l,m'(bji'ﬂ;i)ml,zi :| N %!Z(g)dé: (4252)

where @ = \/—_1

ﬂf(b,— —ﬂ,—f)ﬂr(l—aj +a,f)
x(&)= - leqi j=1 - (4.25.3)
Z{jgﬂr(l_bji —B) jl_nl+1r(aji’aji }

i=1

p.0;(i=1..,r),m,nare integers satisfying 0<n<p,, 0<m<q;, (i=1,..,r),risfinite a;, B;,a;, B; are

realand a;b.,a

iD;.a;, bji are complex numbers such that

a;(b, +Vv) = B, (a; —v—k)for v,k =01,2,...
We shall use the following notations:
A = (aj’aj)l,n’(aji’aji Nl p; 7 B = (bj’ﬂj)l,m'(bji'ﬂji)m+l,qi

A Boundary Value Problem

We consider a rectangular plate such that,

_ ab
A [z’zj

y
Insulated Insulated
—’ 4—
0 _ » X

U=0

Where the boundary value conditions are:

2] 2]
8L2J+8lﬁ:a,0<x<§,0<y<9 (4.26.1)
ox~ oy 2 2
Y :Q =O,O<y<9 (4.26.2)
OX g OX |y 2

2

a

U(x,0)=0,0<x< 5 (4.26.3)

(%3 roo={om st [yl(cos%)(] }

m,n X ’ 1(aj'aj)P
P Hm?j 1(bj,ﬂ,-)q}

(4.26.4)
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Where, 0 < X < % provided that Re(7) > -1,0 > 0.

U (X, y) is the temperature distribution in the rectangular plate at point (X, Y).
Main Integral

In our investigations, we make an appeal to the modified formula due to Kumar as,

% 7
J' (cos”—xj cos 27X gy = ar(n +1) (4.27.1)

a a 2”*1(77+m+1j[77—m+1j
2 2

Where, Mmis positive integer and Re(#) > —1, then we evaluate an applicable integral

%( ﬁxj” 2MZX (o l: ( ﬂszp}
'[ CosS— | cos St y| cos—
a a v a

0

X 20
Ig_"g_.r Z| cos—
a B

_a [ry/m;] [nr/mr](_n)m1kl (=M, . y k y ke
= i kz Z F[nl,&,...,nr,k]l(k)(gj E—]

= koo k! k! 4p
(4.27.2)
Where,
(—n—-2pk, —...—2pk,;20), A*
L(k) =130 o Li“ B*’(—%- e pk —...—pkr;a] (4.27.3)

Provided that F[n,,k;;...;n, K. ] are arbitrary functions of n,K;;...;n K, real or complex independent of

RS RATS

X, Y, o, the conditions of (4.26.4) and (4.27.1) are satisfied and

b, 1
Reln+o— |>-1, |argz|sE7zQ,

ji
n m Pi G

Where QEZaJ. +Zﬁj - Z a;— Z B;i >0
j=1 j=1 j=n+1 j=m+l1

Solution of Boundary Value Problem

In this section, we obtain the solution of the boundary value problem stated in the section (2) as using
(4.26.1), (4.26.2) and (4.26.3) with the help of the techniques referred to Zill as:

U(x,y)=Ay+D_ A sinh 2 p;ry cos ZP7X

,O<x<§,0<y<g (4.28.1)
o1 a 2 2
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For y = g , we find that

U( bj_f(x) Ab +ZA sinh p”bcoszmx 0<x<E (4.28.2)
‘2 2 ‘4 a a 2

Now making an appeal to (4.26.4) and (4.28.2) and then interchanging both sides with respect to X from

a .
0to —, we derive,

2 [n/m]  [n./m,]

A) :m klz_o krz_o (_n]_)mlkl"'(_nr)mrkr

k

AR A
FIn, k;...;n. k.11, (k)k1 K1 (4.28.3)
Where
1, (K) = 15105 e [ 2
1 n . *
(_E_E—pkl—...—pkr,o'j,A (4.28.4)

B*,(—Q—pkl —...—pkr;a]
2
Where all conditions of (2.26.4), (4.27.1) and (4.27.3) are satisfied.

X both sides and thus

2m
Again making an appeal to (4.26.4) and (4.28.2) and then multiplying by cos i

. . , a ,
integrating that result with respect to X from 0 to > we find,

LN (D
277fls,inhp77z-b k=0 ko k! k! e
a
K, ke
|(k)[4lpj (H o

Provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied.

Finally, making an appeal to the result (4.28.1), (4.28.3) and (4.28.5), we derive the required solution of the
boundary value problem,

[n/m.] k
U (x, y)—_\/y* Zn‘j Z [H(( n) j}F[npkp o r’kr] +

k=0 J
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. 2mry  2maX
» Sinh . cos a tn/m] [n/m1| kiq
ST hfcm (2] 1
mZ{ 27 sinh M2 "12’ kz‘z’ it ’ !
a

FIn,k;..;n, k. J1 (k) (4.28.6)

Provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied.

Expansion Formula

With the aid of (4.26.4) and (4.28.6) and then setting Yy = g , we evaluate the expansion formula

n 2p 20 *
X X zx ) A
cos— | Syl ylcos— | |17 | z| cos—
a e r a i M- a B *
1 [nllml] [nr/mr]

=ﬁ Z;) Z;) llj_L_!L(—rlj)mjkJ zjlﬂF[nl,kl, snLk (k)

2miX
iCOS [nlz/nf] [nini] r 5 q
_ " ( n; )m ( j T,
o 27 S Sl ‘ k;!
Fn, k..o, K JH(k) (4.29.1)

where(0 < X < % ,provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied.

Particular Cases and Applications

In this section, we do some setting of different parameters of our results and then drive some particular
cases as stated here as taking m, =...=m_ =y and

ki +..+K
h 1
F[n]_’kli "y r1kr] ((V)yj (1+p_n _ _n) in (4251)
1 r/y(kg+.+k;)
We get,
So DX X 1= ((\;)) - ()™ (%, )M HETR[(6) (%) Y] (430.1)
M +.+N,
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And thus, we obtain an integral for product of a class of polynomials of several variables and cosine
functions as

. _ / n1/
A( ﬂxj" 2max (—v) ( ﬂijp " ( ﬂszp '
_[ cos— | cos y| cos— ..| y| cos=—
0 a a (_ F))nlJr...,Jrnr L a a
o ] | X\ |A*
H O ||y gos FX ™ | z| cos— dx
oo Ny a Pi i a B*

_ a [”12/7] [%] (_n)yk1 (_n)}/kr h Ky .tk
2"t kl:omk=o kll krl (_V)7

K K
L | (k)(ij (ij (4.30.2)
A+p-n—..- nr);/(kl+...+k,) 4p 4p

Provided that all conditions of (4.26.4), (4.27.1) and (4.27.2) are satisfied.

()1
(—v) ) k!

2mry c0S 2mmzX

The solution of the given problem is

oo =283 v

r

1 » Sinh " a
1, (K)+
(l+ p_nl_"'_nr)y(k1+...+kr) ' ; 2" lSInhmiﬂ.b
a
1
|(k) (4.30.3)

I+p—-n —...nr)y(kﬁ.#kr)
When 0< x < g ,0<y< g, provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied.

The expansion formula is

() G T ples)
COsS— y| cos— ..| y| cos—
(- p)n1+...,+nr a a
—rly]
(h,yv,p) TX 2 ’ m,n TX 2o
H."" y| cos— Iy o | 2| COS—
e a v a

/7] Indr1| ki
:iz I hyy] 1 1
T k=0 k=0| j=1 (=) kj HiA+p-n—..—- nr);/(k1+..‘+k,)

n/y
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2mmzx
COS———n/y1 In /7]

© r h K; 1
L)+ D23 3 T (ﬁj =

m=1 k=0 k=0| j=1 i*

1

(1+ p— nl —...nr)y(kl+,..+k,)

(k) (4.30.4)

When 0< x < % , provided that all conditions of (4.26.4), (4.27.1) and (4.27.3) are satisfied. Further, making

an use of the result due to Chandel, Agarwal and Kumar (p. 27, eq. (1.4) and (1.5)).

. oyl X, X . 21lp.
lim H " P) (B?] =, lim HM PP (%) = 97 (%, h)...97 (%, h) (4.30.5)
To the results (4.30.2), (4.30.3) and (4.30.4), we get another different relation in similar way.
Further again, applying the relation

0Z(x,~1/4)=2"H_(x) (4.30.6)

To the above results, we evaluate another result for Hermite polynomials by same techniques.

Other special cases and applications of our results may be obtained by making use of the work of Chandel
and Sengar, Srivastava and Karlsson and Srivastava and Manocha, due to lack of space we omit them.
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